Chapter 6

Exam Topics and Model Solutions

6.1 Final Exam (University of M’sila)

Exercise 1

1. Let E be a pre-Hilbert space with inner product (-,-) and associated norm || - ||. Show
that for all z,y € F:

Iz + ylI* + llz = ylI* = 2ll=l* + llyll)-

2. Give the relationship between normed spaces and pre-Hilbert spaces.

3. Let the space R™ be equipped with the norm

VX = (21,29, ....;0,) ER": || X||lw= sup |z
1€{1,2,....,n}

Is R™ a pre-Hilbert space?

Exercise 2

Let £ = R[z] be the space of real-coefficient polynomials equipped with the inner product:

1

VP,Q € E: <P,Q>:/ P(2)Q(z) da.

-1

1. Consider the polynomials Py(X) = %, P (X)= \/gX, Py (X) (3X2 —1).

— V5
=
Verify that the family { P, P;, P>} is an orthonormal family.

2. Let F' = Vect{ Py, P1, P»}. For every f € E, we denote by Pr(f) the orthogonal projection
of f onto F'.

(a) Show that Pr(f) = X2 (f, P)P;.
(b) Let g(X) = X3. Compute (X3, P), (X3, P), (X3, P,) and deduce Pr(g).

(c) Compute the distance from g to F' and deduce the value:
1
min / (X3 —aX? - bX —c)? du.
a,b,ceR J_1
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Normed Vector Spaces:

Exercise 3
Let H = L?([0,1]) be the space of functions f : [0,1] — R such that [} f(z)? dz < co. We
assume that L2([0, 1]) is a Hilbert space when equipped with the inner product

Viget: (L= [ f@gla) do

1. Let T be a mapping defined by

T-H — R
foo T = [ S ar

(a) Show that T is a linear and continuous mapping.

(b) Find a function g € H such that T'(f) = (f, g).

2. Let F be a subspace of H defined by:

F—{fcH: /Olf(t)dt:()}

(a) Show that F'is closed.
(b) Verify that F = {g}*.

(¢) Determine the projection of the function e’ onto F. (Remember that: {g}t)*t =

Vect({g})).

6.2 Make-up Exam (University of M’sila)

Exercise 1 Let H be a Hilbert space and let F' be a non-empty subset of H.

1. Let x € H. Write a characterization of the orthogonal projection of x onto F' (denoted
Pr(x)) in the case where F' is a closed convex set, and in the case where F' is a closed

subspace.
2. Let B(0,1) be the closed unit ball in H.

(a) Verify that B(0,1) is convex.
(b) Verify that for all z € H, x # 0, and for all y € H:

<x—maay—”;ﬁ>:uun—n(@ﬂwy»—9.

(¢) Show that for all z € H, we have

z, if z € B(0,1);

Priw) = { e, ifa ¢ B(0,1).
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Exercise 2 Let £ = C([0,1],R) be the space of continuous functions on [0, 1], equipped
with the inner product defined by

1
Wfge B (fg)= [ f(Bg(t) dt
Let fo, f1 € E be defined by fo(t) =1, f1(t) =t. Let Fy = Vect{ fo, f1}, and Fy = Vect{fo}.
1. Compute ||fo|| and Pg,(f1), the orthogonal projection of f; onto Fy.

2. By applying the Gram-Schmidt orthonormalization process to the family { fo, f1}, deter-

mine an orthonormal basis of F, the space generated by fy and f;.

Exercise 3 Let (H, (-,-)) be a Hilbert space and a # 0y an element of H. Let {a}* be the
orthogonal complement of the set {a}.
1. (a) Write the definition of {a}*.
(b) Show that {a}* is a closed subspace.

2. (a) Let # € H and let Pp(x) be the orthogonal projection of z onto F = {a}*. Using
the characterization of Pr(x), show that there exists A € R such that

r = Aa+ Pp(x).

(Hint: recall that ({a}L)L = Vect{a}).
(b) Verify that:
[, a)| = [][la]]*.

(¢) Deduce that
|z, a)|

lall -

d(z,{a}") =

6.3 Final Exam L3-Maths 18-19 (University of M’sila)

Exercise 1 (05 pts)
Let E be a pre-Hilbert space equipped with an inner product (-,-) and an associated norm
| -1l =+/(,-). Let u,v € E, and set:

w=u tu, v) (v #£0).

