Chapter 2

Continuous Linear Maps

2.1 Definitions and Properties

Definition 2.1 Let E and F be two vector spaces over the same field K. A map f: E — F is
said to be linear from E to F if it satisfies, for all o, p € K and all x,y € E:

flax + By) = af(x) + Bf(y).

Example 2.1 The following maps are linear:

i)
F:R*" - R
SC:(l'l,...,LCn) — Z)\Zl'“ )\:(Al,...,)\n)GRn.
=1
if)
T.C(0,1,R) — R
f oo T = [ ) de
iii)

D:CY[0,1],R) — C([0,1],R)
f = D(f)=1f"

We denote by L(E, F') the set of linear maps from E to F. This set forms a vector space

over K when equipped with the following standard operations:

L(E,F) x L(E,F) = L(E,F)
(f?g) = [f+g,

K x L(E,F) = L(E,F)
(A f) = Af
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Normed Vector Spaces:

Definition 2.2 (Linear Form) A linear form on a K-vector space E is any linear map
from E to K.

Definition 2.3 (Algebraic Dual) The set of all linear forms on E is denoted by:
E* = L(E,K),
and is called the algebraic dual of E.

« From Example 2.1, we observe that F' € (R")*, T € (C([0,1],R))*, but D is not a linear

form.

o It is easy to see that E* has a structure of a K-vector space.

Definition 2.4 (Semi-linear Form) If E is a C-vector space, then a semi-linear form on
E is any map f: E — C such that:

flax + py) =af(z) + Bf(y), Va,B€CVr,y€E,
where @ and 3 denote the complex conjugates of o and 3 respectively.

The following proposition provides an important characterization of the continuity of a

linear map.

Proposition 2.1 Let (E,|| - ||g) and (F,| - ||r) be two normed K-vector spaces. A linear map
f E — F is continuous if and only if there exists a constant C' > 0 such that:

Vee B, | f(x)|r < Clz|g. (2.1)
Proof.

(=) Assume f is continuous on F, then in particular it is continuous at 0, so by definition:
Ve > 0,30 > 0,Vz,||z||g <6 = || f(2)]|r <e.

Taking ¢ = 1, for all z € E\ {0}, let y = °—x. Since ||y||z = §, then:

el
0

(el

IFW)llr = (@) llr <1,

hence: .
[f(@)F < <[lz]le

So we can take C' = %.

(<) If inequality 2.1 is satisfied, then for all z,y € E, we have:

1) = FWllr = 1f(z = y)llr < Cllz =yl e,

so f is Lipschitz continuous, hence uniformly continuous, and therefore continuous on F.
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[N

Example 2.2 1. Let E = RY with the Euclidean norm ||z||s = (X1, 22)%. The linear map:

is continuous. Indeed, by the Cauchy-Schwarz inequality:

@) = 1> ] < (Z 12)2 (z) _ Villalls
=1 =1 =1
So take C = /n.

2. Let E = C(]0,1],R) with the sup norm || - ||o. The linear map:

T-E - R
1
Foe /Of(x)dx

18 continuous because:
1
T() = | [ fyia

So take C = 1.

< [ @iz < sup 1@ [ do =l

3. Let E = C([0,1],R) and F = C*([0,1],R) with sup norms. Define:
L:EF — F
f o= L(f), where L(f)(z) = /O F(t)dt.

Then L is continuous because:

L)l = sup

z€[0,1]

/OI f(t)dt’ < SUp} (I sup] \f(t)|> = || flso-

z€[0,1 te[0,1

So take C = 1.

4. Consider C([0,1],R) with the L'-norm || f|l1 = [ | f(x)|dx. Then the linear form:

S:E —- R
[ f(0)
is not continuous. To see this, define a sequence (f,) in E such that:
1S(f)l

= +o00.
nteo [ falla

For example:
1—(n + Nz if0<z< . ,
fn(l‘) = { ( ) f — 7 — n+l

0 if g <a <1

Then f,(0) =1 and || full1 = s0:

1
n+1’
li !

m ————7=
nr oo | falln
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As a direct consequence of Proposition 2.1, we have:
Corollary 2.1 Let f : E — F be a linear map. The following statements are equivalent:
1. f is continuous on E.
2. f is continuous at Og.
3. f is uniformly continuous on E.

Notation: We denote by L(E, F') the space of continuous linear maps from F to F. If
E =F, we write L(E,E) = L(E).

Definition 2.5 (Topological Dual) The topological dual of E is the space of continuous
linear forms on E, denoted by:
E = £(B,K).

Example 2.3 From Ezample 2.2 and using associated norms, we see that f € (R"), T €
(C([0,1],R))’, L € L(C([0,1],R),C([0,1],R)) but S ¢ (C([0,1],R))".

Proposition 2.2 Let (E,|| -||) be a normed space of finite dimension. Then for any normed
space F':
L(E,F) = L(E, F).

That is, every linear map from E to F is continuous.

In particular, we have E* = E'.

