Chapter 5

Correction of Exercises

5.1 Solutions to the Exercises of Chapter 1

Solution to Exercise 1.4
1. || - |1 is a norm, because:
(a) Let f € E=CY[0,1],R). If || f|j; = 0, then:
[/l =0 = miﬁtﬂ]“ﬂx” + 1/ (@)]) =0

= |f@)[+[f () =0
. {\f(x)\:o, Ve € [0,1]
|f'(x)|=0 Vaxe€l0,1]
= |f(z)]=0, Vzel0,1]
Therefore, f = 0.
(b) Let f € E and X € R:

Al = sup (]Af(z)] + [Af'(2)])

z€[0,1]

= sup [N(f(z)|+|f'()])

z€[0,1]
= P sup (7] + 1@ = I
(c) Let f,g € E; we have: ||f + g1 = Sél[tp”ﬂf(x) +9(@)| +[f'(x) + ¢'(x)]). For every
x € [0, 1], we have: 7
[f(x) + g(@)[ +[f'(z) + (@) < [f@)]+]g(@)] +|f ()] + g (2)|
< (f@I+ 1 @)]) + (lg(=)] + |g'(=)])
< s ()] + 17+ s (o(o)]+ 19 0))

and therefore:

s [7) +9(@) 4 17'@) + 9 @) < swp (@] +17@) + s (lg(@)] + 19 @)

which shows that || f+ gl < [|f|l1 + llgll:- Consequently, || - ||; defines a norm on E.
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Normed Vector Spaces:

2. On one hand, for all z € [0, 1], we have:

[f@)+1f (@) < sup [f (@)l + sup [f'(z)],

z€(0,1 z€[0,1]
SO

sup (|f(x)] + | f'(z)]) < sup |f(z)[+ sup |f'(z)],

z€0,1] z€[0,1] z€[0,1]
hence: |[f]lv < || f]2-
On the other hand, for all 2 € [0, 1], we have:
f@)] = f@)|+[f (@)= [f (=)
xsel[gl?l](|f($)| + 1 @)) = [f (@)1,

IN

thus

sup [f(x)] < xsél[log](lf(x)! + 1 (@)]) = 1f' (@)

z€[0,1]
which implies:

[f'(@)] < sup (If(2)] + [f'(x)]) = sup [f(z)],Ve € [0,1],

z€0,1] x€[0,1]

therefore we get:

sup |f'(@)] < sup (\f( )+ 1 (@)]) = sup [f(x)],

z€[0,1] z€[0,1 z€[0,1]
hence:

sup |f(z) + sup. ()] < sup (If( )|+ 1 (@)]), vz € [0,1].

z€[0,1] z€[0,1 z€[0,1
We deduce that ||f|l2 < ||f]]1- The concluswn is that the norms are equivalent (|| flls <
11l < [1f]l2) and furthermore [[f{[y = [[f]2-

Correction of Exercise 1.5:
1. N(-) is a norm; indeed:

(a) Let f € E = C([0,1),R); if N(f) = [) z|f(x)] dv = 0, since x — z|f(z)] is a
continuous function, then x| f(z)| = 0 for all « € [0, 1], which implies | f(z)| = 0 for
all z €]0, 1], and by the continuity of f we have f =0 on [0, 1].

(b) Let A € R and f € E, we have:
NO) = [ el de

= W[ alf@) de = AN (S,
(c) Let f,g € E, we have:

N(f+g) = [ alf@)+ o) do
< [ ol @)+ gt da
= [ alr@)de+ [ elg(e)l dr = N()+ V(o)

We conclude that N(-) defines a norm on E.
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2. We have:
[falle = sup |fu(z)]
z€(0,1]

— max{ sup [fu(@)], sup |fu(x)| =0
z€[0,1] ze[1 1]

= max<¢ sup 1—nz, 0, =1.
16[0,%]

and

1
N = [ alfule)] da

L 1
= /nx|1—nx| dgv—l—/1 x|0| dz

0 1
0 1
/0 T —ng”dz =g
fnlloo

N = 6n* — +o00 as n — +o0o. We deduce that the norms || - ||o
and N(-) are not equivalent.