— (%
lvl>

[ 0)”

o]

1. Show that |jw]]? = [lu]? -

2. Deduce the Cauchy-Schwarz inequality.
3. Write explicitly the Cauchy-Schwarz inequality in the following cases:
(a) E=RY (X)Y) = Zf\; ziyi; X = (21,22,..,2n),Y = (Y1, 42, ..., yn) € RY.
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(b) E= C([_lv 1]7R)7 <f> g> = f—ll f(t>g(t> dt;  f,g€ C([_L 1]7R)

Exercise 2 (07 pts)

Let £ = C([0,400[,R) be the space of continuous functions on [0, +00[ equipped with the

inner product:
+oo

VigeE: (fg)=[  fgla)e dr

Given in E the family {fo, fi} such that fo(x) = 1, fi(x) = x, we consider the subspaces

Fy = Vect{ fo} and F} = Vect{ fo, f1}.

1. Determine A € R such that (x — A, 1) = 0.

2. Compute || fo|| and Pg,(f1), the projection of f; onto Fy.
3. Determine an orthonormal basis of Fj.

Exercise 3 (08 pts)
Let H = L*([-1,1]) = {f : [-1,1] — R measurable such that

equipped with the inner product:
1
WfgeH: (fg9)= [ f@)gl)dr.

Let T be the operator defined on H by:

T:-H — R
£ 1=

-1

1. Show that T is linear and continuous.

2. Let g : [-1,1] — R be defined by:
() 1, if —1<z<0
€Tr) =
g 1, ifo<z<1
(a) Verify that g € H.
(b) Show that {g}*+ = kerT.

(¢) Let h(z) = e™*, compute the projection of h onto ker T'.

S5 f @) de < oo}

6.4 Make-up Exam L3-Maths 18-19 (University of M’sila)

Exercise 1

Equip R* with its standard Euclidean structure. Consider the following vector subspace:

F:{($1,$2,x3,$4) €R4:a:1+x2+$3+x420, x1—$2+x3—x4:0}.

1. Determine a basis of F' and deduce an orthonormal basis {vy,ve} of F.
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2. Determine F*, the orthogonal complement of F.

3. Let X € R* and let Pr(X) be the orthogonal projection of X onto F'.
Verify that Pr(X) = (X, v1)v; + (X, v2)vy. Deduce Pr(X).

4. Compute the distance from the vector (1,1,1,1) to F.

Exercise 2

Let E be the pre-Hilbert space of continuous functions on [0, 1] equipped with the usual

inner product
1
(f.9)= [ F(D)g(t) d.

Consider the sequence (f,,) defined by

n, ifOSxS%;

5, if 5 <a <1
1. Verify that for all n € N*| f,, is continuous (i.e., (f,) C E).

2. (a) Show that for all p,q € N*, with p > ¢, we have:

1 ¢ _q
o=l =+ L -2 L
”p q“ P pg p2

(b) Deduce that (f,) is a Cauchy sequence in E.
3. Study the convergence of (f,) in £. What can you conclude?
Exercise 3

Let C([0,1],R) be the space of continuous functions on [0, 1], and let £ be the subspace of
C([0,1],R) defined by

Ez{feC([O,l],R): /01 th(t) dt<oo}.
Equip E with the inner product:
(f,g>—/01f(t)tg(t)dt, ¥f.g€E. (6.1)

1. Let the family {ay = t,a; = t?}, compute (ag, a1), and ||ag]|.

2. Applying the Gram-Schmidt orthonormalization process to the family {t,¢*}, compute
explicitly the obtained polynomials.
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6.5 Final Exam L3-Maths 19-20 (University of M’sila)

Exercise 1 (05pts)

1. Draw a representative diagram to illustrate the relationship between metric spaces, normed

spaces, Banach spaces, pre-Hilbert spaces, and Hilbert spaces.

2. Let H be a pre-Hilbert space equipped with an inner product (-,-) and the associated
norm || - || = /().
(a) State the Cauchy-Schwarz inequality.

(b) Let (fn)nen be a sequence in H and f € H. Using the Cauchy-Schwarz inequality,
show that if 1_1)5{1 | fn — fll = 0, then for all g € H, we have 1_131 (fn,9) = (f,9).

3. State the characterization of the orthogonal projection: onto a closed subspace and onto

a closed convex set.

