Chapter 4

Differential Forms, Exterior Derivative

4.1 Linear and p-Linear Forms

Let E be a vector space of dimension n over the field K =R or C.

Definition 4.1 (Linear form) A linear form on a vector space E over a field K is a
map f: E — K such that for all vectors u,v € E and all scalars o, f € K,

flau+ fv) = af(u) + 5f(v).

The set of all linear forms on E forms a vector space called the dual space of E, denoted
E*

Definition 4.2 Let f be an application such that

fiEXEx---xE—-K

(x1,29,...,2p) = f(x1,29,...,2p)
f is said to be p-linear if f is linear with respect to each variable x;, 1 =1,2,....p.
Remarks 4.3
1. If p=1, f is said to be linear.
2. If p=2, f is said to be bilinear.

3. The set of p-linear forms is denoted by L,(E,K).

Example 4.4
fi:R*xR* >R

(z,y) = fi(z,y) = 21y2 — T2l
fo :R2xR?* =R
(z,y) = foz,y) = 2191 + T2y2

f1 and fy are bilinear forms on R? x R2.
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4.2 Alternating p-Linear Forms

Definition 4.5 Let
fEXEXx---xFE=FE —K

(X1, X9, ..., xp) — f(a1,29,...,2p)
f is said to be an alternating p-linear form if
frr, 2o, @y Xy ) = — (21, T2, 0, Ty oo Ty, Tp)
foralli,j=1,p andi # j.
Example 4.6 In the previous example, fi is an alternating form, but fs is not.

Remarks 4.7

1. The set of alternating p-linear forms is denoted by AP(E,K) or AP(E,K).

2. AP(E,K) = AP(E,K) is a subspace of L,(E,K).
Proposition 4.8 Let f be such that

fiEXEx---xFE=FE —K
(X1, X9, . .., xp) = f(a1,29,...,2p)

f 1is alternating if and only if

1. f(x1,29,...,2,) = 0 whenever there exists a pair (i,j) with v; = x; and i # j.

2. For any p-tuple of linearly dependent vectors x; = Z§=1 AjT;.
Remark 4.9 Ifp > n, the only alternating p-linear form on E is the zero form f = 0.

Definition 4.10
1. Let {1,2,...,p} C N. A permutation of {1,2,...,p} is any bijective application.

2. Let 0 € S(p). We say that o is a transposition if there existi,7 € {1,2,...,p} such
that o(i) = j, 0(j) =1, and o(k) = k for all k # i,k # j.

3. We define the application € by
e:S(p) — {-1,+1}

{—l—l, if the number of permutations is even
o e(o) =

—1, if the number of permutations is odd

The value of € at o is called the signature of o.

Remarks 4.11

1. A transposition o is a permutation that swaps two distinct elements and leaves the
others unchanged.
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2. 0% =1.
Proposition 4.12 Let f € L,(E,K) and o € S(p). We define the application (o f) by
(cf): EXEx---xFE=F —K

(xlu T2, . .. 7xp) = f(xa(l)u To(2)y- - - 7xo(p))
which has the following properties:
1 (0) = £(0)f, iy (o), Tozys- -+ Tot) = £(0) F@n, T0r - 1y).

2. 8(0’10’2) = 8(0’1)5(0‘2).

3. 1(af) = (r0)f.

4.3 Exterior Product

Definition 4.13 Let f € AP(E,K), g € AY(FE,K), and let ¢ be a bilinear application
defined by ¢ : ' xG — H, where F,G, and H are vector spaces. We define the application

fheg by
fAsg: FPT - K

(1,22, Ty, Tty Tprg) = f NG g

where

frsg=c¢(o) Z ¢ [f(fb’a(l), La(2)y - -+ 7xa(p))7 g(%(pﬂ), Lo(p+2)s - - - 7xa(p+q)>}
o€S5(p+q)

Definition 4.14 The application f Ny g is called the exterior product of f and g with
respect to ¢. We denote by f A g the exterior product of f and g instead of f Ny g.