Therefore, we have

Correction of Exercise 1.6
We consider the sequence of functions f,(t) = +/2n + 1t", ¢t € [0,1]; we have:

1 V2 1
Ifalle = [ VEn+Temae =00

n+1
1
[falle = /O(Qn—l—l)t2”dt:1,
[fullo = sup |V2n+1¢"=+2n+1.

te(0,1]
Hence:

el V2T

lim = lim — =+o0,
n——+o00 ||fn||2 n—+oo 1+ 1

" 1
lim (LN = lim =0,
[ frll2 : 1

lim 0,
oo [ fulle — nde VER T 1

Therefore, the three norms are not pairwise equivalent.

Correction of Exercise 1.7

1. (a) Clearly, ¢ is differentiable on |0, 4+o0] for every fixed s €]0, +-00[; moreover:
Ot) =t —s, Vt>0,

We have
Pty >0t > sq%l,

1 . : a
Thus, ¢ is decreasing on |0, sa—1[ and increasing on |sa—1, +o0].
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(b) From question 1.(a), we deduce that:

but

p(sa1) =

o(t) > (s71), V>0,

q
Sa—1 q

S _a_
7_|_ _Sqfl’
p q

1

since 1 +1 =1, we can write p = -4, and therefore:
P q q—1

p p 1 1
_8+8_$p23p<+—1>: ,

p q

which shows that ¢(t) > 0 for all ¢ > 0, and thus for all s,¢ €]0, +00| we have:

2. By taking

|7k

sP e
st < — 4 —.
p q

|yk|

1/p’
(Z{cvzl | [P >
N, and for simplicity denote:

1/p
w) ,

forall k=1,2, ...,

s

Then, we obtain:

N

D

k=1

(s k)

N 1/q
= (Z |yk’q> :
k=1

p q
B < || i || , Vk=1,2,...,N.
ab par qbe
Hence: N
x xi|? I a? b
= k=1 4 T
thus:

and don’t forget that:

So we obtain:

3. (a) Write |z + yi|? =

N
> |k + yil?
k=1

|k + Yi -

IA

(Z b " (i il "

|71, + y&|P~!, and using the triangle inequality:

N
ok + yil - e+ vl
k=1
N

> (wk] + yl) - [or + yel?
k=1

N N
Z k] - o, + gl + Z lyi| - ok + yP!
k=1 k=1
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(b) By Holder’s inequality:

N
> lwel - ok + Pt =
k=1

and similarly:

N N /p , N 1/q
Z e - e + P < (Z ’Z/k’p> <Z |z + yk‘p> : (5.2)
k=1 k=1

k=1

Using 3.(a), (5.1) and (5.

we obtain:

2),
N N

Z |z +yk|? < Z k| - e+ yeP7 D el - e + yP!
=1 P

(Err) "+ o) ] (G

1—1

q N 1/p N 1/p
< (2 w) s (Z |yk|f’) |
k=1 k=1

IN

hence:

(f: |7k +yk|p>

k=1
and consequently:

N 1/p N 1/p N 1/p
<Z |z + yk|p> < (Z |$k|p> + (Z |yk|p> :
k=1 k=1 k=1

4. || - || is a norm; indeed, the first two conditions are obvious. The third condition follows

directly from Minkowski’s inequality.
5. It suffices to take the limit.
Solution to Exercise 77
1. Obvious.
2. Equivalence of the norms:

e On one hand, we observe that:

[fO)] < sup [f(x)],

z€[0,1]
thus,
1l + [FO)] < [[flloo + sup |f ()],

ie.,

11l < -
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e On the other hand, knowing that:
fla) = fO)+ [ f) ar

then, for all z € [0, 1], we have:

@I < 15O+ | [
< 1FO)1+ [ 17 at
< |f(0)|+/01|f’(t)|dt
< 1O+ sup 1£(1) /0 dt

= 1F O+ 11l

hence || f{loo = sup,ejo 1) [f ()] < [f(0)] + [[f[loc and therefore, we have:

A= lloo + 11 Moo < 1F(O)] + 201l
< 2(1£ O+ 1 lee) = 21111

We have shown that

1
1A < 0 < 0L
3. Let (fn)nen be a Cauchy sequence in (E, || - ||1); that is,
(a)
Ve>0,3ng e N,Vp,ge N:ip>qg>ng=||f, — follh <
so we have:
Ve >0,3ng e N,Vp,q eN:p>q>mng=|f, — fillo + |fo(0) = f(0)] <
hence:

