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0.1 Introduction

Infinitesimal calculus (differential calculus) has quite naturally led scientists to formulate certain laws
of physics in terms of relations between, on the one hand, variables depending on another independent
variable (generally time), and, on the other hand, their derivatives. These are what we call ordinary
differential equations (abbreviated as ODEs). One of the pioneers in this field was Isaac Newton (1642
1727). Since then, many models in physics have been expressed by means of ODEs (among them, in
the seventeenth century, the Euler-Lagrange equations for mechanical systems). Below, we give a non-
exhaustive list of models described by ODEs, taken from various areas of science : Biology, Chemistry,

Electricity, Electronics, Electrotechnics, Mechanics, and so on.

Definition 0.1. [08]

Let E be a vector space of dimension m € N. The most general form of an ordinary differential equation
(ODE) is
dy d*y
F — ..., — =0 kE>1 1
('ZL" y? dg;” Y dxk ) — ) ( )
where y : I CR — E, and F : R x E¥*! — F is a sufficiently regular function.

The order of the ODE is the integer k£ corresponding to the highest-order derivative in , and its

degree is the power of that highest-order derivative.

Remark 0.1. 1. If F =R, then (1)) is called a scalar ODE.

2. If E =R™, with m > 2, then (/1)) is called a vector ODE; in this case, one speaks of a differential

system.

3. The implicit function theorem guarantees that the ODE can be (locally) put into the explicit

Py _afp, B Iy
dor — A\ Y et )

normal (resolved) form

provided that det(Jg) # 0, where Jr is the Jacobian matrix of F, i.e.,
OF;

o (LY
dzF

4. In the case where the Jacobian matrix is singular everywhere, the ODE in implicit form is

called a Differential-Algebraic Equation (DAE).

aij = (i) € {1,...m}*.
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Example 0.1. [0§]
The ODE (implicit form)
(1-2®)y +2y+1=0

admits the explicit resolved form

, wy+1

Y =,

¢ —1
valid on the intervals | — oo, —1[, | — 1, 1], or |1, +00[. We obtain solutions on each of these three intervals,
but the only C' solution (continuous, differentiable, and with continuous derivative) is y = —z on

] — 00, 400].

Definition 0.2. Let the scalar ODE be given by
F(x,u,u/,...,u(")) =0, Vx e [.

1. A function v : I C R — R is called a solution or an integral curve of I if u is n-times differentiable

on I and

F (m7 y’ y/’ A 7y(N)) = 07

2. A general solution of order n is a solution containing n arbitrary variables, corresponding to n

constants of integration.

3. A particular solution is obtained from the general solution by substituting specific values for the

constants, often chosen according to initial or boundary conditions.

4. A singular solution is a solution that cannot be derived from the general solution.

Example 0.2. 1. Show that y(z) = ccos(x) is a solution of the equation
y' +y=0,

where ¢ is a constant.

Solution : We compute y”’(z) = —csin(z), hence
y"(x) + y(x) = —csin(x) + ccos(x) = 0.

2. Find the differential equation whose general solution is y = ¢sin(z).
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0.1. INTRODUCTION

Solution : Differentiating, we get 3’ = ccos(x). Dividing, we obtain

/
LA cot(x).
Y

2

. Form the differential equation whose general solution is y = Cy(z — Cs)*.

Solution : Differentiating twice, we get

y = 2C(x — Cy), y" = 2C,.

Thus

so the desired differential equation is

Tallab Abdelhamid



CHAPITRE 1

Fundamental Results, First-Order Differential Equations

1.1 Existence and Uniqueness of Solutions for Cauchy Pro-
blems

In this section, we study the existence and uniqueness of solutions of ODEs by introducing the Cauchy

problem and providing the necessary and sufficient conditions for the existence of global solutions.

Cauchy Problem

Definition 1.1. [06]

Let E be a vector space and let the function
f:RxE—E, (x,y)— f(z,y).
Solving a Cauchy problem means finding all functions

R — F
Yy )
v — y(z)
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such that

dy—':zc: x,y(x
W — (@) = fla.y(a), -

y(ro) = yo, where zg € R, yo € E.

RxFEF — F
(z,y) — f(z,y).

1.1.1 Solutions of the Cauchy Problem

Let E=R™, I C R, U an open subset of R x R™, and f : U — R™ a continuous mapping.

Definition 1.2. [06] A solution of (1.1]) is a differentiable function
y: I CR—R",

such that :

1. Forall z € I, (z,y(z)) € U.

2. Forallz € I, y/(x) = f(x,y(x)), with zg € I, (x0,5) € U.

Maximal Solutions

Definition 1.3. [10] Let y : I — R™ and § : I — R™ be two solutions of (1.
We say that 7 is an extension of y if I C I and Yz € I, j(z) = y(z).

A solution y : I — R™ is called mazimal if it admits no extension § : I — R™ with T - I.

Theorem 1.1. [10] Every solution y can be extended to a mazimal solution § (not necessarily unique).

Global Solutions

Let the open set U be of the form U = J x U’, where J is an interval of R and U’ is an open set of
R™.

Definition 1.4. [10] A global solution is a solution defined on the whole interval J.

Remark 1.1. Every global solution is maximal, but the converse is false.
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Example 1.1. [10] Consider the equation y”* on U = R x R. The global solution is y(z) = 0. If y does
not vanish (y # 0), then

and by integration we obtain ,
—m =z +c,
thus ,
ylw) = = T+c

This formula defines two solutions, respectively on (—oo, —c¢) and (—¢, +00). These solutions are maximal

but not global. In fact, y(z) = 0 is the only global solution.

Regularity of Solutions

Definition 1.5. [05] A function is said to be of class C* if it admits continuous partial derivatives up

to order k.

Theorem 1.2. [05] If f : U C R x R™ — R is a function of class C*, then every solution of (1.1]) is

of class C*+1,
Definition 1.6. [06]

A solution of (1.1)) is a differentiable function y : I C R — R™, such that :

1. Ve eI, (z,y(x)) € U.

2. Vx € Ia y,(l') = f(x,y(x)), Ty € [a (x()?yO) ceU

Definition 1.7. [10] Let y : I — R™, §: I — R™ be solutions of (T.1).
We say that § is an extension of y if I C I and Yz € I, §j(z) = y(z).

We say that a solution y : I — R™ is maximal if y does not admit an extension § : I — R™ with I - I.

Theorem 1.3. [10] Every solution y can be extended into a maximal solution § (not necessarily unique).

