Chapter 01

Solving linear systems
Let the system of linear equations be written in matrix form :

11 Ai2 -+ Qin by T
A Q21 Qg2 -+  Qap b= by - T2
an1 Ap2 - Ann bn Ty,
Direct Methods

The methods that lead, in the absence of approximation errors and other errors, to the exact
solution after a finite number of simple arithmetic operations are called direct methods.

Gaussian Elimination Method

The Gaussian elimination method is used to solve a system of linear equations by transfor-
ming the coefficient matrix into an upper-triangular form and then using back substitution to
tind the solution.

From the augmented matrix

A — [A]p) = (A0

we have :
1 1 1 1
o |
A — Gy Ayt Ay, | Dy
al) aly b | o)

Step 1: Forward Elimination

The goal of forward elimination is to transform the matrix into an upper triangular form,

that is, to make all elements below the main diagonal zero. For each pivot element a,(jc), perform

the following row operations for rows i =k +1,...,n:
o
My = Z(—’;), then update :
Ay,
(k+1) _ (k) (k) (k+1) _ 7 (k) (k)
Repeat this process for £ = 1,2,...,n — 1 to obtain an upper triangular matrix U and a

modified vector b.



Step 2 : Back Substitution

After forward elimination, the system takes the form :

Uyp U2 -+ Ulp

~ O Ug2 - U,
Ur=0b, where U =

0 0 - Uy,

Solve the system starting from the last equation :

/
b?’L
X, =
unn
1
/
Tp—1 = (bn_l - un—l,nxn)
Un—1,n—1
1
/
Ty = — (bl — U12To — =+ — Ulniﬂn)
U1

Example
Solve the following system of linear equations using Gaussian elimination :
3I1+21’2—£L‘3: 1

621 + 629 + 2253 = 12
35[}1 — 2.1'2 + T3 = 11

(1)

Solution
We write the augmented matrix :
3 2 —-1]1
6 6 2 |12
3 -2 1 |11
Eliminate the first column in R, and Rj :
R2 < RQ — 2R1 3 2 —1 1
=0 2 4 110
Ry = Iy — Ity 0 —4 2 |10
Eliminate the second column :
3 2 —-1|1
Rs < R3+ 2Ry = 0 2 4 |10
0 0 10 |30



We get
1023 = 30
229 + 4x3 = 10 (2)
3r14+ 219 —x3=1
Thus, the solution is :

1'1:2, 33'2:—1, {E3:3

Example

Solve the following system of linear equations using Gaussian elimination :

21’2+[E3:1
5$1+3$2+Q?3:5
201 — X9+ 223 =9

Solution
We write the augmented matrix :
0 2 11
5 3 1|5
2 -1 2|9

Step 1: Swap the first and second rows to move a nonzero element into the first column :

5 3 115

Ry < Ry = 0 2 111

2 -1 2|9

Step 2 : Eliminate the first column in R, and Rj :
9 5 3 1
Ry« R3—-Ry = 0 2 1)1

) _u 8
0 -5 3

Step 3 : Eliminate the second column in R; and Rj :

1 5 3 115
Rs <+ R3+ —Ry = 0 2 1 1
10 00 2|8
10 | 10
We get
27 81
1077 10
2.732 +x3 = 1 (3)

5$1+3$2+$3:5



Thus, the solution is :

$1:1, .I‘QI—L I3:3

LU Decomposition and Factorization Methods

LU Decomposition Overview

LU decomposition is a method used to factorize a given square matrix A into two matrices

L and U, where :
— Lis a lower triangular matrix (with all elements above the diagonal being zero).
— U is an upper triangular matrix (with all elements below the diagonal being zero).

The factorization is expressed as :
A=LU

LU decomposition is useful for solving systems of linear equations Ax = b efficiently by first
solving Ly = b (using forward substitution) and then solving Ux = y (using backward substi-
tution).

Doolittle’s Method

In Doolittle’s Method, we decompose A into :
— L, alower triangular matrix with ones on the diagonal.
— U, an upper triangular matrix.

We want to factor A such that :

A=LU
Where :
1 0 0
L=1l,hy 1 0
l31 I3 1
and
Uy Uz U3
U= 0  uge wugs
0 0 Uss

Steps for Doolittle’s Method

1. Write the matrix A in terms of the unknowns of L and U.
2. Compare the elements of the product LU with the elements of A.

