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University of M’sila ﬁ Faculty of Mathematlcs and
oS Computer Science
Correction of Series N : 05
L 2 Mathematics - Multiples integrals- Module: Analysis 4
l’exercice noté par (x) ou supplémentaire ne sera pas corrigé dans le sience de TD
|Exercise correction |1} v
We compute the following integrals on the specified domains
dxdy 1 Lody \ 1 1,
. ff 1—|—x 1+y <0f 1+x> (‘({ 1—}—y> o [ln(1+x)]0[ln(1+y)]0 =In (2)
1 Pt 2
Yy _ * Y
// x2+y2dxdy B 2/ (/ x2 412 y)
D 0 0
;]
= 5 /(ln(x2 +4) —In(x2 +1))dx
0
1 2+ 4 1
x
- -1 == .
2 / n(E5e)# = 3 / )dx
0 0
We calculate this integral by part, so we set
B 3 reoN 6x
u) =in(1+=9) L) W)= (2 +1)(x2+4)
v'(x) =10 v(x) =x
So we can see that
1 1 1 ;
¥ - - /
é/x2+yzdxdy 2[x1n<1—|— 2+1 20 x2—|—1 x2+4)dx
1
1 In 5 1
T2 2 2
0
1 5 x 11
= E 5t [ —arctan(x) + 2 arctan(z)} .
1. 5 =« 1
= 5 In 5 5T Zarctan(i).
1 T 1 T
xsiny 2x _ _ 5 _
ff Tty >dxdy = (Of—1+x2dx><0fsmydy> = [ln(l—kx )}O[Cosy]o =1In2.
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//xydxdy = %
D
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_ 1 1 [arctan } dx — 1 arctan x
T 2] 1+ Y _2 T+22
1 T2
= t xi| = —.
[arc an . 0

1 X
//xcosydxdy = /x/ (cosydy)dx
D 0 2
1
_1/
2
0

1
x 1
= /x[sinydy}xzdx =~ +sinl — gcosl.
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2 X+ / x2+4 :
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3 4—x 3
dxd d 1 q4x 111 1 13
é/(x—i—]fﬁ 0/[1/ (x—i—yy)3]dx:1/[(x+y)2]1 dx = - 2[16 +x+1]
3
— ![%—(le)z}dle%.

|Exercise correction |2} v
Firstly, we give the hierarchical description of the domain K, where

K={(xy) €eR*: x+y>1, 2> +y*<1}.

Then, we have x +y > 1 = (x +y)?> > 1 = x? + 2xy + y*> > 1. So, we find,
2xy > 1—x?>—y* = xy > 0. Asaresult x > 0 and y > 0 with y?> < 1. Consequently

K={(x,y) eR?2: 0<y<0,1—y<x<4/1—y2).
y y y y

I = // xydxdy =
K

|Exercise correction |3}
Draw the integration domains and calculate the following double integrals, changing the order
of integration if necessary
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r 1
2 x+1
L= [ [ (x>+y)dxdy.
—1x2—1
Dy ={(xy) € RZ: -1<x<2,x2-1< y < x + 1}.In other words, x is fixed. Therefore,
2 x+1 2 Vx+l 2 1 il
11:/ /(x2+y)dxdy = / / Xty dy}dx—/[yxz—i——yz] dx
2 x2-1
—1x2-1 -1 -1
: 1 1
- /[(x+1)x2+§(x+1)2—(x2—1)x2—§(x2—1)2}dx
-1
= [—§x5—|—1x —I—7x -1—1 ]2 _—
N 5 4 6 2711 207
4y
L= [ [(xy+y)dxdy.
0¥
2
Dy ={(xy) eR?>: 0<y <2, % < x < /y}. In this case y is fixed, and we have,
4 VY 4 VY 4 5 y
12://(xy+y3)dxdy = /[/(xy+y3)dx]dy:/[y7+xy3]y dy
0¥ 0 ¥ 0 :
42 3 4
_ y . i Y _ ¥V
= [[5+vi-5 %l
0
3 4 5.4
N A S __@ 2\ /260144,
=[5+ -5 %, - T +5vEH4
1
10 vy
We calculate Iy = [ [ ye*Ydxdy. So we find
10
1 1
10 y 10 y 10
://yexydxdy = /[/yexydx]dy—/[ } dy
10 0 0 0
10
— /(e—l)dy—9(e—1)
0
2WI3VIRS
B For theintegral, = [ [ e¥dxdy.ona
0
2vIn3 VIn3 VIn3  x? In3 )
2 2 x
Iy = / / e¥dxdy = / [/ex dy}dx: / e’ [y]o dx
o ¥ 0 0 0
s Vi
= / 2xe* dx = [ex} =2
0
0
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Figure 1: D;. Figure 2: D;.
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y=1
—