Exercise 2 (08pts)

We aim to compute:
1

_ 2 Y2
oz—aglefR o (logx — ax — b)* dx.

To do this, we introduce the space E of continuous functions on |0, 1] such that

1
/ (xf(x))Q dr < oo
0
endowed with the inner product
1
(£.9) = | @*f(@)g(a) des Vf.g € E.

Let F be the subspace generated by {eg, €1} where eg(z) = 1 and e;(z) = x. Consider the
function f defined on ]0,1] by f(z) = logx.

1. (a) Determine the norm associated with (-, -).
(b) Verlfy that f € E and compute <f7 60>7 <f7 61)7 <€07 60)7 <€17 61)7 and <€07 61)‘
2. Compute Pg(f), the projection of f onto F.

3. Deduce the value of «.

Exercise 3 (07pts)
Let £ = C([0,1],R) be the space of continuous and positive functions on [0, 1], endowed

with the inner product

(f,9) = /01 f(x)g(z) dx; Yf,g€ E.

Note that (E, || - ||2) is not complete, where || - ||o = +/(, ).
Consider the set F' defined by:

F:{feE: f(t):O,Vte[O,;]}.
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Let T': E — R be the map defined by:

N |=

T(f) = [ 1) d.
1. Show that T is linear and continuous.
2. Verify that F'is a closed subspace.
3. Show that F- = {f € E: f(t) =0,V¢ € [3,1]}. Do we have F*+ = F?

4. Show that the subspaces F' and F'* are not complementary in E, i.e., £ # F@®F+. What

can you conclude?

6.6 Make-up Exam L3-Maths 19-20 (University of M’sila)

Exercise 1
Let £ = C'([0,1],R). We consider the following application:

(,V:ExE — R
(1.9) = (0) = 10)9(0)+ [ F(050) dr.
1. Show that the application (-,-) defines an inner product on E.
2. Compute (cos, sin), || cos || and || sin ||.
3. Write the Cauchy-Schwarz inequality in (E, (-, -)).

Exercise 2
Let E = R[X] be the vector space of polynomials with real coefficients, and F' the subspace
of F consisting of polynomials of degree < 2. For all P and @) € E, we define:

+o00
(P.Q) = [ POQE" dt
0
We denote by Pr the orthogonal projection onto F'.

1. State the theorem of orthogonal projection onto a closed subspace.
2. Show that for all n € N, [;" t"e~t dt = n!.

3. Compute an orthonormal basis (Qq, @1, Q2) of F' by applying the Gram-Schmidt process
to the canonical basis (1, X, X?) of F.

4. Compute Pr(X") and d(X", F') for all n € N.

Exercise 3
Let (H, (-,-)) be a Hilbert space, F' a closed vector subspace of H, and {e;};cn a Hilbertian
basis of F'. Let Pg be the orthogonal projector from H onto F'. We assume that for all z € F,

we have:

oo
l[1* = >~ [z, ea)|*.
i=1
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1. Simplify ||z — 3", [{z, e;)e;||*

2. Deduce that for all z € F', we have:

[e.9]

r=> (z,e)e

=1

3. Show that for all x € H, we have:

o

Pr(z) =) (z,e)e;.

=1

6.7 Model Answer for Final Exam L3-Maths 17-18 (Uni-
versity of M’sila)
Exercise 1

1. For all z,y € E, we have:

lz+yl* = (z+y.z+y) = [«]*+ ly]* + 2z, y) (6.2)
lz =yl = (z—y,2—y)=ll=lI* + yl* - 2(z,y) (6.3)

Adding (6.2) and (6.3), we obtain:
Iz + yll* + llz = ylI* = 2ll=lI” + llyll*)- (6.4)

2. Every pre-Hilbert space is a normed space, but the converse is not always true.

3. If we take X = (1,0,...,0) and Y = (0, 1,0, ...,0), then || X|le =1, [|Y]leo = 1,
X+Y =(1,1,0,...,0), X =Y = (1,-1,0,...,0) hence: [|[X+Y|lc =1and | X Y| = 1.
So:
IX +Y[1* +[|X = VI[P =2#2(|X|° + [V]*) =4

The norm || - || does not satisfy the parallelogram identity (6.4) and therefore R" is not a
pre-Hilbert space.

Exercise 2
Let E = R[X] be equipped with the inner product:

1

(P.Q) = [ P@)Q) da.