Existence and Uniqueness Theorems

Lemma 1.1. [10] A function y : [ — R™ is a solution of the Cauchy problem (1.1)) if and only if :

1. y is continuous and for all x € I, (x,y(z)) € U.
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2. For all x € I, we have

y(z) = yo + / " y() d.

Definition 1.8. [10] We say that f is locally Lipschitz in y if, for every (xo,30) € U, there exists a
cylinder
C=lro—a, g+ a] X B(yg,m0) CU

and a constant k = k(xg,y0) > 0 such that f is k-Lipschitz in y on C, i.e.,

V(z,p), (2,92) € O, |f(@,00) = [z, 92) | < Ellyr — w2l

0
Remark 1.2. [?] For f to be locally Lipschitz in y, it suffices that (9_f exists and is continuous.
Y

Theorem 1.4. [12] If f is locally Lipschitz with respect to y, then the Cauchy problem (1.1) admits a

unique solution.

Démonstration. We give the proof in the case m = 1, which can easily be generalized. Suppose f €

C([a,b]) and satisfies the Lipschitz condition :
Vo € [a,b], vy, z € C([a,0]), AL >0 [f(z,y(x)) — f(z,2(2))] < Lly(x) — z(x)].

Then the Cauchy problem admits exactly one solution on [a, b], for every yo € R.

Existence (Picard iterations). Define the sequence of functions (yx) by

yo(x) = Yo,

Yo () = yo + [ f(t, yx(t)) dt.

By construction, y, € C*([a, b]). Moreover,

Yer1(7) — ye(z) = /m (f(t,yn(t) — ft, yu-1(1))) dt.

Using the Lipschitz condition,

e (@) — gel(@)| < L / e(®) — s ()] dt < Ll — g lloclz — al.
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By induction, we get

L*|z — al* L*|b
(o) = @)l < 2 gy < ZE

Thus, for p > 1,
L*|b — al* = (L|b — a])’
Yrtp(7) — yr(2)] < — ly1 — Yolloo Z —
7=0 ’

Since .
—
L\b - a\ oLlb—dl

Pﬂ

=0

we conclude that (y) is a Cauchy sequence in C([a, b]), hence converges uniformly to some y € C([a, b])

m:%+/3@mmw

Uniqueness. If y and z are two solutions, then

satisfying

yia) = =(a) = [ (9l - 02(0) e

By Lipschitz continuity,

vle) = 2@ < L [ Jy(t) = (0] d < Llly = 2|l — ).

Iterating, we obtain
L™z — a|]™ ”

ly(z) = 2(z)] < Y= 2]loo-

n!
Letting n — oo, we deduce y = z. O

Example 1.2. [05] Consider the Cauchy problem

y = f(z,y),

y(fﬂo) = Yo,

fiR-R, (z,y)—y'2 (1.2)

The general solutions of (1.2)) are

y(z) =¢ (3(z — c))?’/2 . €==l1,
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together with the identically zero solution.

Case 1 : yy # 0. Here, f is C* near (z9,¥o), so the Cauchy theorem guarantees existence and
uniqueness of a solution in a neighborhood of (zg, yy). The value of ¢ is fixed by the sign of yo. However,
if we search for a solution defined on R, we obtain infinitely many solutions by piecing together curves
at yo = 0.

Case 2 : y, = 0. Here, f is not differentiable near yo = 0, so the Cauchy theorem does not apply.

One can find three solutions :
3/2 3/2
(@) =0, @) = (G@-2)", w@)=-G@-)""

Sufficient Condition for Global Solutions

Theorem 1.5. [10] Let f : U — R™ be continuous on an open product set U = J x R™, where J C R
is an open interval. Suppose there exists a continuous function k : J — R such that, for each fized
x € J, the mapping y — f(x,y) is Lipschitz with constant k(z) on R. Then every mazimal solution of
y' = f(x,y) is global (i.e., defined on the whole interval J ).

Example 1.3. [10] Consider

Y =zva?+y? = f(x,y). (1.3)

We show that every maximal solution of (1.3 is global.
Indeed, f is defined on R?. For all x € R and y;, 1> € R,

@) = Fla,y)| = [a] - [\fa? + 92 — \Jo? + 93],

Using the inequality

wwwﬂ§¢ﬁ+ﬁ+¢ﬁ+%

we obtain

|f(z,y1) — flo, )| < |zllyr — yal.

Thus, f is Lipschitz in y with constant Q(z) = |z|, which is continuous on R. By Theorem every
maximal solution of ([1.3)) is global.
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Exact Explicit Resolution of Certain ODEs

In this chapter, we provide a qualitative study of ordinary differential equations (ODESs) by first pre-
senting graphical resolution methods, using isoclines and the vector field tangent to the solution curves.
Then, we introduce explicitly solvable ODEs, such as separable-variable equations, homogeneous equa-
tions, exact equations (with integrating factors), Bernoulli’s equation, Lagrangeé’s equation, Riccatia’s
equation, Clairautd’s equation, and so on.

Finally, we present methods using Taylor series and Laplace transforms.

Geometric Interpretation of a Differential Equation

Definition 1.9. [06] Consider a family of curves depending on a parameter ¢, with equation
F(z,y,¢) =0. (1.4)

For each value of ¢ there corresponds one curve of the family. The function F' admits partial deri-
vatives with respect to x and y. Differentiating equation with respect to z, knowing that y is also a

function of x, we obtain
or  OF dy

Jr Oy dx
Eliminating the parameter ¢ between equations [1.4] and [I.5 leads to a relation

(1.5)

R(z,y,y") = 0.

This is a first-order differential equation, which is precisely the differential equation of the family of
curves given by [I.4 Given a family of curves depending on a parameter, all these curves are integral
curves of the same differential equation under the above assumptions. Conversely, solving a first-order

differential equation provides a family of curves depending on a parameter.

Remark 1.3. [06] In general, the curves (C') defined by the equation involving n parameters
F(C(],y, )\1;)\2;---’)\71) :0, (16)
satisfy a differential equation of order n

G(z,y,y,y"™) =0,
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»t Pente f(x,9(x)) ¥ ,.""“'(L)
ol T T T TN e
I3 AY
\‘ (x.@(x) ',f
X
figure 3.1 figure 2
obtained by eliminating the n parameters A\, \o, ..., A, between equation [1.6|above and the n equations

obtained by differentiating it n times with respect to t.

1.1.2 Isoclines

Definition 1.10. [06]

We call isocline of slope m for the family of solution curves of the equation

y' = f(z,y),

the line (L) that is crossed at each of its points by an integral curve with slope equal to m. The isoclines
make it possible to determine the shape of the integral curves in the plane.They are defined by the

equation
flz,y) =m,
where m is a parameter.

