Chapter 1

Differential Calculus

1.1 Topology Concepts - Reminders

In this section, we review the basic notions of topology, including:
- Open sets. - Neighborhoods. - Open ball, closed ball....

Normed vectorial spaces and Banach spaces

Consider the vectorial space E over R or C.
Define the norm, the application ||.|| : £ — R, verifying:

L |zl =0iff x = 0.
2. |Jazx|| = |af||z| for all & € R or C and for all z € E.
3. |z +y| < ||| + ||| for all 7,y € E.

We can then associate an application called distance, denoted by d and defined by
d(z,y) = ||z — y|| for all z and y € E.

1.2 Continuity Concepts

In this section, we review the basic topological notions of continuity of applications and
linear operators.

Definition 1.1 (Cauchy sequence) A sequence of elements (x,,) € E is called Cauchy if
Ve > 0,3N € N such that Vn > N and p > 0, d(z,, Tntp) < €.

We say that E is a Banach space (or a complete normed vector space) if every Cauchy
sequence in F converges in F.

Theorem 1.2 (Continuous linear applications) Let E and F' be two normed vector spaces
and f : E— F a given mapping. The following three statements are equivalent:

1. fis continuous
2. fis continuous at 0.

3. There exists a strictly positive constant M such that || f(x)|| < M for all z € E with
ol < 1.



In other words, f is bounded on the unit ball. This property is equivalent to IM > 0 such
that
Vo € B[ f(z)|| < M||z|

1.3 Differentiability Concepts - Derivability

Let E, F be two vectorial spaces and O an open set in E' (in general F = R™ and F' = RP).

Definition 1.3 : Let f : O C E — F be an application, and a € O a point. We say
that f is differentiable at a if there exists a linear application L : E — F such that, for
allh e E,a+heO,

fla+h) = f(a) + L(h) + [[h]le(h)
and

lim [e(R)[| = 0

[|2[|—0
Proposition 1.4 : The application L s unique.

Definition 1.5 : The unique linear application L is called the differential of f at the
point a or the tangent application of f at a, and is denoted by df,, T, f, or f'(a).

Remark 1.6 : If E and F are finite-dimensional (e.g., R" RP RY, ... etc.), any linear
application L : E — F 1s continuous.

Example 1.7 : Consider the application

f:R* =R
(2, 9) = fz,y) =2 + 9> — 1
Forallae O CR? df,=L, a=(a,a3) € R?, h € E, h = (hy, hy),

fla+h)— f(a) = flar + hi, a3 + hy) — f(ay,az)
= (a1 +h1)? + (ag + hy)? =1 — (a? + a2 — 1)
= 2a1hy + 2a3hy + h? + h2
= L(h) + [[h]le(h)

with e(h) = "2 df, = f'(a) = L, thus

L:R* =R

h h
! (g 2(11h1 + 2(1,2h2 = (2(1,1 — 2&1) !
hg h2

Remarks 1.8 :

1. If f 1s differentiable at a, then f is continuous at a.



2. If f : R* - RP withn = p =1, then f is differentiable at a if and only if f is
derivable at a.

3. The previous definition remains valid for arbitrary Banach spaces, but the continuity
of the application df, must be added.

Proposition 1.9 : (Composition) Let O be an open set in R™ and W an open set in RP.
If f: R" — RP s differentiable on O and g : RP — R? is differentiable on W, such that
f(O) C W, then go f is differentiable on O, and for all a € O,

d(go f)a = (dg) s © dfa

Definition 1.10 : We say that f is differentiable on O if f is differentiable at every
point of O.

1.4 First-Order Partial Derivatives and Gradient

The partial derivative of a function is the derivative with respect to one of its variables,

keeping the others constant. The partial derivative with respect to the variable x is
denoted by g—i or 0,f.

f:OCR" —R?
fl(l‘l, e ,ZL‘n)
(T1,. .., Tp) :
fo(x1, .o xn)
The first derivative at a € O with respect to z; is the following limit, if it exists:

lim flar,...,xj+h, ... a,) — fla1,...,ap)

h—0 h
This limit is denoted by %(a).

J

The gradient of f at (z¢,¥o), denoted by V f or gradf(zo,yo), is the vector whose
components are the first partial derivatives.

