Chapter 3

Hilbert Spaces

3.1 Generalities on Pre-Hilbert and Hilbert Spaces

Definition 3.1 (Inner Product) Let E be a vector space over R. An inner product on E

18 a4 map:
(,V:ExE — R
(z,y) — (z,9),
satisfying, for all x,z’,y € E and all A € R:
1. Linearity in the first variable: (x + A\x’,y) = (x,y) + N2, y).
2. Symmetry: (z,y) = (y, )

3. (Positive: (x,x) > 0 and definite; i.e., (x,x) = 0 < = = 0) or positive definite; i.e.,
Ve e E—{0g}, (z,z) > 0.

The number (x,y) is called the inner product of x and y.
Example 3.1 1. The map
u :RY xRY — R
N
(x,y) - Ul(l',y) :szyz
i=1
s an inner product.
2. Let E = C([O, 1],R) be the space of real-valued continuous functions on [0,1]. The map

uy: ExE — R
(f.9) = wlfg)= [ f@g)dt

is an inner product.

Here is a detailed proof for example 2:
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o Let f,g,h € E and A € R:

wlf 4.0 = [ (f+Ag)(0h(e) di

— /Olf(t)h(t) dt + A/Olg(t)h(t) dt
= us(f, h) + Aua(g, h).

o Uy is symmetric due to the symmetry of the integral.

1
o Let f € E—{0g}. We want to show that us(f, f) > 0, i.e. / f2(t) dt > 0. Indeed,
0
since f # 0 then

Jto € [0,1] = f(to) # O,

the continuity of f on [0, 1] implies that there exists a neighborhood [a,b] C [0,1] of
to such that f(t) # 0 for all t € [a,b]. Furthermore, since f is continuous on |[a,b],
it s bounded, hence:

3ty € [a,b] : f2(t) = trer%iré] A1),

thus:
0< P2(t)(b—a) < /O1 F2(8) dt

which shows that fol f2(t) dt > 0, hence uy is positive definite and thus defines an

inner product.

Definition 3.2 (Hermitian Form) Let E be a vector space over C. An inner product on E

1S a map:
()V:ExE — C
(z.y) = (,9)
satisfying, for all x,2',y € E and all A € C, the following properties:

1. {(-,-) is a Hermitian form on E, i.e.:

(a) (x+ ' y) = (2, y) + M2',y)

(b) (y,z) = (z,y).
2. (z,z) >0

3. (x,x) =0& 2 =0.
Example 3.2 1. The standard inner product on C" is defined by:
(z,y) = Z Z;iYi
where © = (1, Ta, ..., Tn), Y = (Y1, Y2, -, Yn) € C™.
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2. Let E = C’([O, 1],@) be the vector space of continuous functions on [0, 1] with values in
C; forall f,g € E, define

(f.0)= | " 9 dt.

(-,-) defines an inner product on E.

Remark 3.1 When E is a vector space over R, a Hermitian form on E is a symmetric bilinear

form on E.

Definition 3.3 (Pre-Hilbert Space) Let E be a K-vector space. A pre-Hilbert space is a

pair (E,(-,-)) where (-,-) is an inner product on E.

Example 3.3 From examples 3.1 and 3.2, we deduce that (RN uy), (C’([O, 1], R), ug), (C™, (-,4))
and (C([O, 1],C), (-, )) are pre-Hilbert spaces.

Proposition 3.1 (Cauchy-Schwarz Inequality) Let E be a pre-Hilbert space, then for all

u,v € K, we have:

[(uw, o) </ {u, u)y/ (v, v). (3.1)
Proof. Let u,v € E;

e If u =0 or v =0, the inequality (3.22) is immediate.

o Ifuz0and v #0: set

ST e
on one hand we can see that (w,w) > 0.
On the other hand, we have:
<w’w> _ <U . <U, U)ﬂ7 U — <U7U>U>
(v,0) (v, v)
B [0 TN O
’ (v, v) (v,v)
oy L)
Y <U’ /l)> Y
Hence:
2
(wyw) >0 < (u,u) — [, v)l >0

(v,0)
& [(u,0)* < (u,u) - (v,v)

< (u,v)| < 3/ (u, u)y/(v,v).
Thus, we have the inequality. m

Proposition 3.2 (Minkowski Inequality) Let (E, (-,-)) be a pre-Hilbert space, for all z,y €

E we have:

@+yrt+y) < o)+ (v (3.2)

34 Abdelhak MOKHTARI




Normed Vector Spaces:

Proof. Let x,y € E, we have:
(r+yz+y = (z.,2)+(y,y) +2(y),
applying the Cauchy-Schwarz inequality, we obtain:

(z+y,x+y) < (z,2)+ Yy +2¢/(z,2)\/(y,)
= (Ylz.2)+(w.9)?

therefore

Ji+yo+y) < @2+,

Proposition 3.3 If E is a pre-Hilbert space equipped with the inner product (-,-), then the
mapping

[--E = Ry

w =l =/ (u,w)
defines a norm.
Proof. Let u,v € E and A € R.

o If u =0, then (0,0) = 0 and hence \/{(u,u) = ||u|| = 0. If |ju|| = 0, then (u,u) = 0, thus
u=0.

al = /O, A
= /A2 (u,u)
= Al (u, )
= A[[Jul].
« Using (3.2) we get
lutol = Jlu+v,uto) < Jluu)+/(0,0) = [lull + 0.

Remark 3.2 According to Proposition 3.3, we have the following implication:
(E,{-,-)) is a pre-Hilbert space = (E, || - ||) is a normed space where || - || = \/{-,-).

