Numerical analysis 2 final exam correction 2024/2025

Solution of exercise 1: (12 pts)
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1. A= <—1 2 —1); = (—5) ............................................... (1pts)
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2. Gauss ElImInation ... (1pts)
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X1 = 2, Xy = -1, X3 = L (15pt5)
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3. Det(A) = 0 3 -1 =2x§x§=4 ........................................ (Ipts)
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4. AlisSymmetriC @ = @i cooovvneiiniiiiiiii (0.5pts)
Ais positive definite x’Ax > Oforall x € R3; x # 0
xtAx = 2x1% — 2x1%5 + 2x,% — 2x,%3 + 2x3°
=x12 + x32 + (xZ — x1)2 + (X3 - xz)z >0 ... (1ptS)
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5. D=(0 2 o);L=(1 0 0);U={0 0 1)eeiiveviriiin, (0.5pts)
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matrix of the Jacobi B, =D L.(L+U)=(05 0 05 |ccceernennn. (0.5pts)
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Eigenvalues of B;: |B, —Al| =05 1 05|=-2*+24,1= 0,7, =% ....2pts)
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p(B)) = max [A;] = — ~ 0.7071 < 1is Jacobi's method CONVEIEE .ooovvrrreenenen. (1pts)
i=1,2,3 V2
Xl(k+1) = O.5X2(k) + 2.5
6. a0, %+ = 052,00 4 0.5x30) — 2.5 i, (0.5pts)
X3(k+1) = O.SXZ(k) + 1.5
x; (M =25 x; @ =1.25 x;®) =2.25
x, =—-25 P =-05 2,3 =—175 (1.5pts)

x3M =15 x3@® =0.25 x3® =1.25



Solution of exercise 2:(8pts)

{y’(x) =-2xy(x), x€[01]
y(0) =1

l.ef(x,y) = —2xy iscontinuousfor0 < x < 1 and —o< y <. ............. (0.5pts)
olf(x,y2) — fx,y1)| = 2|x|ly, — y1] < 2|y, — 1|, f satisfies a Lipschitz condition

in the variable y with Lipschitz constant L=2 ... (0.5pts)
So, by the theorem, a unique solution exists to this initial-value problem.

2. The explicit Euler method h=0.1, xy = 0,x; = 0.1,x, = 0.2,x3 = 0.3,y = 1 ....(2pts)
Yn+1 = Ya + A f(Xns Yn)

y1 =Y + hf(xo; yo) =1

Y2 =¥ + hf(x;; y1) =0.9800

y3 = ¥, + h f(xy; y,) = 0.9408

3. approximation of y (0.3): y'(0.3) = —2(0.3)(0.9408) = —0.5645 ......c..ceceeuee..... (1pts)
4. E = [1(0.3) = Y3] = 0.0269 oot (1pts)
5.The Runge-Kutta method of order 4, h=0.2 ........c..cceiiiiireii e, (1.5pts)

ky =hf(xg; y0) =0

h K
k, = hf(xo +35 %0 +7> — —0.0400

h k
ks = hf(xo +35 %0 +7) — —0.0392

ky="hf(xg+h; yo + k3) =—0.0769

1 = Yo + 3 (ks + 2k + 2ks + ky) = 0.9608

B.E = |y(0.2) — y1| = 1.0561. 107 w.oooooeieceeeeeeee et (0.5pts)
7.The error estimate for aCh Method ..........cccooiiiiiiiiii s (1pts)
Explicit Euler method: |y(x,) — y,,| < ch

The Runge-Kutta method of order 4: |y(x,) — y,| < ch*



