
Numerical analysis 2  final exam correction 2024/2025 

Solution of exercise 1: (12 pts) 

1. 𝐴 =  
2 −1 0

−1 2 −1
0 −1 2

  ;   𝑏 =  
5

−5
3

  ………………………………………..(1pts) 

2. Gauss Elimination ……………………………………………………………(1pts) 
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𝑥1 = 2,     𝑥2 = −1, 𝑥3 = 1………………………………………..…(1.5pts) 

3. 𝐷𝑒𝑡 𝐴 =  

2 −1 0

0
3

2
−1

0 0
4

3

 = 2 ×
3

2
×

4

3
= 4 ………………………………….(1pts) 

4. 𝐴 is symmetric 𝑎𝑖,𝑗 = 𝑎𝑗 ,𝑖  ……………………………………………………(0.5pts) 

A is  positive definite  𝑥𝑡𝐴𝑥 >  0 for all  𝑥 ∈  ℝ3;  𝑥 ≠  0 

𝑥𝑡𝐴𝑥 = 2𝑥1
2 − 2𝑥1𝑥2 + 2𝑥2

2 − 2𝑥2𝑥3 + 2𝑥3
2 

                                                 =𝑥1
2 + 𝑥3

2 + (𝑥2 − 𝑥1)2 + (𝑥3 − 𝑥2)2 > 0 ……..….(1pts) 

 

5.  𝐷 =  
2 0 0

0 2 0

0 0 2

 ;   𝐿 =  
0 0 0

1 0 0

0 1 0

 ;  𝑈 =  
0 1 0

0 0 1

0 0 0

 ……………….(0.5pts) 

 

 

matrix of the Jacobi 𝐵𝐽 = 𝐷−1.  𝐿 + 𝑈 =  
0 0.5 0

0.5 0 0.5

0 0.5 0

 ……………(0.5pts) 

 

 

Eigenvalues of  𝐵𝐽 :   𝐵𝐽 − 𝜆𝐼 =  
𝜆 0.5 0

0.5 𝜆 0.5

0 0.5 𝜆
 = −𝜆3 + 2𝜆, 𝜆 = 0,

1

 2
, −

1

 2
 …..(2pts) 

𝜌(𝐵𝐽 ) = max
𝑖=1,2,3

 𝜆𝑖 =
1

 2
≈ 0.7071 < 1 is Jacobi′s method converge .....................(1pts) 

6.  

𝑥1
 𝑘+1 = 0.5𝑥2

 𝑘 + 2.5

𝑥2
 𝑘+1 = 0.5𝑥2

 𝑘 + 0.5𝑥3
 𝑘 − 2.5

𝑥3
 𝑘+1 = 0.5𝑥2

 𝑘 + 1.5

         ........................................................(0.5pts) 
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 3 = 1.25

       ................................(1.5pts) 



Solution of exercise 2:(8pts) 

 
𝑦′ 𝑥 = −2𝑥 𝑦 𝑥 , 𝑥 ∈  0,1 

𝑦 0 = 1
  

1.𝑓 𝑥, 𝑦 = −2𝑥𝑦  is continuous for 0 ≤  𝑥 ≤  1 and  −∞ <  𝑦 < ∞. ………….(0.5pts) 

    𝑓 𝑥, 𝑦2 − 𝑓 𝑥, 𝑦1  = 2 𝑥  𝑦2 − 𝑦1 < 2 𝑦2 − 𝑦1  , 𝑓 satisfies a Lipschitz condition  

in the variable y with Lipschitz constant L=2    ………………………..………….(0.5pts) 

So,  by the theorem, a unique solution exists to this initial-value problem. 

2. The explicit Euler method   h=0.1,  𝑥0 = 0, 𝑥1 = 0.1, 𝑥2 = 0.2, 𝑥3 = 0.3, 𝑦0 = 1  ....(2pts) 

𝑦𝑛+1  =  𝑦𝑛  +  ℎ 𝑓(𝑥𝑛 ;  𝑦𝑛) 

𝑦1  = 𝑦0  +  ℎ 𝑓 𝑥0;  𝑦0 = 1 

𝑦2 =  𝑦1  +  ℎ 𝑓 𝑥1;  𝑦1 = 0.9800 

𝑦3  =  𝑦2  +  ℎ 𝑓 𝑥2;  𝑦2 =  0.9408 

3. approximation of 𝑦′ 0.3 :  𝑦′ 0.3 = −2 0.3  0.9408 = −0.5645 .......................(1pts) 

4. 𝐸 =  𝑦 0.3 − 𝑦3 = 0.0269  ....................................................................................(1pts) 

5.The Runge-Kutta method of order 4, h=0.2 ..............................................................(1.5pts) 

𝑘1 = ℎ 𝑓 𝑥0;  𝑦0  = 0 

𝑘2 = ℎ 𝑓  𝑥0 +
ℎ

2
; 𝑦0 +

𝑘1

2
 =  −0.0400 

𝑘3 = ℎ 𝑓  𝑥0 +
ℎ

2
; 𝑦0 +

𝑘2

2
 = −0.0392 

𝑘4 = ℎ 𝑓 𝑥0 + ℎ; 𝑦0 + 𝑘3 = −0.0769 

𝑦1  =  𝑦0  +  
1

6
 𝑘1 + 2𝑘2 + 2𝑘3 + 𝑘4 = 0.9608  

6.𝐸 =  𝑦 0.2 − 𝑦1 = 1.0561. 10−5 .........................................................................(0.5pts) 

7.The error estimate for each method .............................................................................(1pts) 

Explicit Euler method:  𝑦(𝑥𝑛) − 𝑦𝑛  ≤ 𝑐ℎ 

The Runge-Kutta method of order 4:  𝑦(𝑥𝑛) − 𝑦𝑛  ≤ 𝑐ℎ4 