Proposition 3.4 (Parallelogram Identity) Let (E,(-,-)) be a pre-Hilbert space. For all
x,y € E, we have:

Iz +ylI* + llz — yl* = 2]|=]* + 2[lyl*
where || - | = /()
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Proof. By a simple calculation, we obtain

lz+yl* = (z+y.z+y) = [«]*+ ly]* + 2z, y) (3.3)
lz =yl = (z—y,2—y)=ll=l* + y|* - 2(z, y) (3.4)

Adding (3.23) and (3.4), we obtain ||z + y||* + ||z — y||* = 2||z|* + 2[jy||>. =
We have the following result:

Proposition 3.5 Let E be an R-vector space normed by ||-||. We have the following equivalence:

E is a pre-Hilbert space} & {The norm || - || satisfies the parallelogram identity}

Proof.
e The implication = is obvious by taking the norm associated with the inner product.

o For the reverse implication <, suppose that E is a normed space and that its norm

satisfies the parallelogram identity. Define the application f: E x E — R by

1
f(@,y) = 7z +yl* = e =), (3.5)
this application defines an inner product on E; indeed, we verify the following steps:

i) We show that for all x,y € E: f(2z,y) = 2f(x,y). From the parallelogram identity,

we have:

122 +yl* +1ly1* = 2(l=[* + |z + yI*)
122 —yl* +1lyI* = 2(|=[1* + = — y]I*)

hence
1 2 2 1 2 2
fQ2x,y) = Z(Il2x+yll — |12z —yl|*) = 1(2llx+yll =2z —y[I") = 2f(z,y).

ii) For all x1,xq,y € E, we have: f(x1 + x2,y) = f(x1,y) + f(x2,9).
(A detailed derivation follows in the original, using bilinearity and norm algebra.)

iii) We show by induction that for all z,y € E and n € N, f(nz,y) = nf(z,y). (Proof

by induction with base case, step, and conclusion.)

iv) We show that for all x,y € E and m € Z, we have f(mzx,y) = mf(z,y). (Includes

case for negative integers using additivity and symmetry.)

v) Forallz,y € Eand g € Q, we have f(qx,y) = qf(x,y). (Uses rational approximations

and norm properties.)

vi) For all z,y € E, we have |f(x,y)| < [|z||||yl]]. (Proved via triangle inequality and

bounding via norm estimates.)

vii) We show that for all x,y € F and all A € R, f(Az,y) = Af(x,y). (Uses the density

of Q in R and norm continuity.)
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viii) For all z,y € E, we have f(z,y) = f(y,z) and f(z,z) = ||z||*. We conclude that f

is an inner product on E whose associated norm is || - ||.

Remark 3.3 Proposition 3.5 allows us to determine whether a norm is associated with an
inner product; in other words, the parallelogram identity characterizes pre-Hilbert spaces among

normed Spaces.
Example 3.4 1. (RY,| - |loo) with || X||sc = Sup |z for X = (z1, 29, ..., 2,) € RY.
(RY, || - |lso) is mot a pre-Hilbert space; inde;:dj if we take
X, =(1,0,0,...,0), X,=(0,1,0,..,0) € RY
then we find

X1 + Xal% + [1X1 — Xoll5 = 2 # 4 = 21X 1%, + 2| Xz

2. Let B = L'([=1,1],R) equipped with the norm || f|| = [*, |f(t)| dt; this space is not a
pre-Hilbert space.

The following two functions

f)=1, tel-1,1], g(t) = { t_l, chi i {;11’]9]’

do not satisfy the parallelogram identity.

Proposition 3.6 (Median Identity) Let a,b, and c be three points in a pre-Hilbert space E,

and let m = Hb;CH Then:

1
la = Bl° + fla = elf* = 2lla = m[* + S [1o — >
Proof. Let x =a—0b and y = a — ¢, so we have
zll = lla =0l llyll=lla—cl, [lx=yl=11b—cl and ||z +y| =2]a—m].

We know that:
Iz +yl* + [z =yl = 20|z ]* + [ly[I*)

Injecting into the last equation, we get:
lla = m|® + b = ¢l = 2(a = blf* + [la — c]*),
Dividing by 2 gives the desired result. =

Definition 3.4 A Hilbert space is a complete pre-Hilbert space.
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Remark 3.4 [t follows from this definition that every Hilbert space is a special kind of Banach

space.

Example 3.5 1. R is a Hilbert space with (x,y) = xy and ||z|| = /(z,z) = V22 = |z|.

2. RN is a Hilbert space with (X,Y) =Y xy; and ||z| = ,|>_ «?
i=1

=1

3. b(N) = {& = (Tp)nen; Y 72 < 00} is a Hilbert space with (z,y) = Y xny, where

n=1 n=1

Tr = (xn)nEN and Yy = (yn)nEN; and HxH = A Z ‘1%
n=1

4. The space C([—1,1],R) equipped with the scalar product (f,g) = [*, f(t)g(t) dt is not a

Hilbert space because it is not complete. Indeed, the sequence of functions f,, defined by:

17 fo € {_%7%]
fa(z) =4 0, if |z| > %""%

1 1,1
—nz+1+4+%, if 3 <|z[<5+ .

is a Cauchy sequence but does not converge in norm, because (f,) converges pointwise to

)L el <
f<x)_{o, if |2| >

the function f given by:

N[ D=

which 1s not continuous.

3.2 Orthogonality, Orthogonal Family, and Orthonormal
Family

Definition 3.5 Let H be a pre-Hilbert space, and let x,y € H. We say that x and y are
orthogonal (denoted x_Ly) if and only if (x,y) = 0.

Example 3.6 1. E=R"Y (X,Y) =N 2y

ea = (0,..,0, 1 ,0,...,0)
~~position o
Forallo,f €1,2,...,N, a # [ we have (eq,eg) =0, i.e., e, Leg

2. E=C([-mn,R), (f.g9) = JZ: F()g(t) di.
Consider the family of functions (f,)nen such that

fu(t) = cosnt,

For all n # m, we have: (fyn, fm) = J". cosnt cosmt dt, using the identity:
1
cosacos 3 = i[cos(oz + B) + cos(a — 3)]
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We get:

(frn, fm) = ; /j cos(n + m)t + cos(n — m)t dt
1 Q 1
= m SiIl(TL + m)t . + m SiH(TL — m)t/

= 0

™

—T

which shows that f, L f., for all n # m.

The following proposition collects some fundamental properties.
Proposition 3.7 Let E be a pre-Hilbert space.

1. Forallz e E: x10.

2. Forallx,y € E, and all o, 8 € R: z 1. y < axlfy.

3. Forallx,y; € E,o; € R; i € {1,...,n}, we have:

Vie{l,2,...,n}: xly = xLiaiyi.
i=1

Proof. Obvious. =

Definition 3.6 We say that (x;);cr is an orthogonal family or orthogonal system if the

x; are pairwise orthogonal, in other words:
Vi,jel,i#j, we have: (x;,x;) = 0.