-1
1. The family {P, P;, P»} is an orthonormal family, because:
1
(Po, Py =2 [1 X dX = {‘fXQ} = 0, similarly:
-1

(Po, P) = Y3 [1(3X2 = 1) dX = 0 and (P, P,) = ¥I5 /! (3X2 — 1) dX = 0.
Also: (P, Ry) =L [l dX =1,(P,P) =3[ X?dX =1 and

2
(Py, ) = 2 [1,(3X? — 1)?dX = 1.
1, if: v =y;

0, if: i .
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Normed Vector Spaces:

2. Let FF = Span{Po,Pl,Pg}.

(a)

(b)

()

According to Parseval’s identity, for all f € E, we have:

2

f=>_(f. PP, (6.5)
=0
Since fo = Pr(f) € F C E, it also satisfies the relation (6.5) as a special case. We
then write: ,
Pr(f) =>_(Pr(f), P)P; (6.6)
=0

But by the defining property of the projection onto a subspace, we have:
VfeE:(f—Pr(f),h) =0 Yh e F = Span{Fy, P, P»},
which means that (f — Pr(f), P;) = 0, hence:
Vf € E: {f,P) = (Pelf), P) (6.7)

Plugging (6.7) into (6.6), we get

2

Pr(f) = Y (/. P)P.V] € E. (6.8)

=0
Let g(X) = X4, then:
« (X% Py) =5 /5 XPdX =0,
o (X3, P) =B XtdX = 2B
o (X3, P) =35 [1,(3X% — 1)X? dX = 0.

» Plugging into (6.8), we get: Pp(g) = %X.

3
d(g, F) = [[Pr(g) =gl = lIzX = X7
1
= (<3X—X3,3X—X3>)2
5 5

- (Lo

1

- ()

We have:
1
min / (X3 —aX?—bX —¢)?dX = min || X®—aX?®—bX —c|]?
a,b,ceR J_1 a,b,ceR
8
= -P 2 - —,
lg = Prg)l” = =

Exercise 3
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1. (a) T is linear, since for all f,g € H, « € R we have:
1 1 1
T(af+9) = [ (af®)+9(®) dt=a [ f@)dt+ [ g(t) dt = aT(f) +T(g).
T is continuous. Indeed, for all f € H, we have:

r=| [ s0af [ o

Applying the Cauchy-Schwarz inequality we find:

v < [(ola< ([ a) ([ 1ror) -1,

Hence: 3¢ =1>0,Yf e H :|T(f)| <¢|f].
(b) Take g =1¢€ H;(fy 12 dt =1 < 00), it satisfies:

= [ 0y de= (.0
2. (a) We have

F= {feH/ f)dt=0}y=F={feH:T(f)=0}=T"({0}),

Since {0} is closed in R and T is continuous, then F' is closed in H.

(b) F={feH :T(f)=0}={f € H:(f g)=0}={g}"
(¢) Determination of the projection of €' onto F (Pr(e)): by the defining property of
Pr(e'), we have:
(' = Pr(e"), f)=0 VfeF={g}" (6.9)
Relation (6.9) means: ¢! — Pp(e!) € ({g}l>L, but ({g}L)L = Span({g}), hence:

INeR: e — Pp(eh) = Ag,

so: Pr(e') =€ —Ag=¢€' — \;
Compute \: since Pp(e') € F = {g}*, then:

1
(=X g)=0 = /et—)\dt:()
0

= A=e—1.

therefore Pr(e') =e' — e+ 1.

6.8 Model Answer for Final Exam L3-Math 18-19 (Uni-
versity of M’sila)

Exercise 1
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1. By direct computation, we have:

ol = fww) = fu— oy 0y

v, U
[l 7 {Joll?

) ) )l

(v, v)
HvH2 o] ot
H ||2 '

2. Let u,v € E. If v # 0; noting that ||w||? is positive, then we have:

= <u> u) -

[{u, v)? [(u, v)|”
0 < Jlwl* = [lull* - e & [lull® - e

and consequently, |(u,v)| < |lul|||v]|-

>0 & [(u,v)[* < JJul?lv]®

If v =0, then |(u, v)| = [|ull[lv] = 0.
We conclude that |(u,v)| < ||ul|||v||; Vu,v € E.

< (Zf\ionz)%(Zf\ioyf)é.