3. Solve for the elements of L and U one by one.

For a 3x3 matrix A :
@11 a2 ais
A= |axn az as
31 a3z 0ass



We equate the elements of A to the product of L and U :

11 a2 13 1 0 0 Uy U2 U3
Az Qg ags| = |log 1 0 0 uge wugs
az1 G322 0ass I31 I3 1 0 0 us3

After solving, you can find L and U.

Example

Solve the following system of linear equations using Doolittle’s Method :

$1+$2—1’3:1
$1+2$2—2I3:1
—21’1+$2+SL’3:1

Solution

We start by writing the system in matrix form Ax = b, where:

1 1 -1 T 1
A=|1 2 =2|, x=|x|, b=]1
-2 1 1 x3 1

We will decompose A into L and U, where L is a lower triangular matrix with ones on the
diagonal and U is an upper triangular matrix.

1 0 0 U1 Uz U3
L= l21 1 0 s U= 0 Ug2 U3
l31 132 1 0 0 usz

The matrix product LU should be equal to A. Therefore, we have the following system of
equations :

1 1 -1
A=LU=|1 2 =2
-2 1 1

Expanding the product of L and U, we get the following equations :

up =1,

up = 1,

Uiz = _17

logy =1, wp =1 wuy=-1,

I3 = =2, I3 =-3, wus3=—4

After solving for the remaining elements in L and U, we get :



1 0 0 11 -1
L=|1 1 0|, U=1]01 -1
—2 -3 1 00 —4

Next, we solve for x by performing forward substitution with L and backward substitution
with U.

First, solve Ly = b :

1 1 of |p|l=1
—2 =3 1| |y 1
This gives the system :
hn = ]-a

y1+y2:1 = 1+y2:1 = yQIO,

1
Thus,y = |0f.
3
Now, solve Ux =y :
1 1 -1 T 1
01 -1 ol = |0
00 —4 T3 3
This gives the system :
3

ro+(0.75) =0 = a9 =—0.75.

1 —07+07=1 = =z =1

Thus, the solution is :

ym:1,ab:—0%,ag=—0%

Steps for Crout’s Method

1. Write the matrix A in terms of the unknowns of L and U.
2. Use the relations derived from multiplying L and U to solve for the elements of L and U.

For a 3x3 matrix A :
11 Q12 13
A= lax az asx
31 G322 ass



The product LU will be :

lii O 0 1w wg a1; Aaiz2 i3
logr lye O 0 1 ‘ugs| = |aa1 agx ass
l31 l32 33 0 0 1 31 a3z as3

This will give the system of equations from which the values of L and U can be determined.

example

Solve the following system of linear equations using Crout’s Method :

$1+$2+1’3:1
4I1+31’2—ZL‘3:6
3r1+ 519+ 313 =4

Solution

We start by writing the system in matrix form Ax = b, where:

11 1 1 1
A=14 3 -1 s X = |T2| , b= 1|6
3 5 3 T3 4

We will decompose A into L and U, where L is a lower triangular matrix and U is an upper
triangular matrix.

lll 0 0 1 U2  U13
L= lgl l22 0 s U= 10 1 Ug3
l31 l32 l33 0 0 1

The matrix product LU should be equal to A. Therefore, we have the following system of
equations :

11 1
A=LU= |4 3 -1
35 3

Expanding the product of L and U, we get the following equations :



lh=1

1
=1

g =1=up = —
i

huz=1=u3=—=1
lll
Iy =4
l21U12+l22:3:>4'1+l22:3:>l22:—1
l21U13+ZQQUQ3:—1:>4'1+(—1)'u23:—1:>UQ3:5
l31:3

131U12+l32:5:>3'1+l32:5:>132:2
[31u13 + l30u93 + 133 =3=3-1+2-5+4 133 =3 = Il33 =—10

After solving for the remaining elements in L and U, we get :

1 0 0 1 11
L=4 -1 0|, U=|015
3 2 10 001
Next, we solve for x by performing forward substitution with L and backward substitution

with U.
First, solve Ly = b :

4y1—y2:6 = 4(1)—y2:6 = y2:—2,

1
3+ 2y —10ys =4 = 3(1)+2(-2)—10y3=4 = w=—3

1

Thus,y = |—2].
_1

2
Now, solve Ux =y :

11 1] [an 1
01 5| |z = |-
00 1] |3 -1

This gives the system :



1
T3 = —73,

2
1 1
$2+5l’3:—2 = x2+5(—§):—2 = I2:§7
1 1
T1+To+a3=1 = $1+§—§_1 = x1=1

Thus, the solution is :

1
-7:1:1) x2:§a r3 = —3.

