Numerical analysis 2 final exam correction 2025/2026

Solution of exercise 1: (12 pts)

6 1 1 12
L A=[2 4 0]; D=1 0 | i, (1pts)
1 2 6 6
2. Gauss ElmMInation ..o (1pts)
6 1 1| 6 1 1
6 1 112 o 1 112 11 —1/12
(2400>—>| 3 3—4|—>0??—
11 35
1 2 6l6 \O__4/0066
6 6
X1 = 2, Xy = —1, X3 = 1 (15pt5)
6 1 1
3. Det(A)=[0 T = = 6X X 6= 132 ..o, (1pts)
0 0 6
4. A isstrictly diagonally dominant: |a; ;| =6 > 1+ 1;|ay,| =4 >2+0;|azz| =6>1+2
..................................................................................................... 0.5pts)
6 0 O 0 0 O 0 -1 -1
5. D=0 4 0); L={-2 0 0);U= (0 0 0 |..o... (0.5pts)
0 0 6 -1 -2 0 0 0 0
matrix of the Gauss-Seidel
1 1
0 -5 ~3%
Bes=(MD—-L)y U= L L | i (0.5pts)
12 12
0 O 0
. A _% _% 3 1 .9 1
Eigenvalues of Bgs: |Bgs — Al = | /1_% % = =545 1=0,.....(2pts)
0 0 A

p(Bgs) = _Ir%azxallil = % < 1 Gauss-Seidel method is converge........ (1pts)
1=1,z,

x, 0D = 1/6(12 — 2,0 — x50
6. x, KHD = —1 /25, k+D Gauss — Seidel (0.5 pts)
236D = 1/6(6 — x, kD) — 25, (k¥1)y
x KD = 1/6(12 — x, 0 — x; )

x, D = —1 /25, O Jacobi (0.5pts)
x3(k+1) =1/6(6— xl(k) _ sz(k))
x, ™D = 13333 P =19444 %@ =1.9259
xz(l) = —0.6667 xz(z) =—0.9722 x2(3) = —0.9977 .. (1pt$)

x3(1) =1 x3(2) =1 x3(3) =1



x, D =2 x,® =18333  x,® =2.0556
xz(l) -0 xz(z) =1 x2(3) = —0.9167 .ceernenne (1pts)
;=1 x3P =06667  x3 =1.0278

Solution of exercise 2:(8pts)

{y'(x) =—y(x) +x, x € [0,1]
y(0)=1

lef(x,y) = —y+x iscontinuousfor0 < x < 1 and —oo< y <oo.......... (0.5pts)
o|f(x,¥2) — f(x,y)| = |y, —y1|, f satisfies a Lipschitz condition

in the variable y with Lipschitz constant L=1 ..............ooiiiiiiiiiin, (0.5pts)
So, by the theorem, a unique solution exists to this initial-value problem.

3. Verifythat y = x — 1 4+ 2e™ is the exact solution................ccooeveviiiiiininnnnn.n. (0.5)

2. The explicit Euler method h=0.1, xg = 0,x; = 0.1,x, = 0.2,x3 = 0.3,y = 1 ...(1.5pts)
Yn+1 = Yo T R f(xn; o)

y1 =Y + hf(xo; yo) = 0.9000

y2 = y1 + hf(x; y1) = 0.8200

y3 = ¥ + hf(xy; y2) = 0.7580

3.E = |y(0.3) — y3] = 0.7816 — 0.7580] = 0.0236 ...oovvoeveeeereeeercrerrcrserennens (1pts)

4. approximation of ¥ (0.3): y'(0.3) = —y(0.3) + 0.3 = —0.4580.........cccorrr...... (1pts)
E =y'(0.3) — ¥4 | = 1-0.4816 + 0.4580| = 0.0236

5.The Runge-Kutta method of order 4, N=0.2..........ccocveiiiiiiiiireeee e (1.5pts)

ki =hf(xe; yo) = -1

-0.8

k—h( o2 +k1)
2 =hflxo 2,370 2

h k,
k3 = hf(xO +=; Yo +_) = —0.82
2 2
k4 = hf(xo + h; Vo + k3) = —0.636
Y1 = Yo + ¢k + 2ky + 2k + ky) = 0.837467
B.E = |¥(0.2) = ¥1] =516 X 1070 oo (0.5pts)
7.The error estimate for each Method ... (1pts)

Explicit Euler method: |y(x,) — v,| < ch

The Runge-Kutta method of order 4: |y(x,) — y,| < ch*