Definition 3.7 We say that (x;)icr is an orthonormal family or orthonormal system
if (x;)ier is an orthogonal family and in addition for all i € I, we have (x;,x;) = 1, in other

words:

1, ifi=j
0, ifi# .

(wi)ier is an orthonormal family| < Vi, j € I : (x;,x;) = 0;; = {

X

Remark 3.5 If {z;}icr is an orthogonal family, then the family { } is orthonormal.

el

Example 3.7 The family {e,} is an orthonormal family and the family { f,}n is an orthogonal

family (see example 3.6), moreover we have

1fall? = (fus ) = /7r cos’nt dt = T,

—T

so the family {%fn} is orthonormal.

Proposition 3.8 (Pythagorean Theorem) Let (F,(-,-)) be a pre-Hilbert space, if (x;) is an
orthogonal family, then:

H ixz C= En; [
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Proof. By direct computation, we obtain:

Yo = T
i=1 =1 j=1
= (x1,21) + (T1,22) + ... + (21, Tp)
(9, 1) + (T2, T2) + ... + (T2, Tp)
wF (@, 1) F o (X, )
= (x1,21) + (T2, 2) + ... + (T, )

n

2

= > llal*.
i=1

]
Lemma 3.1 Let (2;)i=12,. ., be an orthogonal family, then this family is linearly independent.

Proof. Let aq,as, ...,ay € R such that gz + agzs + ... + @z, =0, for all j € {1,2,...,n}

<$j,20&i$i> =0 & ozj(xj,x]-) =0
=1
= ajflzl* =0

= a; =0, Vje{l,2, .., n}

3.3 Orthogonal of a Set and Properties

Definition 3.8 Let (E,(-,-)) be a pre-Hilbert space. If A is a non-empty subset of E, the
orthogonal of A, denoted A*, is defined as the set of vectors that are orthogonal to all vectors
n A, ie.

t={recE:{(x,a) =0, forallac A}.
Example 3.8 1. We have: {0g}t = E and E+ = {0g}.

2. Let R* be the space equipped with the canonical inner product, and let F' be the subspace
of R* defined by

F ={x = (21, 29,23, 24) eRY x4+ 200+ 234+ 134 =0, To + a3 =0},

A simple calculation shows that {v; = (—1,1,—1,0), vo = (—1,0,0,1)} is a basis of F.

Then, according to Proposition 3.7,
Ft = {z = (x1,35,23,74) €RY (z,0) =0, Va € F}

= {o = (21,72,73,74) € R*; (x,v1) =0 and (x,vy) = 0}
($1,9€27$3,I4) ERY 1 —zp+23=0, —2 + 24 =0}
(1,

= V@Ct{ ) (0717170)}
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3. Let E = C([0,1],R) equipped with the inner product {f,g) = [y f(t)g(t) dt. Consider the
subspace I of E defined by

F={feE:f0) =0}
We have F+ = {0}. Indeed, it is enough to show that F+ C {0}. Let f € F+. Then for

all g € F, we have (f,g) = 0. In particular, observe that the function gy : x — xf(z)
belongs to F' because gy € E and go(0) = 0. Thus,

(Foo0) = [ alf @) dz =0

The function x — z|f(x)|* is continuous on [0, 1], non-negative, and has zero integral.
Hence, it is identically zero. We conclude that f(x) =0 for all z €]0, 1], and by continuity
also f(0) =0. Thus, f =0. We have shown that F+ = {0}.

Proposition 3.9 Let A be a non-empty subset of E.

1. At s a closed subspace of E, and we have AN A+ C {0}.
2. AC B= Bt cC At

3. The orthogonal of A is the same as the orthogonal of the closed subspace generated by A,

...

At = AL = Vect(A)*.

Proof.

1. 0 € B, and for all z,2" € A+ and a € R, we have ax + 2’ € A* because for all y € A:
(az +2',y) = afz,y) + (2,y) = 0.

First, note that:

At = )

yeA
indeed: for all x € A+,

reAt & WeA: (x,y)=0
& VWeA: xe{y}t

& € ﬁ{y}L

yeA
Consider the linear form
fy  E—= R,
{ z = fy(@) = (z,y)
Fix y € E. For all z € F, by the Cauchy-Schwarz inequality we have:

|fy(@)] = Kz, )] < llzllllyl] = cllz]].
Hence,
{y}* =ker(f,) = £, ({0}),
which is closed. Since an arbitrary intersection of closed sets is closed, we conclude that
A% is closed.
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2. Let A C B and x € B*. By definition:
Yy € B: (z,y) =0 (3.6)
Since A C B, the relation (3.6) is still valid for all y € A, thus z € A+

3. Clearly, A C Vect(A), so by the first property we have Vect(A)+ C At. Let’s verify that
AL C Vect(A)*.
N
Let y € Vect(A) & do; e Ry = Zaiyi, y; € A.
i=1
We know that
Vect(A)r ={x € E: (z,9) =0, Vy € Vect(A4)}

Let # € A+. Then for all y; € A, we have:

(1) =0,(z,y2) = 0,...,(x,yn) =

Thus, for all y = >N | a;y; € Vect(A):
N N
<I7?J> = <$, Z%’yz’) = Z%(I7yi> =0
i=1 i=1

So x € Vect(A)*.
We have A C A, hence A~ C AL,

Conversely, let € AL. For y € A, there exists a sequence (y,)ney in A such that:

lim y, =y,

n—-+o0o

then
(y,x)y = lim (y,,z) =0,

n—-+o0o

—1 —1
sox € A" . Hence, At = A,

3.4 Orthogonal Projection in a Pre-Hilbert Space

Definition 3.9 Let (E,d) be a metric space and let F' be a closed subset of E. Let x be a point
in E. A point b € F is called a projection of x onto F if:

d(x,b) =d(x, F) = inf d(x,y).

yeFr

We denote by Pr(x) the projection of x onto F (if it exists).

