Normed Vector Spaces:

We have:
f(%'n, yn) - f(l'o, yO) = f(xn - anyn) + f(x07yn - y0)7

SO

A

1 (2n, yn) = (2o, wo)llr < [[f (2 — 20, yn)llp + 1 f (20, yn — o)l 7
< C(llaw = wollullgalls + ol llgn — woll2 ).

Writing ¢, = (Yn — Yo) + Yo, we obtain:

1) = F@os0) e < € (om0l llgn = ollo + I = ol ol + 1ol g~ 301l )

From relation (2.5), it follows that || f(x,, yn) — f(z0, yo)||r — 0, and thus f is continuous
at (o, Yo)-

Remark 2.2 Theorem 2.2 can be generalized to the case of a multilinear map.

2.5 Exercises

¢ On the Continuity of Linear Applications

Exercice 2.3 Let E = C([0,1],R). We define the application

T:-F — R
fo—= T(f)=fQ).

1. Equip E with the norm || f|y = fy |f(z)| dx. Let (f,) be the sequence defined by f.(z) =
Vnz™.

(a) Compute || foll1-
(b) Show that T is not continuous.

2. Now equip E with the norm ||f||.c = sup |f(z)|. Is the application T continuous?
z€[0,1]

Exercice 2.4 Determine whether the linear application T : (E, Ny) — (F, Ns) is continuous

in the following cases:

1
1. E=C([0,1],R) with the norm || f||1 :/ |f(x)| dz and T : (E,||-]1) — (E,||-|l1) defined
0
by T(f) = fg, where g € E is fixed.

2. E =R, [X] with the norm ||P|| = >_ |ay| where P(X) =Y at X", and T : (E,| - ) —
k=0 k=0
(B.||- ) defined by T(P) = P".
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3. E = R[X] with the norm | P|| = >_ k!lag| where P(X) =Y & X", and T : (E,| - ||) —
k=0 k=0
(BN - 1) defined by T(P) = P".

4. E = C([0,1),R) with the norm ||f]|s = (/01 F(2)? da:>2, F = C([0, 1], R) with the norm
1
1flh = /0 |f(@)| dz, and T : (E, | - [|2) — (E, | - |1) defined by T(f) = fg where g € E
is fixed.

¢ Norm Calculations in L(E, F)

Exercice 2.5 Compute the norm of the identity of (C*([0,1],R), ] - ||) in (C*([0,1],R), || - ]1)
and of (CY([0,1],R), || - |[1) in (C([0,1],R), || - ||); where || - || and || - ||1 are defined as follows:

1A= 11 oo + 11 Moo 11l = 11f"lloe + LF(O)].
Exercice 2.6 Let E = C([0,1],R) and F = C'([0,1],R). Equip these spaces with:
1l =1flle and [lfllr = [fllsc + 1/ ll-
Define the application

T:E — F
fo—= 1)

where T'(f) : [0,1] — R is defined by T'(f)(x) = /Ox f(t) dt.

Show that the linear application T is continuous and compute ||T| zer) = |||

Exercice 2.7 Let E = C([0,1],R) equipped with a norm ||-||. Study the continuity of the linear

form ¢ : E— R and compute its norm in the following cases:

LN = e and o) = [ (0 de.
2171 = 1/l and o) = £(1) — 0.
281 = 10 = [ 1@ e and o) = [ 7).

Exercice 2.8 Let E = C([0,1],R) and u € L(E, E) that maps f € E to the function u(f) € E
defined by:
u(f)(x) = f(x) = f(0), Vzel0,1].

1. Show that for E equipped with the norm |||, the application u is continuous and compute

its norm.

2. Show that for E equipped with the norm || - ||1, u is not continuous.
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Exercice 2.9 Let E = C([a,b],R) equipped with the uniform convergence norm || - ||oo. Let p

be an integrable function on [a,b], and for each f € E, consider the application:
op:F — FE
fo= o))
where 6(f)(x) = [7 F(E)p(t) dt, for cvery @ € [a, ]
1. Show that the application ¢ : E — E is linear and continuous.

2. Verify that
b
Iélle < [ Ip(e) de.

3. Suppose p > 0. Using a simple choice of f, show that:
b
Iéllew = [ o)t

4. Now suppose that p is continuous on [a,b] and takes any sign. Let
np(t)

1+ n2(p(t))”

(a) Verify that f, € E and compute ||¢(frn)|loo-

(b) Deduce that ||llcir, = I p(t)] dt.

fn(t) =

¢ Continuous Linear Forms and Closed Hyperplanes

Exercice 2.10 Let E = C([0,1],R) equipped with the uniform norm || - ||. Define:

Fe{fcEf0)=0 and /Olf(t)dtzl}

Show that F' is a closed subset of E.

o0

Exercice 2.11 Let E = (', the vector space of complex sequences (,)nen such that Y |z,
n=1
converges. Equip it with the norm:

)
2l = |2l
n=1

Define:
F={2=()nen € E: ) |z, =1}

n=1

1. Show that F is closed.

2. Is I bounded?

Exercice 2.12 Let E be a normed vector space and u € L(E). Show that u is continuous if
and only if {x € E; ||u(z)| = 1} is closed.
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Exercice 2.13 Let E be a normed R-vector space and let ® : E — R be a nonzero linear form.
The goal is to show that ® is continuous if and only if the kernel of ® is closed.

1. Prove the direct implication.

2. Conwversely, assume that the kernel of ®, denoted by H, is closed. Fixy € E such that
Py) = 1.

(a) Show that ®~*({1}) is closed.

(b) Deduce that there exists r > 0 such that B(0,r) N <I>_1<{1}) =g
(¢) Show that: x € B(0,r) = |®(x)| <1

(d) Conclude.

Exercice 2.14 Let (E,| - ||) be a normed K-space and let p : E — K be a nonzero continuous
linear form. Let H = ker .

1. Show that

()
lole = 2@

2. Letb € E\ H, and x € E. Noting that x = %b +x — %b, show that there exist

sequences (v,) C E\ H, (t,) C R and (h,) C H such that ||z,| =1 and

z =h, +t,T,.
3. Show that for all x € E, we have
s 11y — 12
el &

Exercice 2.15 Let ly be the space of real sequences with only finitely many non-zero terms,
equipped with the norm

[z]| = sup |z,],
neN

where © = (xy,), € ly. Consider the application

qbifo —- R

o0
—
n=0 2
1. Show that ¢ is a nonzero continuous linear form and compute its norm.

2. Let H=X%ker¢ and x € {y\ H. Show that there is no point h such that

d(z, H) = d(z,h) = ||z — h.
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