1fy = follw <€ (*)
Ve >0,dng e NVp,g e N:ip>qg>ng=< A

o(0) = fo(O)] <&, (*F)

(b) From (*) and since the sequence (f),) C F, it follows that it is Cauchy in (F), [ - ||«),

which is complete, hence (f),) converges in F' to a limit denoted g, i.e.,

lim | f, = glle = 0.

n—-+oo

From (**) and since the sequence (f,(0)) C R, it follows that it is Cauchy in (R, |-|),

which is complete, so (f,,(0)) converges in R to a limit denoted [, i.e.,

lim |f,(0) —I| = 0.

n—-+o0o
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(c) First, note that f € E and f' = g and f(0) = [, moreover:

1o = fll = 1fa = Flleo + 1fa(0) = f(0)]
= |fa = glls + [£a(0) — 1]
— 0 n— +4o0
therefore f,, converges to f in (E, || - |1).
4. The space (E, ||-||1) is Banach, and since ||-[|; and ||-|| are equivalent norms, then (£, ||-||)

is also Banach.

Solution to Exercise 1.9

1. First, note that the functions u, are continuous for all n € N; so (u,) C E. It is a Cauchy

sequence. Indeed, let € > 0 and let p,q € N with p > ¢, we estimate ||u, — u,||. We rely

on the following table:

r -1 =1 =1 0 1
up () 0 0 pr+1 1
g () 0 gqr+1 qr +1 1
up(r) —uq(z) 0 —(gz+1) (p—q)x 0

Table 5.1: Table to test captions and labels
thus:
2 ! 2
ity = ugl? = [y =g

-1 0

= /1 gz + 1 dx+(p—q)2/lx2 dx

_ =d’ -9’
3qp® 3p?

<

2
- —0 asq— +o0.
q

2. Moreover, it is clear that the sequence (u,,) converges pointwise to the function u with:

u(z)
We have:

[l — u]®

|

0,
L,

if —1<z<0;
if0<z<1.

1

/ “(nx +1)* dx
-1

1
— — 0 asn— +oo.
3n

Finally, we observe that u is not continuous at 0, so it does not belong to £ and hence

(uy,) does not converge in E.
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3. (E,] - ) is not complete and thus not a Banach space.

Correction of Exercise 1.11
We observe that F is finite-dimensional, hence all norms are equivalent, and both [ |P(z)| dz

and sup |P(x)| define norms on E. Therefore, they are equivalent, which gives the result.
z€[0,1]
Correction of Exercise 1.12

Since FE is finite-dimensional, it suffices to show that M is closed and bounded. First, we

show that M is bounded. Indeed, since K is compact, it is bounded, thus:
de>0,Vr € K : ||z| <e,
Now take y € M, then there exists x € K such that y € B(z,r), i.e.,
ly =zl <,

which gives:
Iyl = lly — =+l < lly—z| + =]l <7 +c,

and therefore M is bounded.
Now we show that M is closed. Let (y,)nen be a sequence in M that converges to y € E.
We want to prove that y € M. For every n € N, we have y, € M, i.e.,

Vn e N Jz, € K : ||y, — x| <,

Since K is compact, there exists ©+ € K and a subsequence (z,,) converging to x. Also, the

subsequence (y,, ) converges to y. We have
Hynk - xnk” <,

Taking the limit yields:
ly—z| <,

which shows that y € M, hence M is compact.
Correction of Exercise 1.13
Let n,q € N with n # ¢:

1.

2
I fo— fall3 = / (cospx)? + (cos qr)? — 2 cos px cos qx dx
0

1 r2r 2T
=5 / (cos2px + cos2qx + 2) dx — / (cos(p+ q)x + cos(p — q)z) dx
0 0

= 2.

Hence || f, — f,ll2 = V2m.

2w 1 2w
1l = / (cosna)? dx — 5/ (cos2nz + 1) dw = 7 = || full2 = V7.
0 0
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2. Tt is evident that (g,) C E, and moreover, for all n,q € N with n # ¢, we have:

1
lgn = gql2 = 1fn = follz = —=V2m = V2.
! ||fn|| RNV
Suppose that (g,) admits a convergent subsequence (gy, ), then:

Hgnkﬂ _gnkH2

should tend to 0, which is not the case since ||gn, ., — gn,ll2 = V2. It follows that the

sequence (g,,) cannot have any convergent subsequence.