The isocline of slope zero is the locus of points with zero slope; it contains the extremal points of the

solution curves (see Figure 3.1 and Figure 3.2).

1.1.3 Graphical Representation of Solutions

Solving a differential equation

/

Yy = f(xay)7

means determining, either explicitly y = ¢(z,¢) or implicitly ®(x,y,c) = 0, a family of curves whose

tangents are prescribed.
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Solving an initial value problem

y' = f(x,y), y(@o) = vo,

amounts to determining the particular curve of this family that passes through a given point.

Thus, one can visualize the problem by plotting the vector field associated with the equation.

Example 1.4. [02] The ODE

y ="
Y
The equation can be solved by the method of separation of variables :
LWy
d x’
2. fydy = — /xdx;
2 2
3. % = —% + C gives

2?2+ =20 =r2
:/Users/HP /AppData/Local/Temp/graphics/T685X105, ,qf

The solution y(x) therefore lies on a circle of radius r.

Example 1.5.
Let us Solve the ODE

This equation is homogeneous, since

2(0n) (ay)  2ay o 070

We therefore set u (z) = y (x) /z, that is y (x) = z.u (z), and we obtain

The curves (1 + u (x)2) x=C,
where C' is a non-zero real constant
2 2 2
The curves (z—$) +y(z)" =<
A family of circles that pass through the origin

and are tangent to the y-axis.)

:/Users/HP /AppData/Local / Temp/graphics/T685ZU06,
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Definition 1.11. [02] If we draw at every point (x,y) in the domain of the function f(z,y) a small
segment with slope f(z,y), we obtain the direction field of the ODE ¢’ = f(z,y).

Proposition 1.1. [02] Let | be a solution of the differential equation y' = f(z,y). Then the graph of f

is tangent at each of its points (x,y) to the vector V,,.

Theorem 1.6. [02] At a point (z,y) we have a solution curve of a differential equation of the form
% = f(z,y). The curve has a tangent f(x,y). We represent the solution graphically by the vector field

giving tangent segments to the graph of f(x,y) at the points (x,y). The vector field is given by the

1 dy
F z, = d ) d:fi ’
(@) (MLﬁmn@ﬁm)

which assigns to each point (z,y) a unit vector of length 1 and with the direction of its derivative.

following vector function

Example 1.6. [02] The direction field of the differential equation

is the two-dimensional vector

1 y? — 22
F(z,y) = , .
- (JLHﬁ—xW ¢wa—xw>

Several solution curves are given by the following graph.

:/Users/HP /AppData/Local/ Temp/graphics/T6865009, ,ar

1.2 Separable Equations

This is an equation of the form :
Yy =G (z,y) with G (z,y) = A(z) B(y).

For those separable differential equations, we can formally rewrite them in the form (“separation of

variables”—each side involve one single variable)
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Integrate both sides with respect to z and y respectively, we have

/%:/A(m)dx.

Example 1.7. [00]

Let
(1+2%)y =1+ yavecl +2* >0,
hence
y 1
1+y2 1422

and by integrating, we have

arctan (y) = arctan (z) + C,

then
y = tan (arctan (z) + C)

1.2.1 Homogeneous Equations

These are equations of the type :
Y
y' = flz,y) =g< )

T
or in the form

P(z,y)dz + Q(z,y)dy =0

such that P, () are homogeneous functions.

Knowing that f(z,y) is homogeneous if

fAz, Ay) = \"f(z,y) for A € R* and n € N,

Method of solution :

We perform a change of variables

y = zu, then y' = u+ zu’ = g(u).

24
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We return to an equation with separable variables :

du  dx
glu) —u =
Example 1.8. [0]]
V' =0
This equation is in solved form on | — oo, 0] or |0, +o0]. Let

y=ur =y =u+azu = au" =0

=

_ 1 _

e du=——dr=e"=In(z|)+C,
T

where C is a constant. We must therefore have In(|z|) + C' > 0 and v = —In(In(|z|) + C), then
y = —xIn(In(|z]) + C).

Example 1.9. Find the general solution of the equation

)Y

y ==+ eVt
x

To solve this differential equation, we will first rewrite it to isolate the terms in y and x. The equation

is given by :
)

y == +eve,
T

We can treat this equation as a homogeneous first-order differential equation of the form ¢ = f(y/z).
Let y = ux to simplify the equation :
dy

—~ =u+e"

dx

Now, we can solve this homogeneous differential equation using the method of separation of variables
or any other appropriate method to find the general solution. Once the solution is found, we can return
to the substitution y = ux to obtain the general solution of the original equation. I will now solve the

differential equation and get back to you with the general solution.
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1.2.2 Equations Reducing to Homogeneous Equations

If
, o+ by +

Y :f<a2$+52y+02)'

a; b
Let § = b

az by

1. If 6 # 0, then in equation ?? we make the substitution

r=u-+a«a

y=uv-+p0,

where the parameters o and [ are determined by the system of equations

a1a+b16+61:0

a2@+bgﬁ+62 = O,

which reduces to a differential equation with respect to the variables v and v.

2. If 6 = 0, then in equation (1) we make the substitution

arx + by + ¢ = u,

which reduces to a separable differential equation.

Example 1.10. Integrate the equation

2z —y+4)dy+ (x —2y +5)dx = 0.

We have
dy__x—2y+5
dr 20 —y+4
and
2 —1
0= =—44+1=-3#0,
1 =2
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so by making the change of variables

r=u-+a«a
= v+ 6,

with a and 8 determined by the system of equations

20—-+4=0

a—20+5=0,

we obtain a« = —1, 8 = 2, therefore

r=u—1
y=uv+2,

which implies dz = du, dy = dv, then
dv  2u—wv

du  u—2v

is a homogeneous equation with respect to u and v that we know how to solve.

1.2.3 Scalar Linear ODEs

Definition 1.12. [05] Let us consider the following scalar differential equation :

F(z,v, y'(”)) = 0.

The equation (|1.12)) is said to be linear if it can be written in the form

an(2)y" (@) + an-1(2)y" D (@) + - + ao(2)y(w) — blx) =0,

where a;,b;, and y : I C R — K are functions of x, with K =R or K = C.

1.2.4 First-Order Linear ODEs

Theorem 1.7. [11] Let y,(z) be a particular solution of the non-homogeneous equation

y'(z) = a(z)y(r) + b(z).