Remark 3.6 1. [t is obvious that if x € F, then Pp(x) = x.
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2. The existence of Pr(x) is not guaranteed, and even if it exists, it may not be unique.
For example: take E = R with d(x,y) = |z —y|, F = [0,1] and x = 2, in this case the
projection of 2 onto F does not exist. Now consider E = R? with d(x,y) = ||z — yl|o and
F' the sphere of the ball centered at x in E. In this case, the projection of x onto F is not

unique.

Theorem 3.1 (Projection onto a Convex Set) Let (H,(-,-)) be a pre-Hilbert space and let
F C H be a non-empty convex set. Suppose further that F' is closed. Then:

1. For every x € H, there exists a unique projection of x onto F, i.e.,

d(xz,F) = ||z — Pp(x)||; Pr(x)€F.

2. The projection b, = Pp(x) is characterized by

(x —byyy —by) <0, VyeF. (3.7)

Example 3.9 Let H be a Hilbert space and F = B(0,1) = {z € H : ||z|| < 1} be the closed
ball in H. For every x € H, there exists a projection Pp(z) such that

x, ifreF;

Priw) = { ﬁx, otherwise.
Indeed, we use two methods:
o 1st method (by definition):
— Ifx € F, then d(z, F) =0 = d(z, Pr(z)), so Pr(x) = z.
— Ifx ¢ F, we show that d(x, F) = ||l — Pp(z)|| = ||z —
We have:

\xux”

o - ko] = (L)) = et -1

For every y € F, we have:

2] =1 < |lzl| = [lyll < llz =yl
Hence:
[zl| =1 <d(z, F).

Therefore:
d(z, F') <

z| = |zl -1

I‘ S —
]

o 2nd method (by characterization): We have H is a Hilbert space and B(0,1) is

conver and closed, so the projection exists and is unique.
— Ifre B(0,1): (r—x,y—2)=0<0, VyekF.
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— Ifx ¢ B(0,1) (=]l > 1), let y € B(0,1) ([ly] < 1):

1 1
<°””‘||x||x’y‘||x||x> = o) = ol = ||< )

L= ) ) + 1= e

(
< (Noll = 1)1l + 1 = ol
= ([l = D) (llyll = 1) <0,
From this we conclude that Vx ¢ B(0,1) : Pp(z) = ﬁx
Remark 3.7 1. In Theorem 3.1, when E is a Hilbert space, we can assume that the set

F C H is conver and closed, since it is known that a closed set in a complete space s

also complete when endowed with the distance induced by the norm on E.

2. Property (3.7) means geometrically that the angle between the vectors u = x — Pr(x) and
v =1y — Pp(x) is obtuse.

Theorem 3.2 (Projection onto a subspace of Hilbert space) Let (H,(-,-)) be a Hilbert
space and F' a closed vector subspace, and let x be an element of H. Then there exists a unique
element b, € F such that

[ = be|| = d(z, F).

Moreover, b, is the unique element of F' such that x — b, is orthogonal to F', i.e.,
by = Pp(z) & (x —b,,y) =0, VyeF.
Proof.
o The first statement has already been proven.
o Let y € F, and for every A € R we have b+ Ay € F'. Thanks to Theorem 3.1, we have
(= by Ay) = (& — ba, Ny + by — by) <0,
It suffices to take A = +1 to obtain the result.
Conversely, suppose b € F such that z — b € F*. For every y € F, we have
lz = yl* = llz = blf* + [y — b > [l= — bI|*.
Therefore, b = Pp(z).
]

Example 3.10 Let E = C([0,1],R) endowed with the inner product defined by

(.90 = [ Fwa) ar

for all f,g € E. Let F = Vect{l1,t}, and consider the function f € E defined by f(t) =
Since E is a pre-Hilbert space and F is a closed subspace (as it is finite-dimensional), the

orthogonal projection of f onto F' exists and is unique. We now compute it:
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o We know that Pr(f) € F = Vect{l1,t}, so there exist o, 5 € R such that Pr(f) = at + 5.
e By the characterization of the orthogonal projection, we have:
(f — Pp(f),g) =0, VgeF = Vect{l,t}.
According to Proposition 3.7-(3), this gives:

<f_PF<f)71>:07
(f=Pr(f),t)=0

Hence,

Jy (et —at — ) dt =0,
Jo (et —at — B)tdt =0.

With simple calculations, we obtain:

a+20=2e—1,
2+ 38 = 1.

Solving this system yields: o = 4e — 3 and f = —2e + 2, and thus:

Pr(f) = (4de — 3)t — 2e + 2.

Remark 3.8 1. A look at Ezercise 3.25 shows that the assumption “closed F'” is not the

appropriate one when the space E is not complete.

2. In the case where E is not complete (pre-Hilbert), the correct assumption is that F is

complete.

Remark 3.9 The projection theorem is not valid in Banach spaces. For example, consider
C([0,1], ] - lleo), the space of continuous functions on [0, 1] endowed with the uniform norm. Let
the set I be

F={feC(0,1]) | f(0)=0and0 < f <1},

which is a closed convex set. For any f € F, we have:
11— flls = sup [1 = f(t)[ =1,
0<t<1

so for every f € F, d(1,F) = ||1 — flloo = 1. As a consequence, the projection is not unique.

3.5 Orthogonal Projection onto a Finite-Dimensional Sub-

space and Applications

Proposition 3.10 Let E be a Hilbert space and F a finite-dimensional subspace with {ey,. .., e,}
an orthonormal basis of F'. Then for all x € E, we have:

n

Pr(z) = (z,e)e;.

=1
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Proof.

e Since Pr(z) € F = Vect{ey,...,e,}, there exist scalars oy, as, ..., a, € R such that:
n
PF(I‘> = ZO(ZBZ‘.
i=1

o According to Theorem 3.2, Pr(z) is characterized by the condition x — Pr(z) € F*, i.e.,
<I_PF($)7y>:07 vyeFﬂ

and in particular:
(x — Pp(x),e;) =0, Vje{l,2,...,n}.