Example 4.15 Let f,g € AYE,K), ¢: F x F - K.
f/\¢92EXE—>K

(T1,22) = fAs g
f /\¢ g = Z ¢ [f(xa(l))ag(xo@))] = ¢ [f($1),g($2)] - ¢ [f(xQ)ag(xl)]

oeS(2)
For
¢o:Ex E—K

(1’1,.1'2) = T T

we have
fAeg=FfNg=f(z1) g(x2) — f(22) - g(21)

Definition 4.16 Let fi, fa,..., f, be p linear forms on E.
We call the exterior product of p linear forms (f;), i € {1,2,...,p} the map

Ex---xE — K
(l’l,l’g,...,l’p) — f1/\fg/\"'/\fp<l’1,x2,...,l’p)

such that fy A fa A=+ A fp(x1, 22, ..., xp) = det[fi(z;)], 1 <i,j <p.

32



4.3.1 Properties

*

1. Let (e1,es,...,e,) be the canonical basis of E and (e}, e}, ..., e") its dual basis,
then

1, =

0, i#yJ

2. fp(xy,xa,...,x,) = det[z;] fpler, ea, ..., €,) =det[z;], 1 <i,j <n.

ﬂ@:%:{

3. Let (e1,e2) be a basis of E, © = x1e1 + x9ea, Yy = y1€1 + Yoo, then

f(z,y) = f(x1e1 + 22e2, 9161 + Y2e2)
= x1f(e1, yre1 + yaea) + 12 f (€2, yre1 + yae2)
=y fler, er) + xyaf(er, ea) + wayr f(ea, e1) + aya f (€2, €2) (4.1)
= x1yaf(e1, e2) + zay1 f ez, €1)
= 1y f(e1, e2) — oy f(e1, ea) = det[z;] f(eq, e2)

with f(e1,e2) =1, f(ea,e1) = —1, f(e1,e1) = f(ea,e2) = 0.

Proposition 4.17 Let f,g and h be three p-linear forms, then we have the following
properties:

1. (fANg) Nh=fAN(gAh) (the exterior product is associative)

2. (fAN(g+h)=(fNg)+ (fAh) (the exterior product is distributive)
S fNg=—gNf

4. Let f € AP and g € A9, then fANg=(=1)PIg A f

4.4 Differential Forms on an Open Set U C R"

Definition 4.18 We call a differential form of degree p on the open set U C E any map
w of the form

w:UCFE— A”(U,K)
T w(x) = Z Ui,y (T) Ay Ndziy N -+ Ndxy,

1<i1 ig,..nip<n

where a;;,..;, are continuous functions.
The set of differential forms of degree p on the open set U C E of class C* is denoted
by Q7. (U, K).

Example 4.19
1. f:UCFE —K of class C*, then f € Q% (U, K).
2. feC', thendf : E— AYE,K) = df € Q. (U, K).
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Remark 4.20 Let w € QY(U,K), then
w:UCE — AYU,K)

x — w(x)
and
wx): FE=R"—=K
(51,527 e 7571) = w(x)(€1>€27 s 7571) - w(% g)
w(z,§) =w <$§Zfi€i> - Zfz‘w(ﬂf; €;)
= sz‘(x)dﬂ(ﬁ) = (Z wz‘(x)d%') (&)
then

w(z) = Zwl(aj)dazz

1s called the canonical form of w.

4.4.1 Exterior Product of Two Differential Forms

Let wy and wy be two differential forms of degrees p and ¢ (respectively). We define the
exterior product w; A wy by:

w1 Aws : QP(U) x QUU) — QPT(U,K)
(w1, wa) = (w1 Awa)(x) = wy(z) Awa(x)

Example 4.21 Let wy be a 1-form on R?® defined by wi(z) = vdy — ydx — dz.
Let wy be a 2-form on R3 defined by wy(x) = (x +y)dx Ady — zdz A dx. Then
wi Awy € B(U C R3,K).