27
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Then the general solution of the above differential equation is given by

y() = yp(z) + yn(2),

where y,(x) is the general solution of the associated homogeneous equation

Démonstration. We have
Yp(x) + yh(x) = a(@)yy(x) + b(x) + a(z)yn(z) = a(@)(yp(z) + yn(x)) + b(z).
Conversely, if y(x) = y,(x) + y(x) is a solution of (I.7), then
y'(x) = yp(@) = a(x)y(x) + b(x) — a(@)y,(x) — b(z) = a(@)(y(z) — yp(x)),

which is indeed a solution of the homogeneous equation ((1.7)). O]
We have
Yp () +yj (2)
Yp () + b () +a () yn ()
(4p (2) +wn (2)) +b(2),

Conversely, if y (r) = y, () + ys (z) is a solution of (1.7)), then

= a(x

~—  ——

= a(z

= a(x

which is indeed a solution of the homogeneous equation ((1.7)).

To solve with the initial condition y(0) = yo, the homogeneous equation is separable,

and we deduce that the general solution of the homogeneous equation is

yh (w) — yoefox (l(t)dt
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An elementary way to find the solution of the non-homogeneous equation is the method of variation

of constants, that is, we look for a solution of the form
y(x) = c(w) elo o0,

By differentiating, we obtain

T

y' (z) = J (z) olo alt)dt te(z)a(t) oo altydt
Substituting into
Yy (x)=a(z)y+b(z),

the function c(x) satisfies

¢ (z) = b(x)e Joalbdt
with initial condition ¢(0) = yo.

Example 1.11. [03] Solve the equation

1. on ]0, +oo].
2. The homogeneous equation has general solution y(z) = cz.

3. We seek a particular solution of the form y(x) = z(x)z, giving

vz (2) + 2% (2) — 22 (2) = 2% & 2/ (z) = "

4. Hence z(z) = € + A, and thus
y(x) = Av + ze®.

Remark 1.4. Another way to solve the first-order linear ODE ([1.7)) is to apply the substitution
y = uv, where u,v are functions of z.

Then

y =u'v+v'u.
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The ODE (1.7) becomes
(v — a(x)u)v + v'u = b(z).

To solve this equation, we require v’ — a(z)u = 0, from which v is obtained, and then using (1.4)), one

can find v, and consequently y.

Example 1.12. Consider

We impose

Substituting into (?7), we obtain
Vr=x=>v=1=v=a0+c

Hence

y=wu =z(x+c).

1.2.5 Bernoulli Equations

A Bernoulli equation has the form

Yy (r) =a(@)y (@) +b(z)y* (z), a>0,

We can rewrite it as

Y (@)y (@) =a(@)y (@) +b(z),

Let

thus
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which is a first-order linear ODE that we already know how to solve.

Remark 1.5. 1. Ifa = 0, equation becomes a linear equation with a non-homogeneous term :
y' () —a(z)y(z) =b(z), a>0.
2. If a =1, equation becomes homogeneous :
y () (b(z) —a(z))y(z) =0.

3. One can also use the substitution y = uv as in Remark [I.4.

Example 1.13. Solve
Y+ 2zy = ye”.

Dividing by 4?2, we get
y 2y 422y = e

Let z =y~ ! = 2/7?y. Substituting in (1.13)) gives

7 —2xz = —€",

which is a first-order linear ODE with a non-homogeneous term.

1.2.6 Riccati Equations

A Riccati equation has the form

Then
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which simplifies to

Yy (x) + 2" (z)
= a(x)y (x) +b(x)y(z) +c(z) +2a(x)y, () 2 (2) + a(x) 2 (x) + b(2) 2 (),

hence
7 (2) = (2a () yy () + b (2)) 2 (2) + a(x)2* (2),
a Bernoulli’s equation with a = 2.

Example 1.14. Consider
20%y = (z — 1) (2* — y*) + 22y (1.7)

A particular solution is y, = . Rewriting as

/7(1_:E)2 1
V= gy oyt —1) (1.8)

1
such thata (x) = ,b(x) ==, and c¢(z) = (r — 1), by setting
T

y=1y,+z(x) =x+z2(z),y =1+ 2 (),

by replacing [I.7], we find

it is a Bernoulli’s equation.
Proposition 1.2. Any Riccati differential equation can be transformed into a first-order linear equation.

Démonstration. Let Rbe the Riccati equation. Once a particular solution y, of this equation is known,
we perform the following transformations :

Substituting into the Riccati equation and simplifying,

Z,

y(z) = y,(z) + L, then y' =y, (v) — ) (1.9)

we obtain, alors
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Finally, (after multiplying by 2%) we obtain
2+ [2b(2)y,(2) + a(x)]z = —b(x). (1.10)

which is a first-order linear inhomogeneous equation. O]

Example 1.15. Solve
Y +3y+y°+2=0

A particular solution is y, = —1. Using the substitution y(z) = y,(z) + , we obtain

b
z(z)

z —z=1.

The solution is z = Ke®” — 1, K € R, and thus

Proposition 1.3. Consider a Riccati equation of the form
b c
v + —y+ 3,
x x
where a, b, ¢ are constants with a # 0. If moreover
(b+1)* — dac > 0,

then this equation admits a particular solution of the form y,(z) = %, where

b+1)£+/(b+1)2—4ac
2a '

AL = (
Remark 1.6. It is not always easy to find a particular solution to a Riccati equation.

Proposition 1.4. Given a Riccati equation of the form

1 A
V—gy=—y+C
i T

where A, B, C' are constants, the equation becomes separable under the substitution y = z/x.
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1
Démonstration. We observe that 1y — 2—y = 7Zv/x. Hence 7/\/vr = Az? + C, which is a separable
x

equation. ]

1.2.7 Exact Differential Equations

Definition 1.13. Consider the equation

P(z,y)dx + Q(x,y)dy = 0.

The equation (1.13) is said to be exact if its left-hand side represents the total differential of a function
F(z,y) in some domain D. The total differential of F' is

OF OF
F="" “ dy.
AF = 55 40+ 5, 4y

Corollary 1.1. 1. The general solution of (1.13)) is F'(x,y) = ¢, where F satisfies dF = P dz+Q dy.
2. If P,@Q are continuously differentiable in D, the equation (1.13) is exact if and only if
orP  0Q
dy Oz’

Method of solution :
or _0q
oy Oz’

Then there exists a function F' such that
Pdxr+ Qdy=dF =0.

That is,
or P oF

%_ ) a_y:Q

Integrate the first equation with respect to x :

F(z,y) = /P(x, y) dx + c(y).
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Differentiating with respect to y gives

Qo) = 4 ([ Planas) + )

From ((1.2.7), we determine c(y), and substitute it into ((1.2.7) to obtain F(z,y).

P
Remark 1.7. If 88— = (Z_Q = 0, then the equation is separable. Indeed, P depends only on x and @
Y x

only on y, hence P(z)dx = —Q(y) dy.