=0 —

Figure 3: Dj. Figure 4: Dj.

|Exercise correction 4] vryr
We calculate the integral of the function f defined by, f(x,y,z) = xyz in the volume V bounded
by the planesx =0, y =0, z=0and x +y +z —1 = 0. So,

/ / / xyzdxdydz =
v

x 1-x—y

([ oo - /[ 10/}(%22);”@} "

y(1 - x — y)dy|dx

N =

O Y— T O —T7

1o o 1y 1, g
x|y (1 x)+8y g (1 x)}0 dx

1
_ 1 4 _
= Z!X(l X) dx—ﬁo

|Exercise correction |5}
I=[[(x +y)%e* Vdxdy, D = {(x,y) € R2: x >0, y > 0and x +y < 1}. First, we express
D

v:x_y y:ugv

u-+v
_ X =
x and y as functions of u and v. Thus, we have { u=x+y = { 2 Since, x > 0

then, we will have, u +v > 0= u > —o.

and wealsogety > 0= u—v > 0= v < u. Consequently we find —u < v < u.
Taking into account x +y <1, weget 0 < u < 1.

This gives the new integration domain,

Im(D) = {(u,0) € R*: 0<u<1land —u <v<u}.

We also need to be Jacobian,

o ox

det(J(u,0)) = | 9 99 | =
L Ju Jv 1
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The new integral is expressed as follows

I = g/(x-l—y)zexz_yzdxdy = é/|det(](u,v))|f(u,v)dudv

- v g

|Exercise correction 6] Ycvr
Put, x =rcosf, y = rsinf, with0 < r < 1and 6 € [0,27[. Then, we see that

dxdy rdrdf 1
£ e —
Put,x =rcosf, y =rsinf,with0 <r < Tand @ € [0, g[ Thenwefind, I, = [[ e_(x2+y2)dxdy
D,

2 7 _721_7'[(6—1)
e "rdrd = 4[6 ]0——46

o .
SN

Remains as an exercise.

|Exercise correction|7) v

cos(x? + y?)
2 +sin(x2 + y?)

—{(xy)E]R2 1<x®+y? <4}
Making the change, let’s say x = rcos6, y = rsin6, such thatr € [1,2] and 6 € [0,27]. we see,

B cos(x? r cos r?
I= é 2—|—sm(x2+y dxdy / 2—i—smr2 G}dr

Let’s calculate the double integral I = f i

dxdy, where,

ln(2 + sin4) )

1 inr?)| = nin (2 Hsind)
= n[n(Z—i—smr )]1_7Tn<ln(2+sin1) .

‘ Supplementary exercise correction |1 | A
Draw the integration domains and calculate the following double integrals

We compute I; on the domain D; where,
L = [[(xsiny)dxdy,and D1 = {(x,y) € R?: 0 < x <, 0 <y < x}. Then, we obtain

Dy
7T X 7T X
11:/ (xsiny)dxdy = //xsinydxdy:/[/xsinydy]dx
Dy

s

I
— 4 °©
(e}

[—xcosy / x—xcosx dx

0
2

S

X
2

I
— o

—cosx—xsmx} = 7—1—2
0 Jd
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r 1
L = [[3y*e¥dxdy, Dy={(x,y) eR?: 0<x<1, /x<y<1}.
Dy

L = //3y3exydxdy //xsmydxdy

D,
1 1y

= / /3y3e"ydy =/ /3ysexydx Yy
0 0

h 8 3 1
/ [Byze"y}o dy = [ey - ys}o =e—2.
0

2y
For the integral I3 = f f kd

dxdy, on the domain D3, where,

D; = {(x,y) € R%: 0<x<2 0 <y <4—x%}. We have,

4
xe? 2y x2e2Y  1/4—y
b= / 1- dﬂdy_/ﬁzﬂ—yﬂo 4y
D; 0

y VAN
dxdyz/[ /

Y 0 0

_ 1/4 24 _1[244_68—1

- zoe Y=31 10" T4

HLL—ff x> +y*)dxdy, Dy={(x,y) €ER?>: x>2,y>2,andx+y < 1}.