Therefore: .
(x — Zaiei,ej) =0, Vje{l,2,...,n},
i=1
which gives a system of n linear equations in the unknowns aq, ao, ..., ay,:
n
Z%(Gi,eﬁ = <$,€1>,
iil
Z ai<€i7 €2> = <£L’, 62>7
i=1
n
> ailes, en) = (,en).
i=1
Since the basis {ej,...,e,} is orthonormal, we have (e;,e;) = ¢;; (Kronecker delta), so
the system simplifies to:
a; = (x,e;), foralli=1,... n.

Hence,

Example 3.11 (Minimization Problems) .

o Problem 1. Let H be a Hilbert space and {ey, es, ..., e, } be linearly independent orthonor-
mal elements of H. Let x € H. The goal is to find a way to compute the minimum value

of the quantity
|z = e (3.8)
i=1
where aq, s, ...,a, € R, and to find the corresponding values of vy, s, ..., au,.

Let F' be the vector space spanned by the elements ey, es, ..., €y, i.€.,
F = Vect{ey, e, ....,en}
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Then the problem reduces to finding the orthogonal projection of x onto F'. According to
Proposition 3.10, which states that Pp(z) is the unique element in F' that minimizes the

quantity (3.8), we have:

and consequently,
n

Tr — Zaiei

=1

n

=Y (z,€)e.

=1

min =
a; ER

e Problem 2. We seck to explicitly determine the quantity:

1
a = min / |2® — ¢ — br — az®|* dx
a,b,ceR J 1

To do this,

We consider the space of square-integrable functions L*([—1,1]), which is a Hilbert space

endowed with the inner product:
1
(f.9) = [ f@gwyat, vf.ge LA(-11).

We consider F = Ry[X] = Vect{1,z,x?} which is a closed subspace (since it is finite-

dimensional).

Then, according to Theorem 3.2, for any f € L*([—1,1]), the projection Pp(f) € F exists
and is unique. In particular, if we take fo(x) = a3, it is easy to verify that fo € L*([—1,1]).

— We have Pr(fy) € Ry[X] and Pr(fy) can be written as:
Pr(fo) = ag + bow + coz”.
— Thanks to the characterization of Pr(fy), we have:
(fo— Pr(fo), P) =0, VP €R,y[X]. (3.9)

The relation (3.9) is equivalent to:

(fo—Pr(f),1) =0
(fo— Pr(fo),z) =0
<f0 - PF(fo),fB2> =0

i.e.,

1
/ (2% — ag — boz — cox?) dx =0

1
/ (2% — ag — box — cor?)z dr =0

1
/ (2% — ag — box — o)z dx = 0
-1

Solving this system yields Pr(fy) = %x, and consequently:

2
8
do = —
T

1'3—*33'

5

o =fo—PeChll? = [
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3.6 Properties and Consequences

In this section, we present some corollaries of the projection theorem and important properties

of the projection operator.

Proposition 3.11 Let H be a Hilbert space and F' a closed subspace of H. Then the subspaces
F and F* are supplementary in H; that is,

H=F®F..

Proof. According to Proposition 3.9, F N F* is a subspace and F'N F*+ = {0}. Moreover, for
any r € H, we have
r=1x — Pr(x) + Pp(x)

with z — Pp(z) € F+ and Pr(z) € F. =

Proposition 3.12 Let H be a Hilbert space and F a vector subspace of H, then:
(FHt =F.

Moreover, if F' is closed, then:
(FHt =F.

Proof.

e FC (FhHt: let z € F. For all y € F*, we have (x,y) = 0, hence x € (F+)%, and
therefore:
FC(F)7

From the properties of closure and since (F*)1 is closed in H, we obtain:

Fc(FHl =(FH*t

o (FHLY C F: let 2 € (FL)L. Then there exist y € F and z € FX = F such that
x =y + z. Therefore:
(z,2) = (y,2) + (2, 2),

But (x,z) = 0 and (y,z) = 0, hence (z,z) = 0, which implies z = 0. Consequently,
r=y€F,so
(FH)* CF.

The second equality is immediate.
]
Corollary 3.1 Let H be a Hilbert space and A a non-empty subset of H, then:
(AL)E = Vect(A).
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Proof. Let F' = Vect(A). Since F is a subspace of H, we apply Corollary 3.12 to obtain:

(Vect(A))*t = Vect(A).

But Vect(A4)*+ = A+, hence:

(Vect(A)7)" = (AH)",

and thus:

(AH) = Vect(A).

Corollary 3.2 Let H be a Hilbert space and F' a vector subspace of H. Then F' is dense in H
if and only if F+ = {0}.

Proof. The result follows from Proposition 3.9, more precisely from the fact that F'+ = (F)*.

€

Corollary 3.3 Let F' be a closed subspace of a Hilbert space H, and let

Pp:H = F

be the mapping from H to F that assigns to each x € H its projection onto F (called the

projection operator). Then:

1. F={x € H: Pp(x)=ua}.
2. Pp is linear and continuous, moreover ||Pr|| = 1.
3. ker Pp = F+.

4. Forallz € H: ||z|* = ||Pr(x)|]? + || Pp.(z)])*.

Proof.

1. Clearly, {x € H: Pp(z) =12} C F. Moreover, the restriction of Pr to F' is the identity

map idp, hence FF C {vr € H: Pp(x)=z}.

. Let z,y € H and «, 3 be two scalars in R, and denote:

¥ = Pp(x), y = Pry).
For all z € F', by the projection theorem:
(x—2',2) =0, (y—y,z)=0.

Thus:
((ax + By) — (az’ + By'), 2) = alw —2',2) + Bly — ¥, 2) = 0,
and by the same theorem, we deduce that ax’ + Sy is the projection of ax + By onto F,
that is:
Pr(ax + By) = aPp(z) + BPp(y).
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Hence, Pr is linear.

Applying the Pythagorean theorem to the points 0, z, and x’ gives:
l]* = [|2"[|* + [|l= — 2/

thus:
| Pe(2)|” < |l=|]?, (3.10)

which shows that Pr is continuous. Moreover:
[1Prll <1
On the other hand, for all z € F, we have Pr(x) = x and hence || Pr|| = 1.
3. Let x € F*, then:

relfter—-0€Ft < Pe(z) =04 x € ker Pp.

