Normed Vector Spaces:

1.7 Exercises

On norms and norm equivalence

Exercice 1.4 Let E = C'([0,1],R) be the vector space of continuously differentiable functions
from [0,1] to R. For every f € E, define

1/l = sup (If ()] + [f'(@)]).
z€[0,1]
1. Show that || - ||1 is @ norm on E.

2. Is it equivalent to the norm ||f|l2 = sup |f(z)|+ sup |f'(z)|?
2€(0,1] €0,1]

Exercice 1.5 Let E' = C([0,1],R) be the vector space of continuous functions from [0,1] to R.
For every f € E, define

1
N = [ df@ldt and |f]le = sup |70
J0 t€l0,1]
1. Show that N is a norm on E.

2. For every n € N, define:
1—mnt, if0
n(t) =
- {1

(a) Compute || fulloo and N(fy,).

(b) Deduce that the two norms are not equivalent.

Exercice 1.6 Let E = C([0,1],R). Define the norms || - ||1, || - |2, and || - || by

1 1 %
I = [} 15O 5= ([ 15OF @) and [l = sup 1560

Show that these three norms are not pairwise equivalent.

1 1
Exercice 1.7 (Important Inequalities) 1. Let p,q € (1,4+00] such that — + — = 1.

P q
st
(a) For fized s € (0,4+00), study the variation of the function p(t) = — + — — st on
p q
(0, +00).
sP e
(b) Deduce that for all s,t € (0,400): st < — 4 —.
p q
2. Let (x1, 72, ...;xN), (Y1, Y2, ..., yn) € RN, Define
S R

1/p 1/q’
(=i bl (=2 luele)

establish Hélder’s inequality:
N N 1, N 1
< p)* a)?
IEVEIONER N
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3. (a) Verify that

N N N
S ek + yel” < |zellee +ueP D lynl|lee + ueP
=1 =1 =1

(b) Using Holder’s inequality, deduce Minkowski’s inequality:

p 1 N 1 N 1
) < (St (S mr)’
k=1 k=1

N

(2

k=1

Tr + Yk

N 1
4. For every x = (z1,%2,...,xy) € RY, define ||z|, = <Z |mk|p)p. Verify that || - ||, is a
k=1

norm on RY .

5. For every p € [1,+00], denote by P the set of real sequences x = (xy,)n>0 for which the

series Z |xn|” converges. Note that (P is a vector space over R. For every x = (xn)nzo €
n>0

P, define:
Nyw) = (3 lanl”)"
n=0

Verify that N,(-) is a norm on (P.

On completeness

Exercice 1.8 Let E = C*([0,1],R) be the space of continuously differentiable real-valued func-
tions on [0,1]. Define:

LA =11 lloo + 11l 1Al = 11 llee + 1£(0));

where || f|loo = sup |f(z)| is the sup norm on the space of continuous functions F' = (C|0, 1], R).
z€[0,1]

1. Show that || - || and || - |1 are norms on E.

2. Show that || - || is equivalent to || - ||1.
Hint: Notice that for all x € [0,1], we have:

fla)= £+ [ 1) at

3. Knowing that (F,|| - ||) @s a Banach space, show that (E,| - ||1) is a Banach space, and
deduce that (E,|| - ||) is also a Banach space by following the scheme:

(a) State the Cauchy condition for a sequence (fy).
(b) Show that the sequence (f!)nen converges in (F,|| - ||) to some limit g, and that the

real sequence (f,(0))nen converges in (R, |- |) to some limit [.

(c) Show that the sequence (f,) converges to f in (E,| -||) where
() :z+/0$g(t) dt.
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(d) Conclude.

Exercice 1.9 Let E = C([—1,1],R) endowed with the L* norm:

e = ([ 1rwr o)

Consider the sequence (u,,) defined by

0, if —1<wz<=,
up(r) = nx+1, if =t <a <0,
1, if0<zx<1.

1. Show that (u,) is a Cauchy sequence in E.
2. Show that (u,) does not converge in E.

3. What can be deduced?

Exercice 1.10 Let Cy(R,R) be the space of functions f : R — R which are continuous and
satisfy lim  f(x) = 0.
|z| =400

1. Show that every function f € Co(R,R) is bounded.

2. Verify that
[flloe = sup | f(z)|
z€R

is a norm on Cy(R,R).
3. Show that Cy(R,R) is complete under this norm, by following the standard scheme:

(a) State the Cauchy condition for a sequence (fy).

(b) Show that the sequence (f,) converges pointwise to a function f: R — R.
(c) Show that the sequence (f,) actually converges uniformly to f.

(d) Deduce that f is continuous and that f tends to 0 at infinity.

(e) Conclude.

On finite-dimensional spaces

Exercice 1.11 Let n € N and E the vector space of polynomials of degree less than or equal
to n. Show that there exists A\ > 0 such that; for every P € E, we have

1
[ 1P@)]dz > A sup |P()].
0 xz€(0,1]

Exercice 1.12 Let E be a finite-dimensional normed vector space, K a compact subset of E

and r > 0. Define
M = |J B(z,r).

rzeK
Show that M is compact.
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Exercice 1.13 Let E = C([0,27],R) endowed with the norm:

Il = ([ 170 )"

For every n € N, define f,(x) = cosnz, x € [0, 27].
1. Compute ||fn — fq4ll2 and || full2 for all n,q € N.

2. Show that the sequence (g,) defined by g, = ”]fﬁ does not admit any convergent subse-

quence.
3. Deduce that the unit ball B(0,1) is not compact.

4. What can be said about the dimension of E?

Exercice 1.14 Let F' be a finite-dimensional subspace of a normed vector space E.
1. Show that for every a € E, there exists x € F such that

d(a, F') = [l — al|

2. Suppose F # E. Leta € E\ F and let x € F such that d(a, F) = ||z — a||. Define

B (a — )
&

Show that d(b, F') =1 and ||b]| = 1.

3. Suppose E is infinite-dimensional. Construct a sequence (b,) in E such that, for every
n e N,
1]l =1 and d(by,, Vect{by,b1,...,bn_1}) = 1.

4. Deduce that the closed unit ball of E is not compact.
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