Example 1.16. [03] Show that the equation
y? — 2% + 2zyy’ = 0.

is exact and solve it. We have

(y* — 2*) dx + 22y dy = 0,

hence
P(z,y) =y* —2*, Q(z,y) = 2uy.
Compute :
oP 0Q
— =2 — = 2.

Thus the equation is exact.
L OF _ p .
Integrating 5~ = P :

1
F(z,y) =ay® — =2° + \.

3
Therefore
dFF =0 < F(x,y) =k, keR,
or
xyz—%x3:k':>y:i— %$2+%.

1.2.8 Integrating Factors

Consider
P(z,y)dr + Q(z,y) dy = 0,

oP |, 0Q
7 o

and suppose
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Definition 1.14. [03] A function A(z,y) is called an integrating factor of (1.2.8) if there exists a

function F' such that

oF _\p, X
ox

Then the equation becomes exact if and only if

IOP)  9NQ)

oy or '
that is,
0Q 0OP\ O\ o\
)\(%—a—y)—Pay—an. (f1)

This is a partial differential equation in A, generally harder to solve than the original one. However,
we consider simpler cases : This is a partial differential equation with respect to the unknown function
A. It is generally much more difficult to solve than the original equation. Thus, to solve equation ,
we consider some simple cases :

1) If X is a function of z :

Equation becomes :

d_x_l(a_P_@)

Mz) dy  Ox

- [ 38 ))

dy 1 (aQ ap)

Ay) P\ox 9y

A(?J)—@XP(/%((;—ZQ—Z—];)C@)-

Example 1.17. [03] ¢ — 2? — 2zyy’ = 0 =

and

2) If X is a function of y :
Equation becomes :

and

(y2 — x2) dr — 2zydy =0 (1.11)

1
We verify that \(z,y) = 5 is an integrating factor of (L.11)).

(22 +y?)
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=
Q (z,y) = 2y
oP
9
dy Y
0Q
o -
therefore (1.11)) is not an exact differential.
Let ) )
y? —
ANP=——— =P,
(12 + 22)?
—2xy
A = ———-
e @
=
OP _ 2y(y® + %) — (y* — 2)dy(y® +2%) _ 62’y —2¢°
Oy (y? + 2?)* (y? + 2?)?
and
0Q1  —2y(y® + 2%)* + 2zy(dy) (v* + 2?) 627y —2¢°
or (y? + 22)4 C (yr 4 a?)3’
Hence % = %, therefore
dy ox
1
)\ —
(‘7;7 y) (IQ n yg)g

is an integrating factor of (1.11)).

1.3 Lagrange and Clairaut Equations

Lagrange’s Equations

These are equations of the form :

y=a@)z+0) (1.12)

where a and b are at least C!' functions.

Solution method :
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1.3. LAGRANGE AND CLAIRAUT EQUATIONS

Let y' = p. This transforms equation (|1.12)) into :
Yy

y=a(p)z+b(p). (1.13)
Differentiating equation (1.13]) with respect to =, we obtain :
p=vy = alp)+azpd(p)+pV(p)
= a(p)+p' (zd (p) +V (p));

in other words :

p —a(p) = p'(wd'(p) +V'(p)).

There are two cases :

i) If p — a(p) = 0, and its roots are pq, po, ..., px, then :
yi = a(p)x +b(p;) for1<i<k

are solutions of (1.12)).
ii) If p — a(p) # 0 = a(p) # p, then :

y=a(p)r+b(p) N dy = a' (p) xdp + a (p) dx + V' (p) dp
Yy =p dy = pdx

=

a’ (p) zdp + a (p) dz + V' (p) dp = pdx

(@' (p)z+b(p)dp=(p—a(p))de
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1.3. LAGRANGE AND CLAIRAUT EQUATIONS

dx a (p) v (p)
dp p—a(p) p—alp)
Therefore :
v _dp) _ V()

dp p—alp)” p—alp)

This equation admits a solution z = g(p, C'). It follows that the general solution of ((1.12) is of the
form :

y = a(p)z+b(p),

This solution can be reduced to implicit form F(z,y,C) = 0.

Example 1.18. [0I] Consider the Lagrange equation :

2y — <y’ + (?/)3) +(y)* =0

1, ,.2
=—7— = 1.14

SO

Let ¢y = p, then equation (|1.14)) transforms to :
Y

_P+ﬁx 1,
T o

Differentiating this with respect to z, we find :

p —a(p) = p'(wd'(p) +V'(p)).

If a(p) = p, then

+ 3

=
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1.3. LAGRANGE AND CLAIRAUT EQUATIONS

y1 =0 —0=
= -} =0}
= o = o}
If a(p) # p ,
p+p 1,2
= :
dy = pdx
=

dy = P52 du+ (5 +5p%) « —p) dp
dy = pdx
=

de 1+ 3p? 2p
p— xr —
dp  p-—p? p—p?

a very simple parametric equation ( a linear ODE of first order with variable x) to solve.

Example 1.19. Consider the Lagrange equation :
y=xy” +y>
Let 3/ = p, then the equation transforms to :
y=pc— () (1.15)
Differentiating this with respect to z, we find :
p—p* = p'(2xp + 2p),

SO :
p—p° =p(zd (p) +V(p)).
If a(p) =p = p*> = p = p € {0, 1}, then :

y1 =0 —-0=0

yo=122—12=12—1.
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1.3. LAGRANGE AND CLAIRAUT EQUATIONS

If a(p) # p : ]
T 2 2 +1
P p2x+ p2:2x ;
dp p—p p—p 1—p
then :
de  _ dp
r+1 “1-p
therefore :

1
lnx+1:1n(—)+c, c eR,
=y

in other words :

r+1= K e R,

(1—p)?

so the general solution of equation (1.15)) is the solution of the following parametric equation :

y = za(p) +b(p) = (z+1)p°
+1 K

T = ,

(1-p)°
2 Y

= =
p T 1
it follows that :
K
r+1=

25
(1 : )
r+1

r+y—2ylr+1)+1=K, KeR.

or :

Clairaut’s Equations

Definition 1.15. [0I] A Clairaut equation is any differential equation that can be written in the form :

y=axy + f(y)

where f is a continuously differentiable function on specified intervals.

Remark 1.8. This is a special case of Lagrange equations if we take a(y/) = y/ and a(y’) = f(¥') in

equation [I.12]

Solution method :
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Let v = t, then the equation becomes :

y=uat+ f(t)

Differentiate with respect to x :

t=y =at' +t+tf'(t).