)| 2 ot e < (2150 ae) (P lator )

Exercise 2

3. (a) ‘ZiN_oﬂfiyi

1.
+oo
(x—M\1)=0 & / (x—A)le ™ dx=0
+o0o
@/ xdx—)\/ e “dr=0.

We have [ e™® dx = 1 and by integration by parts we get [, xe™® dx = 1, thus:
(x—=AN1)=0&1-A=0 =1

2. |foll> = f;F*° 127 dx = 1, hence: ||fy]| = 1.
Computation of Pg,(f1): from the projection theorem, we have
fi = Pr(fi) € Fy = (Vect{fo})",
which means that: (f; — Pg,(f1),1) = 0.

On the other hand, since Pg,(f1) € Fo = Vect{fo}, then there exists A € R such that
PFO(fl) = Ao =

We write: (fi — Pp,(f1),1) =0 < (x — A\, 1) = 0, and using question (1) we get A = 1.
Hence Pp,(f1) = 1.

3. We apply the Gram-Schmidt orthogonalization process:

{ = fo.
ho = fu— Pr, (fa), n=L
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So we only have one case, for n = 1: hy = f; — Pg,(f1), and we know Pp,(f;) = 1, hence:
=fi—1,ie, hy(z) =2 — 1.

Now we construct an orthonormal family; it suffices to divide by the norm. First we have:

1ol = [I.foll = 1,

|h1]|? = [3"(x — 1)%e7® dx = 1 = ||h1|| = 1 (by integration by parts).

We have

h(] and = hl.

Ih [ Ih [

Consequently, {1,z — 1} is an orthonormal family generating Fj, and hence is an or-

thonormal basis of Fj.

Exercise 3

1. T is linear (from the linearity of the integral).

T is continuous; let f € H, using the triangle inequality:
T = | [ f@ e [ s e

< [ el 1
< /_01 f(@) 1

Applying the Cauchy-Schwarz inequality, we get
1 1 1 3
Tl < ([ azae) ([ roF @)
-1 -1
= V2||flln-

It suffices to take ¢ = /2 which satisfies that for all f € H, we have |T(f)| < ¢|f]| -

2
2. (a) [ ]g9(z)| dx=[°1%dx+ [',(—1)? dz = 2 < o0, hence g € H.

(b) By definition: {g}* = {f € H: {(f,g) = 0}.

(o) = [ F@e) e

= [ fendrs [ -

= [ty de= [ f@) de =T,
thus (f,g9) =0« T(f) = 0. We write then:
{3t ={feH :T(f) =0} =kerT.
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(¢) Since T is linear and continuous, then ker T is a closed subspace of the Hilbert space
H, so the projection theorem guarantees that P = B, r(h) exists and is unique and

satisfies:
h—P¢€ (kerT)*

1
but (ker T)+ = ({g}L> = Vect{g}, so there exists o € R such that h(x) — P(z) =
ag(z) and hence:

P(z) = h(z) — ag(x) (6.10)
Computation of a: We know that P € ker T', hence T'(P) = 0, and we have:

T(P)=0 & / dx—/IP(x)dx:O
@/ :E—oz/og(z)da:—/olh(x)da:Jroz/lg(a:)dx:O

-1 0

& a—2(e+e —2)

Substituting into (6.10):

Plz) = { c -

(e+et—2), if —-1<z<0;

e+ i(e+et—=2), if0<x <1,

N = l\D\H

Remark: To compute «, one may also use the fact that P € {g}*, i.e., (P, g) =0,

and complete the computation similarly.

6.9 Model Answer for the Remedial Exam L3-Maths 18-
19 (University of M’sila)

Exercise 1

1. We have: F' = Vect{(1,0,—1,0),(0,1,0,—1)}.

We can construct an orthonormal basis by dividing by the norm, thus B = {v; =
75(1,0,-1,0), v = 55(0,1,0, 1)} is an orthonormal basis of F.

2. By definition, F'* = {Y = (y1,y2,y3,94) € RY; (Y, v;) = 0 and (Y, ve) = 0}.

(Yio) =0= 5y1 — 53 = 0= y1 = ys,
(Vo) =0= 5y — 504 = 0= 12 = ua,

Hence, F* = Vect{(1,0,1,0), (0,1,0,1)}.