Cholesky Decomposition

Definition : Positive Definite Matrix

Definition 6.22. A matrix A € R"*" is called positive definite if it is symmetric and satisfies

tPAz >0 forallz € R™, x #0.

Example : Verifying Positive Definiteness

Let

Letx = {m} € R% z #0. Then :

X2

ot Az = [z o] [_21 —211 [ij = 207 — 2wy 19 + 225

This simplifies to :
rT Az = 2(2? — 2129 + 23)

Now note that :

[(z1 —22)> + 2]+ 23] >0 forallz #0

N | —

2 2
T] — XT1X2 + T35 =

Therefore :
2TAz >0 forallz #0

Conclusion : A is symmetric and z” Az > 0, so A is positive definite.

Theorem : Cholesky Decomposition

If A € R"™" is a symmetric positive definite matrix, then there exists a unique lower trian-
gular matrix L with positive diagonal entries such that

A=LL".



Algorithm : Cholesky Decomposition

Given : A symmetric positive definite matrix A € R"*" Goal : Compute a lower triangular
matrix L such that A = LL"

— Stepl:Fori=1ton
— Step 1.1 : Compute diagonal entries :

i-1
Liy = \| Aii — Z L,
k=1

— Step 1.2: For j = ¢ + 1 to n, compute :

1

i—1
Lji=1- (Aji - ijLz‘k>
i 1

— Step 2 : All elements above the diagonal are zero.

Detailed Example : Solve Ax = b Using Cholesky Method

Given :
4 2 14 14
2 17 —=5|, b= |[-101

14 -5 83 155

A:

Step 1: Verify Symmetry

A=A" soAis symmetric.

Step 2 : Compute Cholesky Factor L (such that A = LLT)
We compute L step by step :

Compute L = Va=2
1 1
Compute L21 = 5(2) = 1, L31 = 5(14) =7

Compute Loy = V17— 12 = V16 =4
1 —12
Compute L3, = é_l(_5 —(7)(1)) = = -3
Compute Lgs = /83 — 72 — (—3)2 =183 -49-9=125=5
Thus, the matrix L is:




Step 3 : Solve Ly = b (Forward Substitution)

N

2y1:14$y1:7
= Q1 T+4y, = —101 = yp = =108 = 27

T T—3-(=27)+5y3 =155 =49+ 81 + bys = 155 = y3 = 2 =5

2
5
7
=y= [—27
5

Step 4 : Solve L7z = y (Backward Substitution)

0
4
-3

- =
oo o

S O N

O =~ =
|
Cﬂw\]
| I
. 1
8 8 &K
w N
| I
I
1
|
Ot o I
ILI

Sr3=5=>x3=1
= 4wy —3-1=-2T= 2= = —6
201+ 1 (—6)+7-1=7T=21,=6=2, =3

-
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Iterative Methods for Solving Linear Systems

Iterative methods are numerical techniques used to find approximate solutions to systems
of linear equations :
Az =10

They are particularly useful in the following situations :
— When the number of equations is large (e.g., hundreds or thousands).
— When the coefficient matrix A is sparse, i.e., it contains many zero entries.
— When direct methods like Gaussian elimination or LU/Cholesky decomposition are com-
putationally expensive or impractical.
Unlike direct methods, iterative methods generate a sequence of approximations :

O

, 5 PRI

which ideally converge to the exact solution z.

Common Iterative Methods

— Jacobi Method

— Gauss-Seidel Method

— Successive Over-Relaxation (SOR) Method

Each method constructs the next approximation using the previous one :

LD — g .

where B and ¢ depend on how the matrix A is decomposed.
In the next sections, we define and derive each method, present convergence conditions,
and solve examples.