Hence :

ot + ' f'(t) = 0=t (x+ f(t))

1) If # =0, then t = ¢ € R, hence :
y=co+fle)

2) If z + f'(t) = 0, and if f’ is invertible, then :

t=(f""(-=)
yl
Example 1.20. Solve y = zy/ + J 11 on (—o0,0)
Let ¢y = t, so the equation becomes :
t
=zt + ——.
=Mt
Then :
t'(t+1) —tt'
/ — t/ t SN T T
y =at +1+ G+ 12
=
t' |z + ! =0
t+1)2)
1) If ¢ =0 then ¢t = ¢ € R, hence :
c
Yy =cCcx + C—l——l
is a general solution.
1
2) If =0, then :
) If 2 + (517 , then
1
t= -1,
Ve
then :

is a singular solution.
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Example 1.21. Consider the Clairaut equation :
y = a:y’ . y/S and (f(y') — _y/S).

Let 3/ = t, so the equation becomes :

y:xt—t3.

Then :
Yy =at' +t-3t?=t=1?)=0.

If ¢ =0 then t = ¢ € R, hence :

Yy =cxr—c.

If x — 3t> = 0, then :
1

V3

t =

Ve,

SO

1 2
= [ —=Vazdr = ——z*/*
1= [ A= 5a

is a singular solution of the Clairaut equation.
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CHAPITRE 2

Methods for Solving Linear Second-Order ODEs

2.1 General Principles
Definition 2.1. [03] Equations of the type
y"(2) + a(x)y'(z) + b(@)y(z) = c(z) (2.1)

where a, b, ¢ are continuous functions on an interval I C R, are called second-order linear differential
equations with variable coefficients.
If the functions a and b are constants, then equation (2.1)) is said to have constant coefficients.

If the function ¢ = 0, then equation (2.1 is called homogeneous (or without a right-hand side). Thus :

y'(x) + a(z)y'(z) + b(z)y(x) = 0. (2.2)

Definition 2.2. [03] If a(x), b(x) are continuous functions, then equation (2.1 has at least one solution.

Furthermore, for any x¢ € I, equation (2.1)) has a unique solution satisfying the initial conditions :

y(w0) = Yo

y'(z0) = 1.
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2.2. LINEAR SECOND-ORDER ODES WITH CONSTANT COEFFICIENTS

Definition 2.3. [03] Let 3, y2 be two solutions of (2.2). We say that y;, y2 are linearly independent
if and only if
>\1y1 + /\2y2 =0 = )\1 = )\2 =0.

Definition 2.4. [03] We say that y;,y» form a fundamental system of solutions for (2.2)) if every
solution y of (2.2)) is a linear combination of y; and ys ; that is, if y is a solution of (2.2)), then

Y= Ay + Aayo.
Proposition 2.1. If y; and ya are solutions of (2.2)), then y1 + y2 and Ay1 (where X is a scalar) are

also solutions.

Definition 2.5. Consider the homogeneous equation of type (2.2), and let y;,ys be two solutions of
this equation. The Wronskian of (y,ys) is defined as the quantity :

If Wy, 4, # 0, then (y1,y2) is called a fundamental system for the homogeneous equation ((2.2).
Proposition 2.2. Let xg € I. If W, 4,(x0) # 0, then Vo € I : Wy, ,,(z) # 0.

Corollary 2.1. Let y; and yz be solutions of (2.2)). Then y; and ys are linearly independent if and only
ifVe e I : W, ,,(z) #0.

Theorem 2.1. If y; and yy are linearly independent solutions of ({2.2)), then the general solution of this

equation is Yy = c1y; + Ca¥y2, with c1,co € R.

2.2 Linear Second-Order ODEs with Constant Coefficients
Theorem 2.2. [11] The general solution y of the non-homogeneous equation
y' +ay + by = f(x), (2.3)

is the sum of a particular solution y, of (2.3) and the general solution yy, of the associated homogeneous

equation :

Y="Yp+ Yn-
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Theorem 2.3. [03] To solve the homogeneous constant coefficient differential equation :
y"(x) + ay'(z) + by(x) =0,
we look for solutions of the form y,(x) = €™, which leads to the characteristic equation :
r? +ar+b=0. (2.4)

There are three cases :

1-If equation has two distinct real roots r1 and ry, the solution is :
yn(x) = c1€™® + coe™".
2-1f equation has one double root r, the solution is :
yn(z) = € (c1 + co).
3-1If equation has two complex conjugate roots o + i3, then :
yn(z) = e**(c1 cos fx + cosin ).

The constants c; and co are determined by the initial conditions.

Example 2.1. [03] Consider the equation :
y' + 2y — 3y = 0.
The characteristic equation is :
T2+2r—3:0:>r1:1, 9 = —3.

Therefore,

yp = 1€’ + coe 3T,

Remark 2.1. For methods to find a particular solution y, of (2.3, see the subsection ?7.
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2.3 Methods for Solving Linear Second-Order ODEs with a
Right-Hand Side

2.3.1 Method of Variation of Parameters

Let y1,y2 be two solutions of the homogeneous equation ([2.2)). The general solution of this equation
is :
Y = 11 + C2Ya2.
The principle of this method is to vary the constants ¢; and ¢y, treating them as functions of x. That
is, we set :

y = c1(@)yr + co(x)yo.

Differentiating y, we find :

/

y' = (@) + cr(x)yr + A()ye + ().
We impose the condition :
i (z)yr + cy(x)y2 = 0. (2.5)

Thus, y" becomes :

/

Y = ci(2)y) + ca(x)ys. (2.6)

Differentiating (2.6]) gives :

"

y" = ca(@)yf + e2(@)ys + ch()yr + ()yh-
Substituting these expressions into equation (22.3)) yields :
c1(@) (Y + ayy + by1) + c2(2) (Y3 + ays + byz) + ¢y (2)yy + ch(x)ys = f(2).

Since y1,y2 are solutions of the homogeneous equation (2.2)), the terms in parentheses vanish. This

leaves :

a(xyr + @)y = f(z). (2.7)
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Equations (2.5) and (2.7) form a linear system for the unknowns ¢ (x) and c(z) :

cy(x)yr + ch(x)y2 = 0

(2.8)
A (@)y) + ch(x)yy = f(z).

Solving this system allows us to find ¢ (z) and c,(z). Integrating them gives ¢;(x) and cy(x), and

substituting back into

y = ci(z)yr + c2(2)ye
yields the general solution.
Example 2.2.