4. From the Pythagorean theorem, we have:

l2[* = ll']I* + llz = 2'* = | Pr(2)II* + | Pps ()
|

Corollary 3.4 The operator Pr is a linear operator from H to F that satisfies, for all x and
yin H,

L [Pe(z)]] < [|l|
2. Pp(Pp(x)) = Pp(z).
3. (Pr(),y) = (z, Pp(y)).
Proof.
o Let x € H, write = @ — Pp(x) + Pr(z). Using the Pythagorean theorem:

l2]* = llz = Pp(@)|* + [|1Pr(2)I* = | Pr(z)|*,

o Forally € F, Pr(y) =y. Since for all x € H, Pp(z) € F, we deduce that Pp(Pp(z)) =
Pr(z) for all z € H.

e For all x and y in H,
Pp(x) L(y — Pr(y))
It follows that
(Pr(x),y) = (Pr(z), Pr(y)) and  (z, Pr(y)) = (Pr(x), Pr(y))

Therefore, the result follows.
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3.7 Gram-Schmidt Orthonormalization Process

Theorem 3.3 Let (E,(-,-)) be a pre-Hilbert space and let {x,} be a finite or infinite family
of linearly independent vectors in E. For every n € N, let F,, = Vect{xy, ...,x,} be the vector

subspace spanned by x, ..., x,. We define the family {y,} by the following recurrence relation:

Yo = To,
Yn+1 = Tp+1 — F)Fn (xn—O—l)a
and we define the family {e,} by

Yo Yn+1
fr— T €n+1 g
%ol [y

Then the family {e,} is orthonormal and for all n € N, we have F,, = Vect{eg, ..., e, }.

€0

Proof. First, we have yp = x9 # 0, and for all n € N, since z,,1 ¢ F,, then z,,; # 0.
Moreover, the sequence (y,) is orthogonal. Indeed, for any n,m € N with n # m (take for

example n > m), and knowing that F,_;:

<yn7 ym> - <xn - Panl (In)a Lm — Panl (Im»
= (0 — Pr, (T0), Tm) — (¥n — Pr,_,(¥0), PR, (Tm))

We know that x, — Pg,_,(z,) € F-, and since F,,, C F,_; (because n — 1 > m), we have
Ty € F,,, C F,,_1. Therefore:
<xn - PFn—1(xn>’ xm) =0,

and also since P, | (z,,) € F,_1:
<xn - Panl (.:Cn), Panl (xm)> = 07

which implies (y,, Ym) = 0. Thus {y,} is an orthogonal family, so {e,} is an orthonormal
family:.

Now we prove by induction that
F,, = Vect{eq, ..., e, }.

First, we have Vect{eo} = Vect{z(}. Suppose Vect{ey, ..., e,} = Vect{zo, ..., z,} and we show
that Vect{eo, ..., en11} = Vect{xo, ..., 2,41 }. Since y,11 € F, 41, then e, € F, 11, so:

Vect{zg, ..., xn11} C Vect{eg, ..., €ni1}-

Also,

Tp4l = Yns1 t PFn(anrl) € VeCt{€07 X en+1}7

thus Vect{ey, ..., en11} C Vect{xo, ..., x,11}, which implies
Vect{eg, ..., ent1} = Vect{zo, ..., Tpi1}.

We conclude that for all n € N:
F,, = Vect{eq, ..., e, }.
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Example 3.12 1. Let the space E = C([—1,1],R) with inner product

(F.o0= [ F@ge) dr

We consider the family {xo = 1,21 = x,19 = x*}. To construct an orthonormal family,

follow the steps below:

o We have

Yo =20 =1=yo(x) =1,
y1 = 11 — Pry(x1) = y1(x) = x — Pg,(x), where Fy = Vect{1} (3.11)
Yo = To — Pp (13) = yo(2) = 22 — Pr,(x), where F} = Vect{1,x}.

o Compute Pr,(x) and Pg, (x?).
We have Pr(x) € Fy = Vect{1}, so there exists A € R such that Pg,(x) = .
Also, Pr,(x) satisfies:
(x — Pry(x),1) =0

hence:

/l(x—/\)dxzo,

-1
so A =0 and Pg,(x) =0.
We have Pr, (2%) € Fy = Vect{1,z}, so there exist a, 3 € R such that Pp,(2*) =

ax + 3.
The projection is characterized by:

{ (a? — Pp,(2%),1) =
<:L‘2 - PF1 (I2>,$>

Y

0
0.

(2 — ax — B) de =0,
f_ll(x2 —azx — fB)r dr =0,

After computation, we find o =0 and 8 = %, so P, (2?) = 3.
o Substituting into (3.11) gives:

Yo()
y1 ()
Y2(x)

1,
z,
ZEQ

oo\»—A

Finally, compute ||yol|, ||v1]] and ||ys||: We have

Il = 1, 12 do = 2 = ol = V2,
||y1||2 = f_ll 1'2 dr = 2 = ||y1|| = \/E
o] = J2, (2% — )2 d$——$ 2| —%.

Thus the orthonormal family is {ey = %, e = \/ga:, ey = g—g(xz — 1)}, and:

Vect{lme}—Vect{\}_ 3 2\5__( —i)}
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If we consider the family {x, = x™,n € N}, the Gram-Schmidt process produces the

so-called **Legendre polynomials** (exercise).

2. Let E = C([0,4+o00o[,R) with the inner product

(f,9) = /0+OO f(x)g(x)e™ dx.

Applying Gram-Schmidt to the family {x, = 2™} gives the **Laguerre polynomials**

(exercise).

3. Let E = C(R,R) with inner product

(f,9) = /+OO f(:zr)g(yc)e‘gﬁ2 dzx.

—00

Using the same family {x, = x"}, the Gram-Schmidt process gives the "Hermite polyno-
mials” (exercise).