(w1 Awo)(z) = (xdy —ydr —dz) A ((x +y)dx ANdy — zdz A dx)
=z(z+y)dy Nde ANdy — xzdy Ndz A dz
—y(x+y)de Ndz Ndy +yzdx Ndz N dx
—(x+y)dzANdx Ndy + zdz Ndz N\ dx
=—zzdy Ndz Ndr — (x+y)dz ANdz N\ dy
=—zzdx NdyANdz+ (x +y)de Ndy N\ dz
=(rx+y—zz)dex Ndy Ndz

4.5 Exterior Derivative

Definition 4.22 The map « defined by

p

Oé(.l’)(fl,§2, o oW 7§p> 4 Z(_l)idw(x7£i><£17£27 s 787 s 7£p>

i=1

where the vector (&1, &, . .. ,é\i, .., &p) 1s the vector (&1,&o, ..., &,) with the component &;
omitted. We call o the exterior derivative of w and denote it by dw.
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Then dw € Q’g,;ll(U, K), where

p+1

dw(w: 61,8, &) = Y (—1)idw(z, &) (&, & - i)

i=1

Definition 4.23 Let w € Q7 (U) such that w = Zl§i1<---<ip§n iy..ipydxi N - Ndxy,. We

define dw by
dw = Z d(ailmip) VAN d.ﬁlfil VANRERIVAY d.Tip
1<i<-<ip<n
with
"~ Da,..i
dai, i) =3 Ty,
(@i..,) o,

J=1

Definition 4.24 We also define the differential d for any k by the following properties:

1. For f € Q% (U), df = Z z)da;.

2. Forw € QF, (U) and wy € Q. (U), d(w1 Aws) = dwi Awy + (—1)Pwr A dws.
3. d*> =0.
Remark 4.25 We define the map d by

d: 2, (U) = QL (U K)
w — dw

The map d is linear, i.e.,
d(Awy + pws) = Adwy + pdwsy
Example 4.26 Let w be a 1-form such that
w = P(z,y,2)dx + Q(z,y, 2)dy + R(z,y,2)dz € Q. (U, K)

and P,Q,R € C!, then

oP
(6 d:c/\dx+a—dy/\dx+a—dz/\d:c)

0
( d:c/\dy+a—Qdy/\dy+a—de/\dy)

( da:/\dz+a—Rdy/\dz+aa—Rdz/\dz)

thus

_(OR  0Q oP OR 0Q 0P
dw—(ay 8z>dy/\dz+(8z 8:c)d2/\dx+(8x 8y)d:c/\dy

Remarks 4.27
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1. The associated vector 1s called the curl vector

OR _ 0Q
oy 0z
fiy — | ap _ oR
rot(v) = | 57 ~ %
9Q _ 9pP
ox oy

2. Let w = a1dy N dz + axdz N dx + azdz A dy € QF, (U, K), then the divergence vector
of A = (ay,as,a3) denoted div(A) is defined by:

. . 8&1 8&2 8(13 . 5 ﬁai
WD =5 oy T o

3. If n =2, the z-component % 1s 1gnored.

4.5.1 Closed and Exact Forms
Definition 4.28 Let w € 0, (U), p > 1.

1. We say that w s closed on U if dw = 0.

2. We say that w is exact on U if there exists o € Qg}l(U) such that w = da. We then
say « is a primitive of w.

Remarks 4.29
1. w= Pdr+ Qdy+ Rdz € Q. (U,K) is closed <= rot(P,Q,R) = 0.
2. Let w = aydyNdz+asdzNdx+azdrAdy be closed <= div(A) = %+%—‘f+% = 0.

3. For w= > " wdz;, ifw = da then Vi € {1,...,n} : w;, = g—;. Determining o
reduces to solving a system of partial differential equations.

4. If w =do is an exact C' form, then by Schwarz’s theorem, for i # j,

Ow; 0 (804) o Ow;

5. w=>" widx; is a closed differential form if fori # j,

&ui . 6wj
aSL’j n 8.’172

4.6 Starry space and Poincaré’s Lemma
Definition 4.30 Let U C R™ be an open set. We say that U is starry subset (star-
shaped) if there exists a point a € U such that for every point m € U the segment [am)] is

contained in U.

Examples 4.31
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1. R? is a starry space of R?.
2. A convex subset of R? is starry subset.

3. The open set R*\ {(0,0)} is not starry subset.

Theorem 4.32 (Poincaré’s Lemma) If U is a star-shaped open set of R™, then every
closed differential form on U s exact.
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