3. We have:
[ falle =

ool = | 22
Hence, (g,)n C B(0,1). From question 3, we conclude that there exists in B(0,1) a

sequence that does not admit any convergent subsequence. Therefore, the closed unit

ball is not compact.

4. Since the closed unit ball is not compact, then by F. Riesz’s theorem, we deduce that F

is infinite-dimensional.

5.2 Solutions to the Exercises of Chapter 2

Solution to Exercise 2.3:

Lo (@) falh = v fy 2" do = X5

(b) T is not continuous. Indeed, we have:

() _ f() _ VE
e~ T5ll ~ 2

n+1

=n+1,

thus lim,, % = lim,_, 1o n+1 = 400, which implies that 7" is not continuous.

2. Let f € E, we have: [T(f)| = |f(1)] < sup,epy |f(@)] = || flloo- Hence, T'is continuous.
Solution to Exercise 2.5:

« Norm of the identity map from (C'([0,1],R), || - ||) into (C*([0,1],R),]| - ||1). In Exercise
1.8, we proved that:

AL I <2 11

From inequality <?, we obtain ||id||zz < 1. On the other hand, take fo = 1 € E; it
satisties | foll = 1 and [id(fo)ly = Ifolls = 1§l + [ folloo = 1. Thus [lid]lcr) > 1 and
consequently ||id|| zg) = 1.

« Norm of the identity map from (C*([0,1],R), | - ||y) into (C*([0,1],R), | - ||). From in-
equality <', we have ||id||z(r) < 2. On the other hand, take fi(x) = x; it satisfies f € E,
[f1lly = 1, and [[id(f)]| = Al = [ fille + [Ifrllec = 2. Thus [[id]| ) = 2 and hence
lidl zem) = 2.
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Solution to Exercise 2.9:

1.

4.

Clearly, ¢ is linear. Let’s show that ¢ is continuous. Let f € E and z € [a, b], we have:
[o(f)(z)] = f(®)p(t) dt
< / F(t)p()] dt

/v £ dt

< swp 150) [ (0] dt = el

te(a,b)

IN

where ¢ = [?|p(t)| dt. Therefore,
[6()lloe = s [6(F)(@)] < el flloo, (5.3)

ZEGCL

which shows that ¢ is continuous.

By definition,
[@llzem = sup [[&(f) o0,

flloo<1

so from equation (5.3), we get:

ol < [ Ip(o) dr. (5.4

First, we observe that:

9o > [ ple)dt & swp 67l > [ pl0)

[[flloe<1

b
<¢3h€EWhMS1AwwMWZLMOﬁ

b
& 3foe B lfolle STA sup [6(fo)@)| = [ p(t) at

z€[a,b]

e hlost Fnelad: o)) > [ o) dr

So if we take fo =1 € E and zo = b € [a, b], we obtain:

600l = [ ey de > [ o) dt. 55

a

Combining (5.4) and (5.5), we get:
Iolecer = | #l0) dt
(a) Clearly, (fu)n C E. Let us compute [|¢(fn)]|oc:
6(le = sup [6(7)()

z€[a,b]
[
@ y/1+n2(p(t))?
/b ne®)?®
@ 14+ n*(p(t))?

= sup
z€[a,b]
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(b) For all t € [a, b], we have:

. n(p(t))?
lim = |p(t)|,
and
GOV 1C)

VI+n2(p()2 ~ \/n2(p(t))?

hence by the Dominated Convergence Theorem:

L 11/ )
Jim W)l = Jim [ B dt = [Clp(o)] b

which means that ,
élle = [ Ip(e) de. (56)
From (5.4) and (5.6), we conclude that:

b
9] () :/a Ip(t)] dt.

Solution to Exercise 2.10:
We write:

F = {feE: f()—Oand/ 1) dt > 1)
= {feE: f()—O}m{feE/ 1) dt > 1},

We consider the following applications:
Ti:(E - lls) = R
and
Tp: (Bl le) — R
1
foo ()= [ f de
It is easy to see that T} and 75 are linear and continuous mappings. Moreover:
F=171({0}) n 73 ([1, +00]).