1.4.1 Function of Class C*

A function f : O C R® — RP? is of class C! if it admits first partial derivatives with
respect to all variables at each point a € O, and these derivatives are continuous. Simi-
larly, f is of class C? if it admits partial derivatives with respect to all variables, and the

applications a +— %(a), j = 1,n, are all of class C! on O.
J

Remark 1.11 : A function is said to be of class C° = C' if it is continuous, of class C*
(for k > 1) if its partial derivatives up to order k exist and are continuous, and of class
C™> (infinitely differentiable) if it is of class C* for all k € NU {+o00}.

Conclusion: f € C! = % € C°.
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1.5 Jacobian Matrix

fiOCR" 5 RP
fl(l‘l,...,l'n)

(T1,. .., xn)
fo(x1, .. xn)

The partial derivatives of these functions at a point a, if they exist, can be arranged
in a matrix df, = f'(a) = J¢(a) = J f,, such that

of1 of1
oz e OTn
Ji(a) = | : oo
ofp Ofp
or1 =~ OTn

Remarks 1.12 :
1. The Jacobian matrix is the matriz of first-order partial derivatives of a differentiable
function.
2. The Jacobian matrix of f at a is the matriz of the linear application df, in the

canonical bases of R™ and RP.
3. If n = p, the Jacobian matriz is square, and its determinant det(J f,) is called the

Jacobian determinant or Jacobian.

Examples 1.13 :
1. Let f be defined by
f R — R*
(v129,23) — (71,513, 4m9% — 223, T35IN 77 )
2. Let g be defined by

g:Ry x[0,20] — R?
(r,0) — (rcos@ ,r sinf )

Question: Determine J f(x1, o, x3), det(Jy(r,6)).

1 0 0
0 0 5
Jr = 0 8ry —2

rzcosry; 0 sinag
g cos —rsinf
2 sinf rcosf

Thus, det(.J,) = rcos?0 + rsin®6 = r.



Corollary 1.14 : The Jacobian matrixz of the composition g o f is:

J(go fla=J9) )] fa

1.€.,
0 9gn 9 0
gy (N1(@)) o Foe(fi(a)) R
Jigof)a) = : : | :
0 ¢) 9 9
oo (Fp(@) o 522 (fp(a) R e

Definition 1.15 : (Directional Derivative - Gdteauzr Sense)
Let f be an application from an open set U of E to F, v an element of E, and a € U.
We say that f admits a derivative at a in the direction of v if the following limit exists:

0 tv) —
OF (1 — i £ 1) = /(@

ov t—0 t
We say that f is Gateauz differentiable at a if the directional derivatives %(a) are defined
for allv € E, and the application v — %(a) is linear.

Proposition 1.16 Let f: U C R® — R be a function differentiable at a. Then we have
the formula:

4a) =3 g (@)

i=1

Definition 1.17 (Fréchet Derivative) Let E, F' be two normed spaces. Let f be a mapping
from E to F. We say that f is Fréchet differentiable at a point a € E if there exists a
continuous linear mapping L : E — F such that:

flx+h)— f(x)=L-h+e(xh)
where:

h
T L CA10) i TP
h—0 |||
Remarks 1.18

1. If a function f is differentiable in the Fréchet sense, then it is differentiable in the
Gateaux sense in every direction.

2. The converse is not true.

Definition 1.19 Let E, F be two normed spaces, O an open subset of E and V' an open
subset of F'. A mapping f : O — V is called a :

1. Diffeomorphism if:

(a) f is bijective.
(b) f is differentiable on O.
(c) [71:V = O is differentiable on V.

2. C*-diffeomorphism if:



(a) f is bijective.
(b) f is C*-differentiable.
(c) f71:V — O is C*-differentiable.

3. If k =0, the mapping f s called a homeomorphism, i.e.,

(a) f is bijective.
(b) f is continuous.

(c) [71:V — O is continuous.

Remarks 1.20
1. Isom(E, F) ={f: E — F linear and bijective}
2. BEvery C*-diffeomorphism is a homeomorphism, but the converse is false.