3. Let X € R%. According to the projection theorem, we have (X — Pr(X),v;) = 0 and
(X — Pp(X),v9) = 0, thus

(X,v1) = (Pr(X), 1), (X, v9) = (Pr(X), va) (6.11)
Moreover, we know that Pr(X) € F = Vect{vy, v}, so there exist ay, s € R such that

Pp(X) = aiv + azvs. (6.12)
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Substituting in equations (6.11) and (6.12) and using the orthonormality of the basis

{v1,v2}, we get

<X, Ul> = <C¥1'U1 + CYQ’UQ,U1> = 0] = <X, ’U1>

(X, v2) = (qv1 + @z, v2) =z = (X, 09)
Plugging into (6.12) we obtain: Pp(X) = (X, v1)v1 + (X, va)vs.
Knowing that (X, v;) = \%(9&1 —x3) and (X, vg) = %(mz — x4), we deduce that:

1
PF(XO) = 5(1’1 — X3,To — Ty, —T1 + I3, —T9 + 1’4). (613)

4. Let Xo = (1,1,1,1). We have d(Xo, F) = || Xo — Pr(Xo)||, using (6.13) we find Pr(X,) =
(0,0,0,0), hence:
d(Xo, F) = [| Xo] = 2.

Exercise 2
1. Obvious.

2. (a) Let p,q € N such that p > ¢. To simplify things, we rely on the following table:

T 0 I% qis 1
fo() p 11% mll/3
fo(z) q q 73
[fol@) = fo(@)? Ip—ql* |am —dqf 0

Table 6.1: Table to test captions and labels

Hence:
1fp(x) = fo(@)]* = (@) — fo(@)]? da

3 1
= [P [T -l de
P’

1 ¢ g
2
x) — f,(z = —+ -2
1fp(x) = fo()]] PR Rk
< 1 q2_2
< §+7q3_5—>0 as ¢ — +oo.

thus (f,,) is a Cauchy sequence in F.

3. It is easy to see that the pointwise limit of f,(z) is +00, hence the sequence (f,,) diverges
in F.
We conclude that the space E is not complete (i.e., E' is not a Hilbert space).
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Exercise 3

2 2
L {ao,ar) = fo B di = 3, laoll® = 3 5 dt = § = o]l = 5.

2. We apply the Gram-Schmidt orthogonalization process.

by = ao,
b, = a, — Pg,_,(a,), n=L.

where Fy = Vect{ao} and F} = Vect{ag, a;}.
We have by = a; — Pr,(a1) = t* — Pr,(t?), since Pp,(t?) € Fy, then there exists a € R
such that

Pr, (%) = at. (6.14)

According to the projection theorem, (t* — Pg,(t?),t) = 0, hence:

{t* — Pp,(1?),t) = 0 < (t* — at,t) = 0 & (t*,t) = a(t,t)

(t2,t)

which gives: a = Tk

= 2. Substituting into (6.14) we get Pp,(t*) = 3t
So bl = t2 - %t

Now, we normalize the obtained family:

_ by _ ag __
.b{]—m— 0 \/Et

llaoll

o V) = ||Zi||; we compute ||by||:

L (12 — 2¢)? 1 1
b2:/73 dt = — = [|by|| = =.
o= [ o=

and hence b} = ¢t — 5t.

6.10 Model Answer for Final Exam L3-Maths 19-20

Exercise 1
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Normed Vector Spaces:

Espaces métrigques (E,d)

E. vectoriels normés

E. préhilbertiens

Espaces
complets

E. de Hilbert

1. .

2. (a) Yo,y € H: [(x,y)| < /{z,2)y/(y.y) = ll=llllyll-

(b) Suppose that 1_131 lfn— fll =0 (x). By applying the Cauchy-Schwarz inequality,
for any g € H, we have:

‘(fmg> - <f7.g>’ = |<fn_fag>| < an _fHHgH

Since g € H and by assumption (x), we deduce that 1_131 [(fn:9) — {f,9)| = 0 and
thus lim (fn,9) = (/,9)-

3. Characterization of the orthogonal projection denoted Pg:

(a) Onto a closed subspace: @' = Pp(x) < (x —2',y) =0, Yy € F.

(b) Onto a closed convex set: 2’ = Pp(z) < (v —2/,x —y) <0, Vy € F.
Exercise 2

L. (a) Vg€ E: gl =g, 9) = /Jo #2(g(x))? du.

(b) e fis continuous on |0, 1], moreover, by integrating by parts twice we obtain

1 2
/0 (rlogz)? do = 57 < 0©

So we deduce that f € FE.
Note: One can use Bertrand’s criterion to ensure that
Ji (zlogz)? dr < co.