Proof. Fix a basis {¢;}1<;<,, of F, and equip F with the norm:
n
|zl =D |wil, Vo€ B,
i=1

where (21, x9, ..., x,) are the coordinates of x in the chosen basis. Suppose f is a linear map
from F to any normed space (F, || -]|). Then:

o =1 () =[5

Let C = maxi<i<n ||f(€z)||, then:
1f(@)]] < Cllz|s,

which shows that f is continuous. Moreover, taking F' = K gives E* = E'. =

n

Z illl f(e:)l

=1

Zf 67,

2.2 Continuous Linear Forms and Closed Hyperplanes

Definition 2.6 For any linear form f on a vector space E, the hyperplane is the vector
subspace H of E defined by

H=kerf={zxe€E: flx)=0}=f"1({0}).
22 Abdelhak MOKHTARI




Normed Vector Spaces:

Proposition 2.3 Let E be a normed space and f a linear form on E. Then the following

assertions are equivalent:

1. f is continuous.
2. H=Kker f is a closed hyperplane in E.
Proof.
(=) If f is continuous, then H is closed as the preimage of the closed set {0} under the
continuous map f.
(<) Suppose that the hyperplane H = ker f is closed in E. Let a € F such that f(a) =1 (if
f(a) # 1, we can take T(ay» SO that f (%) =1).
It is clear that the set a + H defined by
a+H={a+z:x€ H}
is closed in E since the map x — a + x is a homeomorphism of E. Note that 0 ¢ a + H
because:
Vee H: fla+z)=fla)+ f(z)=fla)=1#0=Ver e H:a+ax #0.
Therefore, there exists r > 0 such that B(0,7) N (a + H) = 0. Let x € B(0,r).
If | f(z)| > 1, then
H - H =y <o
f@)|f 1f(@)]
Moreover, f (%) = 1= f(a), which implies that f (% — a) = 0, hence % —a € H,
and so: 75 € a+ H, which is a contradiction. Thus, |f(z)] < 1.
Let x € E, x # 0, then
‘ rr ‘ r_
|| = — rr’
2||[]] 2
SO
r rx
=1 (5 )| <
2| 2]|]
and thus
2
< —
7@ < 2,
which shows that f is continuous.
[
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2.3 Space L(E,F)

Proposition 2.4 Let (E,| - ||g), (F,| - ||lr) be two normed vector spaces over K. The space

L(E, F) is a normed vector space with the norm:

flz
7= sup WEE
zeE\{0} [Eal¥
Proof. It is easy to see that L(E, F') is a K-vector subspace. We will show that ||-|| : L(E, F) —
K defines a norm; let f € L(E, F).

1. Clearly, if f = 0 then || f|| = 0. Conversely, if || f|| = 0, then for all z € E'\ {0} we have

H]ﬂ(x”)y = 0, hence || f(x)||r = 0 and since || - | is a norm on F', we deduce f(x) = 0 for

all z € E'\ {0}. Also, f(0) =0, hence f = 0.

2. Let x € E\ {0} and X € K, we have:

IS (@)l 1/ ()]l e
IAfll = sup = [Al = = IS
ey lzlle  eemoy el
3. Let f,g € L(E, F), then:
z)+g(z
If +gll= sup I/(2) + 9(@)llr
cer\foy el
Using that || - || is a norm on F' and the subadditivity of the supremum, we get:
x + |lg(z x
Gidl< wp M@t lo@le W@l L@l
zeE\{0} ]| ver\oy zlle cer\oy |7]le
Hence, [|f +gll < [If]l + llgl
n
Proposition 2.5 Let (E,| - ||g), (F, | - ||r) be two normed vector spaces and f a continuous
linear map. Then:
I@le i _
sup = sw [f@llr = swp |If@)lr=inf{e >0 f@)lr < cllz]s}.
e} 2l elp=1 Jollo<

Proof. Let A = sup I/ @)l , B= sup ||f(2)|lr, C = sup ||f(2x)||r, D = inf{)\ >0:

vennfoy zlle el p=1 el p<1

1@l < Mells )
(i) For all z € E'\ {0}, we have:

e B\{0} H%“HE zer\{oy Il ||zl e F o zeroy I \|[z|lg/llF
Let y = L, SO:
]|
A= sup ||f(y)| = B.
llyll z=1 F
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(ii) Since {||f(2)l|r;|lz]z =1} € {I£@)r; |z]le < 1}, we deduce that B < C.

(iii) We verify that C' is a lower bound for the set {)\ >0 || f(2)]r < )\HxHE}, indeed, for
any A > 0 such that ||f(z)||r < A||z||g, then for all z € E with ||z||z < 1, we have:

If @)l < Allellz <A,
hence sup, <1 [|f(7)[[r < A and therefore C' < D.

(iv) For all z € E \ {0}, we have:
@l _

lzlle =
ie. [[f(x)|lr < Allx| g, hence by the definition of D, we deduce D < A since A belongs
to the set {A > 0: || f(x)llr < A|alx}.