3.8 Riesz Representation Theorem

Definition 3.10 The topological dual of a Hilbert space H is the space of linear and continuous
forms on H, denoted by H* (or H'). We equip it with the dual norm:

/1

we = sup [{f,z)|.

z€H ||z|| g <1

Theorem 3.4 (Riesz Representation Theorem) Let H be a Hilbert space equipped with
the norm || - || associated with the inner product, and let H* be the topological dual of H. Then:

"For every ¢ € H*, there exists a unique element y, € H such that for all x € H, we have:

p(2) = (2,p)-

Moreover,

ol = Yol

Example 3.13 Let H = *(N) = {(z,); Y ,»072 < 00} equipped with the inner product

<$’,y> = Z LnYn-

n>0

Let p € N be fized, and consider the application

p:H — R

T = p(x) =

¢ is linear (obviously) and continuous. Indeed, let x € H = [*(N), then x = (z,)nen, and we

o(@)] = |zp| = Jaz < [D 22 = ||a].
n>0
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so that ¢ € H*.
We look for the unique element y, € H such that ¢(z) = (y,,x). Let us take

Yo = (0,...,1,0,...) = e,.
We can easily see that y, € I*(N) and
(g, ) = xp = ().
Proof of the theorem. Let ¢ € H*.
1. If ¢ =0 € H~, it suffices to take y, = 0.

2. Suppose that ¢ # 0. Then
F=kerp={xe€ H:px)=0}
is a closed subspace of H, and ker ¢ # H. Moreover,
F*#{0} (F#H)
Let z € F'* such that ¢(z) = 1. Then, for all z € H, we have
v =5 — o)z + pla)
Note that x — ¢(z)z € ker ¢, because

oz — o(r)2) = p(x) — p(z)p(2) = 0.

So we get
(z,2) = (z—op(@)z+9(x)z,2)
= (2 —p(2)z,2) + (p(z)2,2)
= (@)=
hence
1

QO(I) = W(Ivz> = <:L“, >;

z

2]

it suffices to take y, = ||z||2 el
z

Remark 3.10 Let (H,(-,-)) be a Hilbert space. Then the topological dual H* is itself a Hilbert

space with the following inner product:
Forally,z € H: (p,, )" = (2,y).

Note that this inner product on H* induces the already existing norm on H*.
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In what follows, we will see an important consequence of the Riesz theorem concerning
reflexivity in Hilbert spaces. First, we introduce some commonly used notions.
Let E be a Banach space, and let E* be its dual equipped with the dual norm:

/]

B = sup |f(z)].

[lz]|<1

Let (E*)* = E** be its bidual, i.e., the dual of E*, equipped with the norm:

€]

g = sup [£(f)].

[l gx<1

Definition 3.11 (Canonical injection of F into E**) A canonical injection
J : E — E* is defined as follows: for a fized x € E, the map f — f(x) from E* to R defines

a linear continuous form on E*, i.e., an element of E**, denoted by Jx. So we have:

J:E — E*
r — Jz,
where:
Jr: E¥ — R

[ Ja(f) = fla).

It is clear that J is linear and that J is an isometry, i.e., ||Jz|
Indeed:

g = ||z||g for all z € E.

||

g = sup |Je(f)l = sup |f(z)] = [lz[p.
£l <1 £l <1

Definition 3.12 (Reflexive space) Let E be a Banach space and let J be the canonical in-
jection from E into E**. We say that E is **reflexive™* if J(E) = E**.
When E is reflexive, we implicitly identify E and E** (via the isomorphism J ).

Corollary 3.5 FEvery Hilbert space is reflexive.
Proof. Let H be a Hilbert space. According to Theorem 3.4, the application
¢H H — H*
y = ouly) =9y

where ¢, (z) = (z,y), is semi-linear, bijective, and isometric. Let J : H — H** be the canonical

map and let h € H**, then the application

hOngZH — R
y — hoou(y)=h(g)

is a continuous linear form on H (ho ¢y € H*), so there exists a unique element x € H such
that for all y € H, we have

hoou(y) = (z,y),
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ie.,
from which we get
hence,

In other words, J is surjective, thus H is reflexive. m

3.9 Bessel’s Inequality, Parseval’s Identity, and Hilbert

Basis
Let (E, || - ||) be a pre-Hilbert space of infinite dimension.

Theorem 3.5 (Bessel’s Inequality) Let {e,}n,en+ be an orthonormal family in E. Then for

every x € E we have:

n

> lew, o) < [l (3.12)
i=1
Proof. Let F' = Vect{ey,...,e,} be a finite-dimensional subspace of E. Then the orthogonal
projection onto F' is well-defined. Since the family {ey,...,e,} is orthonormal, according to

Proposition 3.10, the projection is written for any x € E as:

Pr(x) = i(x, €i)ei,

=1

hence,

1Pr(2)]* =

n
Z (x,e;)e
i=1
n n
= <Z T, e 61,2 T ei>ez~>
=1 =1
n
= > [z, e)]
=1

We conclude using Corollary 3.4 which states that || Pgr(z)|| < ||z||, thus the result follows. m

Corollary 3.6 Let {e, }nen+ be an orthonormal family in E. Then for every x € E, the series

with general term |{x,e,)|* is convergent, moreover:

3 Iesea)? < el (3.13)

Proof. The sequence of partial sums is increasing (since the general term is positive) and
bounded (by inequality 3.12), hence the series is convergent. The upper bound (3.13) follows
immediately by taking the limit. m
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Theorem 3.6 (Parseval’s Identity) Let x € E. Let {e,}nen be an orthonormal family in

E. Then, for every x € Vect{e,}nen, we have the identity known as Parseval’s Identity:

> (o, = el (3.14)

Proof. Let F' = Vect{e,}nen, and fix N € N. Define Fy = Vect{ey,...,en}. Fy is a finite-
dimensional subspace of F', so the orthogonal projection onto Fy, denoted by Pr,, exists. Since
the family {e, }ney is orthonormal, then for all z € E we have Pr,(z) = 22 (2, e,)e,, and

therefore:

1Pry (2)]* = Zlfcen

Let x € F. By definition, for every € > 0, there exists a finite subset J of N and a family

of scalars {o;};es such that:
o= S agell? < e (3.15)

jed

-----

N
|2 = Pry ()| = [l2]|* = [ Pey ()| = [l2]* = >_ [{z, en)* > 0, (3.16)
On the other hand, since Z _o ey, € Fiy and from (3.15) we have:
N
|2 = Pry (2)|* = d(z, Fy) < lz = Y aneall” = 2 = Y aje)f* < e. (3.17)
n=0 jeJ