Since the sets {0} and [1, +oo] are closed in R, it follows that 7} ({O}) and T2_1<[1, +oo[) are
closed in F as preimages of closed sets under continuous mappings. Their intersection is also

closed, and thus F' is a closed set. Correction of Exercise 2.14:

1. Let h = (h,) € H, we have:

[p(@)] = lp(x) = p(h)] = l@(z = h)| < [lellzllz = Al

hence

lp(@)] B .
1ol < nf |z — h|| = d(x, H). (5.7)
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2. Let b€ E\ H and let x € E. Writing = = %b +x— fp({g))b and noting that
p(x)
gp(x - b) =0,
o(b)

therefore = — %b € H. On the other hand, by definition we have:

loller = sup o ()],

z||=1

thus, there exists ny € N* such that for all n > ny, there exists z,, € E such that ||z,| =1
and:

1
0 <lleller = — <lelza)] < llelle

so z, ¢ H. We take b = z,,, and t,, = ﬁx“j) :’(Ei)) x, € H. Therefore,
we can write:
= h, + t,T,.
3. We know that ¢, = ﬁ;ﬂ)), SO:
o @l et
()] ~ llolle — 5
Knowing that « — h,, = t,z,, we have:
()]
|2 = holl = [tnzall = [ta] < AT
lolle — 5
hence we deduce that (
a1y < 2@ (5.8)
el &
From (5.7) and (5.8), we conclude:
o)~ 12
o]l &

Correction of Exercise 2.15:

1. Tt is clear that ¢ is linear. Let z = (x,)nen € fo, we have:

o0}

Z

= 2|,

hence ¢ is continuous. We also deduce that [|¢|lz < 2. On the other hand, consider the
following sequence:

Xy = (z,) with z, = 1if 0 <n < N, and z, = 0 otherwise. Then we have || Xy| = 1,
and also:

Y1 1
)= 2 ™ ( 2N+1> '
So we get [¢]l¢ > 2 (1 - W%), and by letting N — +o00, we obtain ||¢||, > 2. Conse-

quently, [[¢]ly, = 2.
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o hn . o
2. Let h = (hp)nen € H, then we have ¢(h) := > on = 0, hence IFZ(H@);J =3, 27}}11 = 0.
Let © = (z,)neny € E'\ H, then from exercise 2.15 we have d(z, H) = IF;(‘T). Moreover:
0
o ()] S T
dxz,H) =
el nz:% 2t
9] T, 0 hn
- 2n+1 - Z on+1
\iﬂ !
S Z gn+1

IA

i[8 1
?

(]

3

£

= 1
= ||x—h!\oo2_%ﬁ= 2 = Ploc-

If we suppose that d(z, H) = d(z, h) = ||x — hl|so, then we have:
lle = hlle

|0 — |z —
7;] 2n+1 ZO on+1
But for all n € N, we have:

|xn - hn| < ”17 - hHom

hence we deduce that for all n € N, |z, — h,,| = || — h||. Since:
lim z, = lim h, =0,
n—-+00 n—-+00

we deduce that © = h, which is a contradiction. Therefore, there is no h € H such that

d(z, H) = d(z,h) = ||z — .

5.3 Solutions to Chapter 3 Exercises
Correction of Exercise 3.9

1. This is obvious for the first part.

2. Let A = (aij)lgi’jgn and B = (bij)lgi,jgn- We have:

ATB Z Z a; kbz k- (59)

k=11i=1

o Let AJA', B € M,(R) and X\ € R, we have:

(A+)MA,B) = tr((A+2A)"'B)

= Z Z a; bk + A Z Z a; 1 bik
k=11i=1 k=11=1
= (A, B)+ (A, B)
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o (-,+) is symmetric, since:

<A7 B> = Z Zai,kbi,k = Z Zbi,kai,k = <B, A>-
k=1 i=1 k=1i=1
o For all A= (a;;) € M,(R), we have:
<A,A> — ZZaik Z O,
k=1 i=1

and:
(A, A)=0&al, =0, Vike{l, . ,n},

which means that A is the zero matrix. Therefore, (-,-) defines an inner product.