We conclude that A = B < C' < D < A, which shows that all four quantities are equal. m

Remark 2.1 From the definition of ||f||, we can write the following inequality:

Vee B [[f(@)lr < [Ifllllx]z

Example 2.4 1. Let E = C([0,1],R) with the supremum norm || - ||oo. We have already
shown that the map:

T:FE — R
foo 1) = | fla) do

belongs to L(E,R). Now we compute |T|| = sup |T(f)|. By the inequality (7?7) and
[l <1
the definition of ||T|| (i.e. ||T|| = D), we have |T|| < 1. On the other hand, let us look

for an element in B(0,1) such that |T(fo)| > 1; consider fo =1, then:

follw = sup 1] =1, and T(f0>:/01f0<x> de =1

z€[0,1]

which implies |T|| > 1. Therefore, ||T|| = 1.

2. Let E = C([0,1],R) with the norm:

£ = [ 15 o

Consider the operator i : . — E defined by:

First, note that v is linear. To verify continuity, let f € E; for all x € [0, 1], we have:

wH@ < [ 1ol de< [C17@)]de= 5l
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S0: 1 1
[l = [ W)@l dz < [ £l de = £l (22)
hence ¢ € L(E). From (2.2), we get ||¢] < 1.

To prove the reverse inequality, consider the sequence (f,) defined by:
folx) =ne™™, x€]0,1].

We know:
[ (fa)lle < 1Nl (2.3)

Moreover:

Il = [ W@l dr= [
Il = [ nede=1—e

0
Substituting into (2.3) gives:

1—e™

n

/ ne ™ dt’ dr=1-—
0

lw(f)h 11
||Q/)|| Z ”fn”l - 1 _en na

Taking the limit yields ||| > 1, hence ||| = 1.

Theorem 2.1 If F' is a Banach space, then L(E, F) is also a Banach space.
Proof. Assume (f,) is a Cauchy sequence in (L(E, F),| - ||), i.e
Ve>0,3ng e NNVp,ge Nip>qg>nog=||f, — fill <e.

Then for every z € E:
1fp(@) = fo(@)llr < fp = folllzlle < €|zl e (2.4)

So (fn(x)) is a Cauchy sequence in F', which is complete, so it converges to a limit denoted
f(z): EIJP fn(x) = f(x). We verify that f: E — F is linear. For z,y € F and o € K:

flx+ay) = limoO fulz + ay)

n—+

= lim_fu(2) +afu(y)

n—-+

= flz )+ocf(y)-

Since the norm function F' > z + ||z||r is continuous, for fixed n > ny, we have:

lim || fu(2) = fo(@)llp = | fu(x) = F(@)][F,

g—-+oo

From (2.4) we conclude:

1(fn = @) |p = [1fa(z) = F(@)llp < ellz]e,

So f,— f is continuous, and since f,, is continuous, f is continuous as the difference of continuous
functions. Hence f € L(E, F), and:

lim an qu = an _fH <e, Vq2=>ny.

q—+o00

Thus, (f,) converges in L(E, F). =
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2.4 Continuous Multilinear Applications

Definition 2.7 (Multilinear and Bilinear Applications) Let Fy, ..., E, and F' be K-vector
spaces. A map f: By X ... X B, — F is said to be multilinear from E; x ... X E, into F if

for everyi € N, 1 <17 <n, and every y; € E;, with i # j, the map

T > f(ylv"'7yi—1axi7y’i+17"'ayn)

1s linear. In other words, f is multilinear if it is linear with respect to each variable.

We say that f is bilinear if it is multilinear with n = 2.

Theorem 2.2 Let (Ey, | - |[1), (B2, | - |l2), and (F,]|| - ||r) be normed K-vector spaces and let
f:Ey x Ey — F be a bilinear map. The following properties are equivalent:

(a) f is continuous on Ey X Es.

(b) f is continuous at (0,0).

(¢) There exists a constant C' > 0 such that for all (z1,x2) € E1 X Es, we have:

1f (21, 22)[[r < Ol ]|22]|2-

Proof.

1. The implication (a) = (b) is obvious.

2. (b) = (c) Suppose E; x Ey is normed by ||(x1, 22)||cc = max{||x1||1, ||z2]|2}. Assume f is

continuous at (0,0). Then, for € = 1, there exists r > 0 such that for all (z1,z5) € E; X Es,

if max{||z1||1, ||z2|2} < 7, we have:

| f(z1,22)||p < 1.

Let (z1,22) € Ey X By with 7 # 0, 9 # 0, and define y; = ﬁ) Yy = Hgﬁz‘ Then
H(y17y2>Hoo =r, hence

7”2

Hf(ylay2)||F = | ||f($1,l’2)||F S ]-7

|1 (1]l ]2
which gives
1
1f (@1, 22) || F < ﬁHJ/’lHle@Hz-
. (¢) = (a) Suppose there exists C' > 0 such that ||f(z1,22)||r < C||lz1|1]|z2|2. Fix

(x0,%0) € E1 X Ey and we will show that f is continuous at (xg, o). Let (x,,y,) be a

sequence converging to (xg,yo) in Ey X Fy, i.e.,

120, yn) = (20, y0)lloo = max{||lzn = 2oll1; [y = yoll2} = 0,

hence,
|en — x0li = 0 and ||y, — yoll2 — 0. (2.5)
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