Matrix Decomposition: A =D — L - U
Let A be an n x n matrix. We can decompose it as :
A=D-L-U

where :
— D is the diagonal matrix containing the diagonal elements of A4,
— —L is the strictly lower triangular part of A4,
— —U is the strictly upper triangular part of A.

ay; 0 - 0 0 0 e 0 0 ap - ap,
R T I VI (e
0 0 - am it o s O 00 - 0
Therefore :
A=D-L-U

This decomposition is especially useful when deriving the Jacobi and Gauss-Seidel iterative
formulas :

12



— Jacobi: By =D YL+U),c=D"1b
- Gauss-Seidel : Bgs = (D — L)"'U,¢= (D - L)™'

Fundamental norms of matrix spaces

To analyze convergence of iterative methods, we make use of **vector norms** and **indu-
ced matrix norms**.

Vector Norms

Let z € R™. Common vector norms include :

— 1-norm:
n
Il = |l
i=1

n 1/2
12 = (Z |in2>
i=1

]l = max ||

— 2-norm (Euclidean norm) :

— Infinity norm :

Matrix Norms

Let A € R™". The **induced matrix norm** || A| is defined from a vector norm :

A
) = sup 1271
b T

Important induced norms :
- 1-norm:

n
|A]l1 = max Z la;;| (maximum column sum)
1<j<n =1

— Infinity norm :

n
|Al|c = max g la;;| (maximum row sum)
1<i<n £—

]:

Jacobi Method

The Jacobi method is an iterative technique for solving linear systems of the form Az = b,
where A is decomposed as :
A=D-L-U

so the iteration formula becomes :

x(k’-‘rl) _ D_1<L—‘r- U)x(k) +D_1b

13



Equivalently, for each componenti =1,2,...,n:
(k) _ 1 (k)
JF#

Jacobi Algorithm

1. Start with an initial guess z(*)

2. Fork =0,1,2,..., compute :

k1) 1 (k) _
! _a—ii<bi—2aij1‘j), i=1,2,...

JFi

3. Repeat until ||z — z(*)|| is smaller than a desired tolerance.

Example : Solve Using Jacobi Method

Solve the system :
Initial guess :

Iteration formula :

k+1) 1 k k
:L‘SJF):Z(ZL—@“&)—Q@(S))

k+1 1 k k
40 = Lol o)

1
k+1 k k
= 25— 2 — 23?)

First iteration :
1

2 = 1.4
1.6667

Second iteration :

1
2P = ;(4- 14 -2 1.6667) = ~0.1833

1
2 = (71— 1.6667) = 0.8667
5

1
2P = 5(5—21-14)=05333

Continue until the change is below tolerance.

14



Gauss-Seidel Method

The Gauss-Seidel method improves upon the Jacobi method by using the most recent values

of the solution as soon as they are available.
We again start from the decomposition :

A=D—-L-U
the iteration formula becomes :
e* ) — (D — L)7'Uz™ + (D — L)

Component-wise, the update formula is :

1 i—1 n

m§k+1) _ (bi _ Z aijxgk-i-l) _ Z aﬁék))

i j=1 j=it1

Notice that unlike the Jacobi method, we use the latest available values during each itera-

tion.

Gauss-Seidel Algorithm

1. Start with an initial guess 2
2. Fork=0,1,2,..., update each component :

i—1 n
k1) _ 1 (k+1) (k)
Ii = a—m (bz — Zaijxj — Z aijxj )
7j=1 Jj=i+1
3. Repeat until convergence.

Example : Solve Using Gauss-Seidel Method

Solve the same system :
Initial guess :

[teration formula : )
k+1 k k
0 = La o opt9)
1
A (RPN
1
$gk+1) — Z(5— 2x§k+1) B xgk—&-l))

15



First iteration :
w _ 1 _
Ty —1(4—0—0)—1

1
2 = S(T-1-0)=12

1
2 = 5(5-2:1-12)=06
Second iteration :
2 _ 1 _
n?) = (4 —12-2.06) =04
1
2P = (7-04-06)=12

1
o 5(3-2:04-12)=1

Repeat until the solution converges.

Successive Over-Relaxation (SOR) Method

The Successive Over-Relaxation (SOR) method is an improved iterative technique that ac-
celerates the convergence of the Gauss-Seidel method by introducing a relaxation parameter w,
where 0 < w < 2.