Combining (3.16) and (3.17), we get:
2[|* — & < [[Pry (2)]* = Z\ z,en)|* < [l

Since the series is convergent by Corollary 3.6, taking the limit as N — +o00 gives:

2 < = 2 - 2
[2]* —e < > o e < ],
n=0

o0
Letting ¢ — 0, we obtain »_ [(z,e,)|* = ||z[>. =
n=1

Definition 3.13 (Total Family) A family {e,}ncrcn of vectors in E is said to be total if the

vector subspace it generates is dense in E, i.e.,

E = Vect{{e,}ner}-

Definition 3.14 (Hilbert Basis) Let E be a pre-Hilbert space. A Hilbert basis of E is any
total orthonormal family.
In other words, a family {e,}ner is a Hilbert basis of E if:
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1, ifn=m

1 (en; em) = { 0, ifn#m.
2. E=Vect{{e,}ner}-

Remark 3.11 From definition 3.14, for all x € E, there exists a family of scalars (a;)ie; C K
such that

xTr = Z ;5.

i€l
Example 3.14 1. Consider the Hilbert space (*. Define the family {e,}nen by:

er=(1,0,..), e =(0,1,0,...), .., en=1(0,...0, 1 ,0,..),...

position n

Then {en}nen is a Hilbert basis of £2. Clearly, it is an orthonormal family in (2, and we

now show that £ = Vect{{en}nen}-
Let x = (x,), € (%, since Y125 |z,|? < oo, then for all e > 0, there exists N € N such

that:
+oo
S fwF < e
n=N+1
Define

“+o00
YN = D Tnln,
n=0

then yy € Vect{{en}nen} and we have:

—+00

1
2
o=yl = (2 Joal?)’ <.

n=N+1

Thus, Vect{{en}nen} is dense in (%, and therefore {e,}nen is a Hilbert basis of (2.

2. Consider the space E = C([—1,1],R) equipped with the inner product:

(.90 = [ F0ate)

Let B = {z",n € N} be the family of polynomials. Recall the Weierstrass approzimation

theorem:

Theorem 3.7 Every continuous function on an interval [a,b] is the uniform limit of a

sequence of polynomial functions.

By this theorem, the family B is total in E with respect to the uniform norm || -||s. From

the following inequality:

1712 = [ 1P de <2 sup [5(0)P = 207,

te[—1,1]

the family B remains total in E when equipped with the norm || - || = +/{-,-). The Gram-

Schmidt process allows us to construct an orthonormal family, and hence a Hilbert basis.
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3. Let E = Cp(R,R) be the vector space of continuous, T-periodic functions on R, equipped

with the inner product:
T
(£.9) = [ F(B)g(t) d.

Let w = 27” The sequence of functions:

\/1?, \Ecos(wt), \/gsin(wt), ﬁcos(nwt), ﬁsmmwt),...

forms a Hilbert basis for E. (This is a consequence of the Weierstrass approzimation

theorem in its trigonometric form.)

Remark 3.12 When E is infinite-dimensional, the concept of a Hilbert basis is a topological
notion, not an algebraic or vectorial one; because the notion of "infinite sum” has no meaning

in linear algebra.

Theorem 3.8 Let (E,|| - ||) be a (real) pre-Hilbert space and let {e,}nen be an orthonormal

family in E. The following statements are equivalent:
(i) {en}nen is a Hilbert basis of E.

(ii) (Parseval’s Identity): for all x € E, we have
> Kz, en)® = [l=ll*.
n=0
(iii) For all x € E, the series with general term (x,e,)e, converges in E and we have:

i (x,en)en. (3.18)

(iv) For all x,y € E, the numerical series with general term (x, e,)(y, €,) converges in R and

we have: -
= (z,en)(y, en). (3.19)
n=0

Proof.
1. The implication (i) = (i7) is immediate via Theorem 3.6.

2. We prove the implication (ii) = (iii). Let = € E, suppose that:

oo

2 2
> Kwen)” = I«
n=0

Let F be the vector subspace generated by the family {e, },en. For every N € N, let Fiy =

span{eo, ...,ex}. Fy is a finite-dimensional subspace of F', so the orthogonal projection
N

onto Fy, denoted Pp,, exists. Hence, for all € E, we have Pp,(z) = > (z,e,)e, and

n=0
thus

1 Pry (2)]* = Zlmen
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Therefore, we get:

N

p— 2 = i - 2

it Ie = e enenl? = e = Pruta)l
. . 2 _ 2
= Jlim (Jlz]]* = [|Pry (2)I*)

N
2
= li

l]|* = \Jim nzgw (, en)l’

= [lz]* - Z| x,e,)|” =0 by hypothesis.

Hence,
N
. . 2 _
Nl_lgloo || ;(L enyenll” = 0. (3.20)

By the continuity of the norm map x — ||z||, we have

N “+o00
li — enll? = ||z — aenll?. 3.21
iz nZO<x,e Jenl® = [z nizjowx Yen| (3.21)

From relations (3.20) and (3.21), we deduce:

+oo
lo = > (=, en)enl* =0,
n=0
+o00
which implies that © =) (z, e,)e, in the sense of norm convergence.
n=0

3. The implication (iii) = (¢) is trivial. Therefore, (i) < (i1) < (ii7).

4. We show the equivalence (i7) < (iv). For the implication (iv) = (i7), it suffices to take
xr = y in the identity (3.19) to obtain Parseval’s identity. Now we prove the implication
(17) = (iv). Let x,y € E, and consider the polarization identity:

1
(w.y) = Uz +ylI* = lle = wl).
Substituting (z, e,)en, (y, e,)e, into this equality, we get

() en) = 3 Gen 7 + ) = ew e = )P,

According to Parseval’s identity applied to x + y and x — y, we have

—+oco “+o00
Yo lrt+y e’ =l +yl* <oo and Y[~y en)en]’ = llz —yl* < 0.
n=0 n=0

So the series with general term (z,e,)(y,e,) is absolutely convergent, and using the

polarization identity we deduce:

(ry) = (Z\x+y,enen|—z| ~ yeenl?)

+001 ) )
= > (@4 veenl — o =y eenl)

n=0

+o0o

= Z<:C, en) (Y, €n)-

n=0
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