Example 2.3. Solve the equation :

y' +y — 30y = 2° (2.9)
1) Solve the homogeneous equation :
v +y —30y=0 (2.10)
Its characteristic equation is :
r’+r—30=0,

with roots 1 = 5 and ry = —6. Thus, the general solution of (2.10)) is :

Y = 1€ + 977,

2) Find y, using the method of variation of parameters. Solve the system :

c(z)e’ +cy(x)e =0 (1)

5c) (1) €5 — 6¢, (x) e % =22 (2)

Multiply equation(1) x (—=5) + (2) :
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Substitute into (1) :

Integrating :
1 55 1, 1 1 6
= _—— .Zd g _—— _— —_—_— z
e2() / e ( 66" "1’ T TI) ¢
1, . 1, 2 2\ .
() /1135 cw ( 55" 275" 1375) ‘
Therefore,
i . 1 1 31
yp = c1(2)e” + ca(x)e % = (—%xz ~ ot m) :
So the general solution is :
1, 1 31
= — | —— - K 5x K —6$'
Yo = Yn T+ Up ( 30" 450" 13500) e

Remark 2.2.

Remark 2.3. If W, ,,(z) # 0, we can use Cramer’s rule to solve system (2.8) :

1,92 (z) Wi e (:L‘)’

Wy
no 0
/
g - 4 J@  pf@)
Wy e (%) Wy 2 (7)
Thus,
alz)= | —Z———=dx + Ky, c(z)= dx + Ko,
Wy, () v Wy s (2) 2
and the general solution of (2.3)) is :
Yg = Kqiy1 + Kayo — 11 %dm + Y2 %dm.
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2.3.2 Special Cases for Finding y, (Method of Undetermined Coefficients)

The particular solution y, of (2.3)) can be found by the method of undetermined coefficients in

the following simple cases :
1. If f(x) = e**P,(x), where P,(x) is a polynomial of degree n.

i) If o is not a root of the characteristic equation (2.4)), set

Yp = eaxQn<x)>

where (),,(z) is a polynomial of degree n with undetermined coefficients.

ii) If v is a root of the characteristic equation (2.4]), set
Yp = 27 Qn (),

where k is the multiplicity of the root o (k =1 or k = 2).
2. If f(z) = e* (P,(z) cos Bz + Qu(z) sin fx).

i) If o £ i is not a root of the characteristic equation ([2.4)), set
yp, = € (Sn(x) cos fr + T (z)sin fx),

where Sy(z) and T (x) are polynomials of degree N = max(n,m).

ii) If o £ is a root of the characteristic equation (2.4]), set
Yy, = 27 (Sy(x) cos Bz + T (x) sin ) ,

where k is the multiplicity of the root o i3 (k = 1 for second-order ODEs).

In all cases, the polynomials can be determined by substituting y, into the equation and equating

coeflicients.

Example 2.4. 1-Consider the differential equation :

Y+ 2y + T — 2.
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Its characteristic equation is r* + 2r + 3 = 0. Here, f(x) = €**(32? + 7x — 2), so a = 0. Since a = 0 is

not a root of the characteristic equation, we set :
y, = Ax® + Bx + C.

Substituting and equating coefficients yields A =1,B =1,C = —2.
2-Consider the differential equation :

y”—2y’:a:

The characteristic equation is 7> — 27 + 1 = 0, which has a double root r = 1. The right-hand side is

f(z) = xze®, so a =1 and n = 1. Since @ = 1 is a double root, we set :
y, = v°e"(Ax + B).
We find A = é, B = 0. Thus, the general solution is :
T 1 3
Yy = (c1 + cow)e” + gre

3-Consider the differential equation :

y// . 2y/ —

The characteristic equation is 7% — 2r+2 = 0, with roots 1+i. The right-hand side is f(x) = e*(2cosz+

sinx), so a £ i = 1+ 4, which is a simple root. Thus, we set :
y, = xe”(Acosz + Bsinx).

WeﬁndA:—%,le.

2.4 Linear Second-Order ODEs with Variable Coefficients

In practice, we look for a solution of

y' +alx)y +b(x)y = f(z), (2.11)
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in the form

y:yh+yp7

where y;, is a solution of the homogeneous equation (H),
' +a(z)y +b(z)y =0,

and y, is a particular solution of [2.11}

Remark 2.4. There is no universal method for finding, in all cases, a solution of or of (H). The
statement of the problem should guide you.

-One may look for a solution in polynomial form.

-One may also perform a change of variables or a change of unknown function.

-Finally, one may look for a solution expandable in a power series.

-There is only one method to construct the general solution of (1) from a solution of (H) : this is the

method of variation of constants. However, it may lead to lengthy and difficult computations.

2.4.1 Reduction of Order (First Step)

Let 3, be a known solution of the homogeneous ODE ([2.2)). We look for a second, linearly independent

solution of the form ys = zy;. This implies :
Yo =iz +uyid, Yy =y + 22 + el
Substituting into gives :
(Y + ay, + byr)z + 2"y + 2/ (2, + ayr) = 0.
Since y; is a solution, the first term vanishes, leaving :
2"yr + 2 (2] + ayr) = 0. (2.12)
To solve , make the substitution v = z’. Then :

u'yy + u(2y) + ayr) = 0. (2.13)
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Equation (2.13) is a first-order linear ODE for w, which is straightforward to solve.

2.4.2 Variation of Parameters (Second Step)

If (y1,92) is a fundamental system of solutions for the homogeneous equation, we seek a solution y

of the non-homogeneous equation (2.1)) in the form :

y(z) = M(2)y1(2) + Aa(2)ya(z).

We impose that the derivative satisfies :

This expression for 3’ implies that :
N (2)y1 + Ny(2)y2 = 0. (2.14)

Substituting y and ¢’ into the differential equation (2.1)) yields a second equation. After simplification

(using the fact that y;, yo are solutions to the homogeneous equation), we obtain :
A (@) + Ao (@)ys = (). (2.15)
Equations (2.14]) and (2.15)) form a linear system for \}(x) and A\y(z) :

Y1 Yo A 0

/

Y1 Y Ay c(x)
Solving this system gives \|(z) and A\j(z), which can then be integrated to find A\;(z) and A\y(z).

Example 2.5. [03] Solve the non-homogeneous ODE :

$2y” + Z)Zy/ —y = 21;’

associated with the homogeneous equation :

22y +xy —y = 0. (2.16)
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Note that y; = x is a solution of (2.16)). We look for a second solution of the form y, = zy; = xz. Then :
vy =z + w2, yh =22 +x2".

Substituting into (2.16)) :

(27 + 22") + x(z + 12”22 = 0.