Correction of Exercise 3.11 Just apply Theorem 2.2 and use the Cauchy-Schwarz in-

equality.
Correction of Exercise 3.14
L. Suppose that ||z +yl| = [[]|* + [[yll, then ||z + y[|* = ||lz[|* + ly|I* + 2||z[[[[y[|. On the
other hand:

2+ ylI> = (z+y, 2 +y) = (z,2) + (y,y) + 2(z,y).

By comparison, we get (z,y) = ||z|||y|-

2. (a) By direct calculation:

(z,9) |7 (z,y) (z,9)
T — y| = (o— Y, T — Y)
H [yl [yl [yl
H$H2 _ |<:L‘,y>’2
ly]l?
(b) Suppose (z,y) = [[z[|lyl[, then:
x, 2 T 2 2
1yl [yl

which means z — Tr;ﬁ’gy =0. If z =0o0ry =0, just take a = b = 0. Otherwise,

assume z,y # 0 and let:

N2 [ i
Wi~ Tl Iyl

then x = Ay, and we can take a =1 and b = .

3. Suppose there exist a,b > 0 with (a,b) # (0,0) such that ax = by. If =0 or y = 0, the
implication is immediate. Otherwise, x # 0 and y # 0 implies a,b > 0. Then:

a a a
o+ ol =l + Soll = (14 ) el = llall + | 3| = lell + g,

which concludes the proof of the equivalences (i) < (ii) < (ii7).
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Correction of Exercise 3.15 It suffices to check that the functions cost and sin¢ do not
satisfy the parallelogram identity.

Correction of Exercise 3.16 The norm associated with the inner product is ||u|lys =

1
Ih u(t)? dt) *. Exercise 1.9 shows that (E,||-]l2) is a normed space but not complete, which

implies that (E, (-, -)) is a pre-Hilbert space but not a Hilbert space.
Correction of Exercise 3.19

1. Let f,g € H. We have:

— F(@)g(a) = e f(2)g(2)
——f(x)g(x) = z)g(x).
Vv1—a? g Vi—z/1+z g
The function z — \/in(x)g(x) is continuous on | — 1,1[. Moreover, the function

T \/llJr—wf@)g(x) is continuous at 1, so it is bounded in a neighborhood of 1. Fix
e €] — 1, 1], we have:

1 1 1
= (z)g(x) dz| = i \/H—xf(x)g(x) dx
1
< dr =2CV1 — ¢ < .

Similarly, the function z \/11—71; f(z)g(z) is continuous at —1, hence bounded in a
neighborhood of —1. Then we have:

1 1
| =)y do

c
<C/ de = 201+ = < oo,
S —1\/1—1——xx +e <

Finally, the function x ﬁf(x)g(x) is integrable on | — 1, 1][.

‘ /_61 \/ﬁf (x)g(z) dx

Now we verify that (-, ) defined in (3.23) is an inner product. Symmetry, bilinearity, and

positivity are clear. It remains to show that (-,-) is definite. For all f € H, we have:

(£.5) —oﬁ/mﬂ) =0

(since the function is continuous, positive, and has zero integral)

& f(r)=0,Vre]-1,1[« f=0.
Hence, (-,-) is indeed an inner product.

2. Let n,m € N with n # m. We have:

(T, Ty) = cos(n arccos ) sin(n arcsin z) dz,

2 /1 1
mJ-1 41— 22
Set x = cost, then do = —sintdt, we get:

2 0 1
(T, Trn) = %/ﬂ ﬁcos(nt)sin(nt)(—sint) dt

= /7r cos(nt) sin(nt) dt,
0

104 Abdelhak MOKHTARI



Normed Vector Spaces:

since cos(nt) sin(nt) = $[cos((n — m)t) 4 cos((n + m)t)], we have:
(T, Trn) = 71r cos((n —m)t) 4 cos((n + m)t) dt
= i{n_msm(( —m)t) + n+msin((n—|—m)t) Z
= 0.

Thus, the family (7},),en is orthogonal.

Furthermore, for n = m € N*, we have:

1 1
T, T,) /1 t) dt = ~[t + — sin 2nd]7 = 1.
( + cos(2nt) 7r[ + 5, sin nt]y

If n =m =0, then (Ty, Ty) = 2. We deduce that the family (7},),en is orthonormal.

Correction of Exercise 3.21

1.

2.

