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Exercise 1 (5 points):

1. Let G be a finite group of order n. For any x ∈ G, By Lagrange’s theorem, ord(x) | n.
Letord(x) = d, so d | n. Then xn = xkd =

(
xd
)k
= ek = e . Hence xn = e. (1 point)

2. If n is prime, take any x 6= e. Then |〈x〉| divides n and is > 1, so |〈x〉| = n. Hence
〈x〉 = G, so G is cyclic. (1.5 points)

3. H1 ∩H2 is a subgroup of both H1 and H2. Its order d divides |H1| = n1 and
|H2| = n2. Since gcd(n1, n2) = 1, we get d = 1, so H1 ∩H2 = {e}. (1.5 points)

4. If a2 = e then a = a−1. Hence o(a) = o(a−1) (1 point)

Exercise 2 (6 points):

1. SL(2,R) I2 6= φ (I2 has determinant 1). If A,B ∈ SL(2,R), then
det(AB−1) = detA · detB−1 = detA

detB
= 1·

1
= 1, so AB−1 ∈ SL(2,R). Hence it is a

subgroup. (1 point)

2. M =

(
−1 0
0 −1

)
Then M2 = I2, so ord(M) = 2.

N =

(
1 1
0 1

)
. Nk =

(
1 k
0 1

)
.6= I2 for any k ≥ 1, so ord(N) =∞.. (1 point)

3a) f(AB) = det(AB) = detA · detB = f(A)f(B), so f is a homomorphism. (1 point)
3b) ker f = {A ∈ GL(2,R) : detA = 1} = SL(2,R). (1 point)

4a) ϕ(AB) = P (AB)P−1 = PAP−1PBP−1 = ϕ(A)ϕ(B), so homomorphism. (1 point)
4b) kerϕ = {A : PAP−1 = I2} = {A : A = P−1I2P = I2}, so kerϕ = {I2}. (0.5
point)
4c) Yes, since kerϕ = {I2}, ϕ is injective. (0.5 point)

Exercise 3 (5 points):
Here S3 with σ1 = (123), σ2 = (132), τ 1 = (23), τ 2 = (13), τ 3 = (12).
H = 〈σ1〉 = {e, σ1, σ2}(0.5 point)

1. Right cosets modulo H: He = H, Hτ 1 = {τ 1, σ1τ 1, σ2τ 1} = {τ 1, τ 3, τ 2} (from Cayley
table). So (G/H)r = {H,Hτ 1}. (0.5 point)

2. Left cosets: eH = H, τ 1H = {τ 1, τ 1σ1, τ 1σ2} = {τ 1, τ 2, τ 3} (from Cayley table). So
(G/H)` = {H, τ 1H}. (0.5 point)
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3. Since (G/H)r = (G/H)`, so H is normal in G. (0.5 point)

4. (G : H) = |G|/|H| = 6/3 = 2. (0.5 point)

5. S3/H = {H, τ 1H}. (τ 1H)−1 = τ−11 H = τ 1H . (1 point)

6. σ20241 = σ3·674+21 = σ21 = σ2. Then σ20241 ◦ σ2 = σ2 ◦ σ22 = σ32 = e (since ord (σ2) = 3 ).
(0.5 point)

7. Subgroups of order 2 in S3: generated by transpositions: 〈τ 1〉, 〈τ 2〉, 〈τ 3〉. (1 point)

Exercise 4 (4 points):
G = 〈a〉, |G| = 12.

1. Generators are ak with gcd(k, 12) = 1: k = 1, 5, 7, 11. Thus a, a5, a7, a11. (1 point)

2. Subgroups correspond to divisors of 12 are 〈a 12d 〉 where d | 12

• d = 1: 〈a12〉;
• d = 2: 〈a6〉;
• d = 3: 〈a4〉};
• d = 4: 〈a3〉;
• d = 6: 〈a2〉;
• d = 12: G = 〈a〉.. (1.5 points)

3. Order of a6: 12
gcd(6,12)

= 12
6
= 2. (0.5 point)

4. Elements of order 4 are ak with 12
gcd(k,12)

= 4⇒ gcd(k, 12) = 3. So k = 3, 9. Thus a3

and a9. (1 point)
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