« By integration by parts: (f,eq) = fol 2%logx dx = —?1.
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Normed Vector Spaces:

Similarly: (f,e;) = fy 2% loga dx = .
o {eg,e0) = Jy 22 do =
e {er,e1) = [y atdo =

o {eg,e1) = [y 2° dx =

= Ol W

2. Calculation of Pg(f): First, we know that Pr(f) € F = Span{eg,e;}, so there exist
ag, bp € R such that
PF(f) = b()@() + ager = bg + apx.

On the other hand, from the characterization of Pr(f), we have:

(f = Pp(f),e0) =0 - (f — boeg — ager, eg) = 0,
<f_PF(f)7€1>:O <f_b0€0—a()€1,€1>20

From which:

<f, €0> - bo<€0,€0> - ao<61,60> =0,
(fs€e1) = boleo, 1) — agler, e1) =0

Using the results from (2-b), we get:

NS TN

—%—ibo—%aozo 5bo+4a0:—

{—;—ébo—iaoz(), @{450%—3@0:—7 @{aozg,
bo=—2

Consequently: Pp(f) =3z — 3.

3. We note that o = lgﬁllf —p||2 =|If - PF(f)Hz'
p

By direct calculation and using results from (2-b), we get:

If = Pe(HI? = /Olffg(logx—5m—|—19)2dx

3 12

1 25 1 361 /1 95 1
_ 21002 £ d 7/ 4 201 2 5. 0 3 4

/()xog:v:x+90x ZB—|—1440$$ 18035:10

10 /1 19 1

- x3logxdx—|—f/ z?logx dx

3 Jo 6 Jo
1
432

Alternative method to avoid calculation: we note that

1f = Pe(DI* = (f = Pe(f). f = Pe(f)) = IfIIP = (Pr(f), f)
We have ||f[|* = 5 and (Pr(f), f) = §{e1, f) — 13{e0, f). Hence ||f — Pr(f)|* = 3

Exercise 3

1. T is linear because: for all a;, 3 € R, and for all f,g € E, we have

D=

Taf +89)= [ (af + o0t =a [* F@)it+ 5 [* gttt = aT(7) + 5T(0).
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Normed Vector Spaces:

T is continuous because for all f € E, using Cauchy-Schwarz:

T = | [
1
< [ s
< [ () a =171,
thus we can take ¢ = 1.

2. F is a subspace: 0 € F. For all o, € R, and for all f,g € F, we have af + g € F
because (af + Bg)(t) = af(t) + Bg(t) =0, Vt € [0, 1].
We have T'(f) =0 < f(t) =0,Vt € [0, 3]. Thus:

F={feB:T(f) =0} = T ({0}),
Hence F' is closed as the preimage of a closed set under a continuous function.

3.« By definition:
Ft={feF:(fg)=0VgeF}

So we will show that {f € E : (f,g) = 0,Vg € F} = {f € E: f(t) = 0,Vt €

5,1} = B.
Let f € B then f(t) = 0,Vt € [3,1], hence for all g € F (i.e., g = 0 on [0, 3]), we
have:

1

(9= [ $Og(e) de = [ f0g0) e+ [ F(o)g0) dr =0

thus {f € E: f(t)=0,Vt € [}, 1]} C F-.

Conversely, let f € F*;i.e., forall g € F, we have (f, g) = 0, hence: [, f(t)g(t) dt =
0.

0, if t € [0, 3]

t—3, iftels1]

clearly g € F' so we can plug into the identity:

fol f(t)g(t) dt =0, we get:

In particular, taking g(t) = {

1 1
éfm@—Qwh:o

which implies f(¢) =0, V¢ € [3,1] (since f is continuous and positive.)
Conclusion: F+={f € E: f(t) =0,Vt € [5,1]}.
e Yes; F'*+ = F because F is a closed subspace.
4. Let h =1 € E, suppose 1 € F + F*, then there exist f € F and g € F* such that
1= f+g. We note that f(3) = g(3) = 0 # 1, which is a contradiction, so E # F & F*.
We deduce that the assumption ”F closed” is not sufficient for £ = F @ F* when FE is

not complete. The correct assumption is that /' must be complete.
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