(a)

(b)

(a)

Linearity is clear. For all z = (2,)nen € £*(N), by the Cauchy-Schwarz inequality

- <§/:01>1/2(éxn)1/2
(ix> — Cal.

n=0

we have:

IN

Hence, J is continuous.

We observe that Fy ~1({0}), so we deduce that Fy is closed. Moreover, it
is easy to see that Fy is a subspace of £*(N), so from Proposition 3.11 we get

o Let y = (yu) € G, we show that y € Fi; ie., ylz, Vo € Fy. Indeed, for all

x = (x,) € Fy, we have:

anynJr Z TnYn-

n=N-+1

00
= Z TplYn =
n=0

Since * € Fyy, then Nz, = 0, and since y = (y,) € G, we have y; = y; = y*
forall 0 <¢<j <N and y, =0 for n > N. This gives:

N 00
(T y) =y Y xn+ Y, 2, x0=0

n=0 n=N-+1

hence y € Fi and therefore G C Fx.

« Conversely, let y = (y,,) € Fx, then for all z = (z,,),, € Fi, we have (z,y) = 0;
i.e.
Y Tnyn = 0. (5.10)
n=0
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In particular, if we take x = (x,,), with zx = 1 and 21 = —1 for all 0 < k <
N —1and xp = 0 for all £ > N + 1, we see that our choice is valid since this

element belongs to Fly, thus from relation (5.10) we obtain:

Y Ty =00y — 21 =0 1 = x40, VO<E<SN -1
n=0

Moreover, if we take x = (x,,), with zx =0 for all 0 < k < N — 1 and x; = yy
for all K > N + 1, this element belongs to Fly, so from relation (5.10) we get:

anyn:0®y2:0@yk20 vk > N + 1.
We deduce that y € G, hence Fi C G. Thus, Fx = G.
(b) We compute the distance from a to Fy. We have
d(a, Fy) = |la = Pry(a)l],

where P, (a) is the orthogonal projection of a onto Fy. ( Ppy(a) exists and is

unique since (¢*(N), (-,-)) is a Hilbert space and Fy is a closed subspace). Since
PFN (a) € Fy, let PFN (a) =b= (bn)neN, then:

N
> b, =0, (5.11)
n=0

First, compute Pp, (a) = b. From the projection theorem:

a—beFy =G,
so for all 0 < n < N, we have a,, —b,, = a,11 — b, 11, hence b, 1 —b, = a1 —a, =0,
thus:
bpi1 = by, V1 <n<N. (5.12)
For n = 0, we have
by — by = —1, (5.13)

For all n > N, we have a,, — b, = 0, hence b, = a,, = 0. So it remains to compute
bo and b; to determine Pp, (a). From (5.11) and (5.12), we have:

N N
an:0©60+2b1:0©b0+N61:0,
n=0 =

hence b; = b,, = N+1’ forall1 <n < N and by = ]YH. Thus:

la = Pry(a)l? = > (an —by)?
n=0

N
= ao—bo Z

Finally, d(a, Fy) = ﬁ
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Solution to Exercise 3.23

1. It is clear that E' = C(]0, 1], R) is a vector space. We verify that (-,-) is an inner product.
Symmetry, bilinearity, and positivity are obvious. It remains to show that it is definite;
for all f € E, we have:

(F.5)=0 & PO+ [ 0 di=0

f2(0)=0 and f?(t)=0, Vte€|0,1]
& 1)
& )

~
and f(t)=c, Vte€|0,1]
Vte [0,1] & f=0.

=0
=0
(Vect(eo))” = {f € E:(f.co) =0}
1

= {fEB:fOu(0)+ | fH)eh) dt=0)

= {feE:f(0)=0}.
3. We note that G = {f € E: f(0) =0} = (Vect(eo)>L, hence G+ = (Vect(eo))ll. Since

Vect(ep) is a closed subspace, it follows that G+ = (Vect(e@)Ll = Vect(ey).

Solution to Exercise 3.24

1. The application T': E — R defined by T'(f) = f(0) is linear, hence H = ker T, so H is a
hyperplane in E. Clearly, G = Vect{1} where 1 is the constant function equal to 1.

2. Since 1(0) =1# 0, wehave 1 ¢ H,so G € H. As H is a hyperplane, we have E = H®G.

(As a second method, one can give a direct proof).