3. A homeomorphism preserves topological properties (open, closed, compact, convez,
etc.).

4. A diffeomorphism preserves both topological and geometric properties.

1.6 Rank Theorem

Definition 1.21 Let E, F' be two vector spaces and ¢ : E — F' a linear mapping. The
rank of the mapping ¢, denoted rang(p) or rg(p), is r = dim(Im(y)). We have:

1. r < dim(E), r < dim(F).
2. r=dim(F) <= ¢ is injective.
3. r=dim(F) <= ¢ is surjective.

Definition 1.22 1. Let o : O C E — F be of class C* and v € O. We say that ¢ is
an tmmersion at x if dp, 1s injective.

2. We say that ¢ is a submersion at x if dp, is surjective.

3. If o : O — F is both a submersion and an immersion at x, we say that ¢ is étale.

Definition 1.23 A mapping f of class C* (k > 1) from O to V is said to be étale at x
i

df, € Isom(E, F)
Proposition 1.24 Let o : O C R® — R? be a mapping of class C*. Then:

1. ¢ is an immersion on O <= rank(dy,) = n, Vo € O.

2. ¢ is a submersion on O <= rank(dyp,) = p, YV € O.
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1.7 Local and Global Inverse Function Theorem

Let I be an interval of R and f : I — R a function of class C*. A classical result from
L1 assures us that if f’ does not vanish on I, then f is a bijection from I to f(I) (which
is still an interval) and f~!: f(I) — I is also of class C.

Theorem 1.25 (Local Inverse Function Theorem) Let U, W be two open subsets of E
and F respectively, and let f € C*(U,W) be a mapping that is étale at x € U. Then
there exists an open subset V of U containing x such that fly : V — f(V) C F is a C*-
diffeomorphism from V' to f(V'). Moreover, denoting f~! as the inverse diffeomorphism,
we have:

vy e f(V), df '(y)=[d(f(y)] "

Theorem 1.26 (Global Inverse Function Theorem) Let U be an open subset of E and ¢
a mapping from U to E. Suppose that:

1. ¢ is of class C* on U.
2. ¢ is bijective from U to p(U).
3. For all x € U, dy, s invertible.

Then o(U) is an open subset and o is a C*-diffeomorphism from U to ¢o(U).

Corollary 1.27 Let I be an open interval of R and f : I — R a function of class C* such

that f' does not vanish on I. Then f(I) is an open interval and f is a C*-diffeomorphism
from I to f(I). 0

Remarks 1.28

1. ¢ is a OF-diffeomorphism = ¢ is étale.

2. ¢ is étale => ¢ is a C*-diffeomorphism (locally).

3. ¢ is étale and bijective => ¢ is a C*-diffeomorphism (globally).
Example 1.29 Consider the function:

f:R*xR—=R* (r,0)— (rcosf,rsinf)
Is [ étale?
dfr0) = S f(r0) = (

| ooyl =7 #0

Thus, df.g) is linear and bijective, i.e., df(,.g) € Isom(R* R?), so f is étale.
Is [ a diffeomorphism?

cosf —rsin 9)

sinf rcosd

f(r,0) = f(r,0 +27) = f is not injective(d # 0 + 27)

Thus, f is not a global diffeomorphism.
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1.8 Implicit Function Theorem

The implicit function theorem allows us to determine when a curve defined by an equation
of the form f(z,y) = 0 is locally the graph of a function y = ¢(z), where the regularity
of ¢ is related to that of f.

Theorem 1.30 (Implicit Function Theorem) Let f be a mapping of class C* on the open
subset U of R™ x RP with values in R?, and let (a,b) be a point in U such that:

1. f(a,b) =0.
2. Ji(a,b) is invertible.

Then there exists an open subset V' of R™, an open subset W of RP, and a mapping g of
class C1 defined on V' with values in W such that:

1. (a,b) eV xW CU.
2. For every pair (x,y) € V. x W, we have f(x,y) =0 <=y = g(x).

3. For every pair (z,y) € V. x W, the matriz J]?i(a:,y) is invertible, and the Jacobian
matriz of g is given by:

Jy(u) = =[JF (u, g(w)] ™" - [JF (u, g(w))].
Example 1.31 Consider the function:
f R R, (z,y)—2*+y*—1

We want to solve the equation f(a,b) = 0 for a value near a, i.e., if we can find a function
g defined near a such that for x near a, f(z,g(x)) = 0.

dg =7, f(a,b)=0
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