Starting from the decomposition :

A=D—-L-U

the SOR method uses :

1 1—
M=-D—-1 N:(—w)DJrU
w w

The general iteration becomes :

e ) = (D —wL)™! [wb + (WU + (1 — w)D)x(k’)}

Component-wise SOR Iteration

For each component: =1,2,...,n:
i—1 n
2" = (1 - w)a? + . (bi - @z‘ﬂg‘kﬂ) - Z aijxg‘k))

SOR Algorithm

1. Choose an initial guess z(*)
2. Choose a relaxation factor w € (0,2)
3. Fork=0,1,2,..., update:

1—1 n
(k+1) (k) w (k-+1) (k)
z, =1 —wr an (bi - Zlaijxj - Z aij T )
J

= j=i+1

4. Repeat until convergence.

16



Example : Solve Using SOR Method

Solve the same system :

4 1 2 4
A=1|1 5 1|, b= |7
213 2
Initial guess :
0
@ =10|, w=125
0

[teration formulas :
w
x&kﬂ) =(1- w)xgk) + 1 (4 — xgk) - ngk))
w
xékﬂ) =(1- w)xgk) + 5 (7— x§k+1) — xgk))

w
a:z(,,kﬂ) =(1- w)xék) + 3 (5 — 2955“1) — xékﬂ))
First iteration with w = 1.25:

2V =125

(4—0—0)=125

2V =1.25.

(7—1.25-0) = 1.4375
1
x:(,)l) =1.25- 5(5 —2-1.25 —1.4375) = 0.4427
Continue the process until convergence.

Note on w

- If w = 1 : the method reduces to Gauss-Seidel - If w < 1 : under-relaxation (slow conver-
gence but more stable) - If w > 1: over-relaxation (faster convergence, but may become unstable
if w is too large)

Convergence Analysis of Iterative Methods
Convergence Theorem Using Matrix Norm

Consider the iterative method :
25D — B 4

Let || - || be any matrix norm. Then :

17



theorem
If || B|| < 1, then the iterative method converges for any initial guess z(©).
Idea of the Proof. Suppose z is the true solution. Then :
ek = 2 _ 4 = Bk(x(o) — )
Taking norms :
le®@ < IB*) - 12 = || < |BIIF - |2 — 2]

Since || B|| < 1, we get ||e®)|| — 0 as k — 00, so the method converges. O

Norm vs Spectral Radius

p(B) < ||B|| for any induced matrix norm

Hence, | B|| < 1 = p(B) < 1, so matrix norm condition is stronger than necessary, but easier
to verify.
An iterative method of the form :

LB — g |

converges to the exact solution z for any initial guess z(¥) if and only if the **spectral radius**
of the iteration matrix B satisfies :
p(B) <1

where the spectral radius p(B) is the maximum absolute value of the eigenvalues of B :

p(B) = max |\(B)|

1<i<n

Sufficient Conditions for Convergence

— Diagonal Dominance : If the matrix A is strictly or irreducibly diagonally dominant, then
both Jacobi and Gauss-Seidel methods converge.
A matrix A is strictly diagonally dominant if :

‘(ln'| > Z’CLU‘ for all i
J#i

— Symmetric Positive Definite (SPD) Matrix : If A is symmetric positive definite, then :
— Gauss-Seidel always converges
— SOR converges for any 0 < w < 2

Convergence Behavior

— The closer p(B) is to 0, the faster the convergence.

— If p(B) > 1, the iteration diverges.

— For the SOR method, the optimal w (i.e., minimizing the number of iterations) depends
on the matrix and is usually found experimentally.

18



Comparison of Convergence

Method Converges If
Jacobi p(By) < 1 or Ais strictly diagonally dominant
Gauss-Seidel p(Bgs) < 1 or Ais SPD
SOR p(Bsor) <land 0 < w < 2

Example : Convergence Check

Consider the linear system :

10 -1 2 6
A=|-1 11 -1|, b=|25
2 -1 10 ~11

Check for Diagonal Dominance :

’022’211>|—1’+|—1’22
|a33|:10>|2|+|—1|:3

The matrix A is strictly diagonally dominant, so both Jacobi and Gauss-Seidel methods are
guaranteed to converge.

Compute Iteration Matrix for Jacobi :

We decompose A = D — L — U, where :

10 0 O 0 1 -2
D=1]0 11 0|, L+U=|1 0 1
0 0 10 -2 1 0
The Jacobi iteration matrix is :

0 % —i

B;=DYL+U)=| & 0 4%

-2 1 9

10 10

Therefore, the Jacobi method converges.
Conclusion : Since A is diagonally dominant and p(B;) < 1, both Jacobi and Gauss-Seidel
methods will converge for this system.
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