3. By definition:
HY — [fe E:/()lf(t)h(t) dt = 0,vh € H)
Gt = [geE: /0 F(£)g(t) dt = 0,Yg € G}

1
= {geFl: ; f(t) dt =0} (since functions in G are constant).

4. Let g € H:

(a) We have X
/0 g(OR(t) dt = 0,Yh € H (5.14)

Taking h(t) = tg(t), we have h € E and h(0) = 0 so h € H, and thus the function
t — tg(t) satisfies relation (5.14); i.e.,

/01 tg(1)? dt = 0. (5.15)
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(b) Since the function [0,1] 5 ¢ — tg?(t) is continuous and non-negative, from relation
(5.15), we have: tg?(t) = 0 for all ¢ € [0,1]. As ¢ > ¢ is strictly positive on ]0, 1], it
follows that g(t) = 0 for all ¢ €]0, 1]. But ¢ is continuous at 0, so 0 = %1_{% g(t) = ¢(0),
hence g(0) = 0. We conclude that g(t) = 0 for all ¢ € [0, 1].

(c) We deduce that for all g € H*, we have g = 0, which means H* = {0}.

5. We have:

H* = {0}'=E+#H
HeoH' = Hea{0}=H+#E.
H*+Gt = {0}+Gt=G*#(HNG)" ={0}' =E.

These results contradict Propositions 3.11 and 3.12, because in this exercise the space

(E,(-,-)) is a pre-Hilbert space and not a Hilbert space.

Solution to Exercise 3.30: See the correction of the L3-Maths 2019-2020 exam (Chapter
6).

Solution to Exercise 3.31: See the correction of the L3-Maths 2017-2018 resit exam
(Chapter 6).

Solution to Exercise 3.32: See the correction of the L3-Maths 2017-2018 final exam
(Chapter 6).

Solution to Exercise 3.34: See the correction of the L3-Maths 2017-2018 final exam
(Chapter 6).

Solution to Exercise 3.35: See the correction of the L3-Maths 2018-2019 final exam
(Chapter 6).

Correction of Exercise 3.38: We solve only the third question.

We define:

h(w):{xQ’ if0<zx<a;

0, ifa<zx<l1.

Suppose there exists g € E such that ¢, (f) = (g, f) for all f € E; that is,

[ eswyar= [ o se) ar

Since [ t2f(t) dt = [} h(t)f(t) dt, then

/Olh(t)f(t) dt:/olg(wf(t) dt, VfeE

The inner product of E extends to the space L?([0,1]), so we deduce that (h, f) = (g, f),
ie., (h—g,f)=0forall fe€ E. Since F is dense in L*([0,1]), then

(h—g,f)=0, VfeL*0,1]).

Setting f = h — g, we find h = g, which is absurd since h ¢ E.
The conclusion is that the Riesz representation theorem is false in a pre-Hilbert space.

Correction of Exercise 3.40:
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1. Let x € H, we have:

n

15.(@)2 = <kzaz-<m,ei>fi,iak«c,ewm

=0

= zn:zn:alak a: el 33 €k><fzafk>

=0 k=0

1, if i =k;

Since the family {f,} is orthogonal, then (f;, fi) = o
0, if¢# k.

2. It is clear that for all n € N, the map S,, : H 3 x — S,,(x) is linear. We show that it is

continuous. Let M = sup,,cy |ay,|. We have

I1Sa(2)]1* = Z%Mek

Thanks to Bessel’s inequality, we obtain:

1Sa(@)II* < M2 > [z, e)|* < M|z,
k=0

hence: ||S,(x)]| < M||z]|.
3. We obtain the linearity of u by taking the limit in the expression
Su(\e + y) = ASu (@) + S, (y), Va,y € H, YA ueR.

Previously, we had:
|Sn(z)|| < Mlz]|, VneN, Vze H.

Taking the limit, we get:
Ju(e)| < Mllz|, Ve H.

which shows that « is continuous.

4. We have:

rekerusulr)=0 & |u()]=0
& iz, e))* =0, VYneN
& (r,e,) =0, VYneN

& ze{e )t

hence ker u = {e,}*. It follows that:

u is injective < ker u = {0} < {e,}* = {0}
& e, =H.

Moreover, since {e,} is an orthonormal family, it forms a Hilbert basis of H.
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