Let u = 2'. Then :

!
1
Puu=0=—=-"=Inlu|=-3nz|=>u= — =7\
x
Integrating :

1d 1 N 1 1
2= | —dor =—— =T\ —55)=—5=

x3 oz2 P2 212 2z

So the general solution of the homogeneous equation is y, = c;x + 02%.

Now, for the non-homogeneous equation, we apply variation of parameters :
1
() = M@)o+ hla) -
The system for \}(z) and \y(z) is :

N (z)x + )\'2(3:)% =0

Solving this system gives :

Integrating :
)\1(56) :2ln|x]+01, )\2($>:—$2+02.

Therefore, the general solution is :

1 C
y=2Inlz|+ Cy)z + (—x2+Cg); =2zn|z|+Cix — o+ 72
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2.5. POWER SERIES SOLUTIONS (FROBENIUS METHOD)

2.5 Power Series Solutions (Frobenius Method)

Let f be a function defined on I C R. Then f is expandable in a power series in the neighborhood
of zg € I if

Ir >0, da,:N — R asequence such that : V|z —x¢| <r = f(x) = Z an(z — z9)".

Consider the homogeneous ODE
y" +a(@)y +blz)y =0. (2.17)

The goal is to seek solutions of (2.17) in the form of a power series. We assume that a and b are

expandable in power series around 0.

Example 2.6. [03] Consider the ODE

y' +xy +y=0. (2.18)
We set .
y(.%) = Z anx",
n=0
therefore

[e.e] o0
y = E na,z"t, Yy’ = E n(n — 1a,z" 2
n=1

n=2

Substituting into (2.18)), we obtain

I
NE

y' +ay +y nn —1Daz" * +x Z napx™ ' + Z anx"
n=1 n=0

n=2

M]3

n(n — Da,z" 2 + Z na,x" + a; + Z a,x" + ag + a;
n=2 n=2

Il
V)

n

= ag + 2a; + Z(k +2)(k 4 1)apox® + Z kapz® + Z apz® =0

k=0 k=0 k=0

=20y +ap+ Y [(k+2)(k + 1)ars + kag + ax) 2% =0,
k=0
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2.6. EULER’S EQUATION

hence

2(12 +ag = O,
(k+2)(k + Dag2 +ax(k+1) =0,

which implies

a2 _%a'(h
Q12 ]ﬁfQ?
and thus
a = —% = 5,
“1)3q
ay = =G = ( 51))3 :
Therefore,
Qo ai
n = _1 n d n = —1 n .
= ) e ey 2 M e = () e e T
Finally,
y(z) = coyo(z) + 1y (),
where

B o0 (_1)nx2n+1
yl_nzzo(2n+1)(2n—1)...1'

2.6 Euler’s Equation

Definition 2.6. A second-order Euler differential equation is an equation of the form
(az+0)"y™ + Ay (az + )"y 4 Ay (ax +0)" 2y D 4 4+ Ay (ax + D)y + Ay = f(x)

where a, b, Ay, ..., A, are real scalars (a # 0), and ¢ is a function on an interval I.

Solution method :

We set

ar +b=¢,

in other words :

t =In(azx +b).
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2.6. EULER’S EQUATION

After calculations, we have :

dy Ay dy
"o 3 _—3t
T (ﬁ_?’W”%)’em’

After this change, the Euler equation transforms into a linear equation with constant coefficients.

Example 2.7. Consider the following differential equation :
22y —xy +y=1.
We make the change z = ¢!, we find

/ —
y=¢ =Y

tdy //:€—2t d2y dy
dt

Consequently, the given equation takes the form
y' +y=1,
hence

y=crcost+ cosint + 1

= cicos(lnz) + cpsin(Inzx) + 1.
Remark 2.5. For the homogeneous Euler equation
a2y 4+ Ay A2y A oy + Ay = 0, (2.19)

the solution can be sought in the form

y = . (2.20)

Substituting into (2.19)) the expressions for y, 3/™ given by (2.20]), we arrive at a characteristic equation
from which we can determine the exponent k.

If k is a real root of the characteristic equation of order m, it corresponds to m linearly independent
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2.7. CASES WHERE THE ORDER CAN BE REDUCED

solutions :

k

y =2 yy=a2"lnx, y3=2"In’z, ..., y,=2"Inz)"".

If a +i is a pair of complex roots of order m, it corresponds to 2m linearly independent solutions :

y1 = x%cos(Blnx),y, = 2”sin(Blnw),
ys = a%Inzcos(flnz),ys = x%Inzsin(flnx),
Yomo1 = 2% (nz)" " cos(BInz), yom = x* (Inz)™ ' sin (BInz)

Example 2.8. Integrate the equation
%y — 3xy’ + 4y = 0.

Let
y=aFy = k" = k(k—1)2"2 (2.21)

Substituting into the given equation and simplifying by z*, we find the characteristic equation

k* —4k+4=0,

SO

ki = ke =2, (double root, order m = 2),

it follows that the general solution is

=22+ e’ In .

2.7 Cases Where the Order Can Be Reduced

1) If an ODE does not contain y explicitly, for example

F(z,y,y") =0,
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2.7. CASES WHERE THE ORDER CAN BE REDUCED

by setting vy = p, we have an equation whose order is one unit lower :
F(z,p,p") = 0.
Example 2.9. Find a particular solution of the equation

xy" +y +x=0,

y(0) =0,

y'(0) = 0.
Setting y' = p, we have y” = p/, so

zp'+p+x=0.

Integrating this equation as a linear equation with respect to p, we find

2

x
pr=c1— 7.
We have ¢y = p =0 for x =0, so ¢; = 0, then
R
p= 9
or
dy «x
de 2
Integrating once more,
2
x
Yy = —Z + Ca.
We have y(0) = 0, we find ¢, = 0. Consequently,
Y= 1

2) If an ODE does not contain z explicitly, for example

F(ya y/a y//) = 07
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2.7. CASES WHERE THE ORDER CAN BE REDUCED

by setting

we have an equation whose order is one unit lower :

dp
F@%%ﬁzﬂ

Example 2.10. Find a particular solution of the equation

yy// 4 y/2 — y4
y(0) =1,
y'(0) =0.
Setting 3/ = p, we have "’ = pj—g, SO
dp
ypo-+0° =y
Y

Integrating this equation as a Bernoulli-type equation with respect to p(y), we find

p = Fy\c1 +y>2.

We have ¢y = p =0 for y =1, so ¢; = —1, then

p=+yvy*—1,
or
Z—i = +y+\/y? — 1.

Integrating, we have

1
arccos <—> + = cs.
Y

We have y(0) = 1, we find ¢; = 0. Consequently,

1
—=cosx = y= = secz.
Y cos T
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