1- 1
3 —x
L, = //(x2+y2)dxdy: [/(x + 17 dy / xy+ dx
0 0

_ /Uﬁ@_xﬂﬂi_”%szj[—%ﬁ+2ﬁ—x+1px
3 S 173 3

0
1 2 1

= [——x4—i——x3——x2—|——x] = -.
3 0

Supplementary exercise correction 2] A
We start by writing the expressions of the variables x, y, z as a function of the new variables u, v

and w. We therefore have,
U=x+y+z X=Uu—7v
v=Yy—+z = y=0v—w

w =2z Z=w

Then the Jacobian of the variable change is given by following formula

-1 0
-1

det(J(u,v,w) = 1
0 1

=1+#0.

S O =
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r

0 <w < v <u <1.Consequently, we express the integral I as follows,

u [

- y+§d’;dzd;+z>=j[0/[o/f—2dw}dv}du
g e

{Supplementary exercise correction 3] YA

The domain A = {(x y) € R?: —|— % = 1}, it can be characterized as

Using Fubini’s theorem we find,

x a
/ 2
Area(A // ldxdy = / / dx = Zb/ 1-— ;C—zdx.
—a

CA-2.pdf

Figure 5: Area(A)

If we change to polar coordinates, with x = rcos and y = rsin 6, we find,

V3

I = // Pdxdy = // dedy = /r3dr
D

Va3 Lo

cos? 0do

\N\ﬁ

(S B}

1+ cos?26 2771t
— W=7

Il
| —
TN
=2
—_
—_
‘ >
N\N\N\:l N‘:‘

Since we know that x +y+z < 1wefind 0 < u < 1,andasx >0, y > 0, z > 0, we have

| x? | x?
:{(x,y)el[{zz—agxgu, and ¢1(x) = —b 1—;§y§b 1—;:g2(x)},

By changing the variable x = asin f we see that the area of the ellipse is Area(A) = abm.
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Figure 6: Aire(&)

We switch to spherical coordinates, by posing
x = rsinfsina
Yy =rcosfsina

Z = rcosa, where 0 <r <1, a € [-7,7t] and 0 € [0, 7]

Par suit, on obtient,

z3dxdydz P
=] veaaes =[]/
_ //

We calculate the integral below by executing the change of variables
t =12+ a? —2arcosf, dt = 2arsin ada. We find, therefore,

1’ sina

dOdudr
V12 + a2 — 2arcos @

1" sinw

dr.

V12 + a2 — 2arcos 6

a+r

Z3dxdydz /
/// \/x2+;i j—ydz—a)z - Zno/ / Zar\/_

4
= —n/rzdr: 4_7r
3a

Supplementary exercise correction |4| =

We can do the calculation in the case a2 = 1, to obtain the general case, simply multiply by a>. we
x>4+y?+z2 <1
find, therefore, { x%>+y?+2z?> <x  Switching to cylindrical coordinates, these constraints can
z>0
be written as follows
r?+22 <1 2422 <1
r2<rcos@ =< r<cosh, re€[01]
Z Z 0 z Z 0/
when 7 is finite 6 between — arccos r and arccos r. Then, the volume of the domain to be expressed

L
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integrally
1 arccosr V1—r2 1
/ / / rdzd0dr = /21*\/ 1 — r2 arccos rdr
0 — arccosr 0 0
1 3
2 12 r(1—r?):2
— [5 —(1-1)2 arccosr}O -3 0/ %d;’
1
_ T 2 / 1 2 T 4
3 3 3 9
0
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