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[Remark 1) 7

If ( )111%1 : f(x,y) =1 (finite), at A(xp,yo), then the restriction of f to any continuous
X,Y)—(X0,Y0
curve passing through A has the same limit.

To show that  lim  f(x,y) does not exist in A(xg,yo), it suffices to look for two restric-
tions on the C(());f{c)irjl(;g)gg)curves passing through A which lead to different limits.
Here are some continuous curves passing through A(xo, yo).
(@) The lines/

X = xg, theverticalline
= m(x—x9)+yo, méeR.

(b) The parabolas

y = m(x—x)*+yy, mER,
x = m(y—yo)+x0, meR

|Exercise correction |1} v
We determine the domain of definition of the following functions

If fi(x,y) =In(x +y —1).So, we have: D; = {(x,y) ER?>: y>1-— x}.
See, below the presentation of D;, where i € {1,...,5}.

For fo(x,y) = \/1 — xy. So we have,
1
— 2. — 2. -
Dz—{(x,y)elR : xygl}—{(x,y)elR .ygx,x;«éo}.

/4 — 2 4,2
#.Wehave,

the case, f3(x,y) = \/m
Dy = {(x,y)e]RZ: 4yt <4, andx2+y2>1}
= {(x,y)e]Rzz 1<x2+y2§4}.
_ Iny
f4(x/y)_m'

Dy, = {(x,y) cR?: y >0, andx—y>0}

= 2, :
{(x,y)eIR O<y<x} |
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x2—y
X, y) = V—=.
A 5(xy) 77
Ds = {(x,y)EIRZ: y < x%, andy>0}
= {(x,y)e]RZ: 0<y§x2}.
1+ 2
B fity2) = S

Dg = {(x,y) ER?:x#0, y#0and z # o} =R — {(0,0,0)}.

Figure 1: D;. Figure 2: D,.

Figure 4: D,. Figure 5: Ds.

|Exercise correction |2} v
Level curves of functions of two variables. Let k be a real number. Then, we see that:

For f(x,y) = x+y —1,wehave: f(x,y) =x+y—1=k =y =1—x—k. So, the level
curves are therefore straight lines and the graph of f in a plane is,

N

L — N I S o I B o S B B B e |

- 1 2
¥

\\

If f(x,y) = eV, s0, we have f(x,y) = /=¥ = k. There are 2 possible cases

N

"
T T A

L1 v

[ 14

I

(a) If k <0, the curve at level k is the empty set @.

(b) If k >, then, we find, f(x,y) = eV =k = y = x2 +In(k). the curve at level k are

therefore parabolas.
L wl
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B I f(xy) = In(x - ).
(a) Then the domain of definition of f is D = {(x,y) ER?: y< xz}.

b) fx,y)=In(x—y?)=kex—y’=kesx=y>+k

|Exercise correction [3] Yrit
In the following cases, limits are calculated (if they exist)

We use an increase, and as, V(x,y) € R? : xy < 2xy < x? + y2. Then,

X2

i
(x9)5(00) ‘ X2+ y?

<1 =0
_ylg(l)lyl

We use the restriction of f to the continuous curve x = 1, means that it passes through

A(L1).
im —— = —o0, et lim L = +4o00. Thus, lim does not exist.
y—1+1—y y—=1-1—y (xy)=(11) X — Y

By switching to polar coordinates,

x=1+rcosbH,
x =rsinb, where r > 0, 6 € [0,271].
| - . |
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Then, we obtain,

3 i3
r°sin” 0

1+7rcosf,rsinf) = = rsin® 0.
A ) 2 cos2 6 + r2 sin?

Since we have

|f(1+7rcosf,rsing)| < |rsin®f] <r — 0.
r—0

3

Thus, Ilim ¥y 0

(xy)—(10) (x —1)2+y?

B} Thelimit lim

- does not exist because, for y = mx, m € R, we have,
(xy)—(0,0) X* + Y

2

mx m
li =1i = .
xlg})f(x' mx) 02 L m22 1+ m?
So the limit is depends on m.
5
_ 1. /x . 1 sin(y) 1
lim —sin (—) = lm —-xX-—7—=—.
(xy)—=(0,m) X Yy (xy)—=(0,7) Y y Tt
Because, )
lim S04 =L g
x—0 144

A Using polar coordinates, let us set,

X =rcosH,
x =rsinf, wherer >0, 0 € [0,27].

So, we find,
f(rcosf,rsin®) = rsinf cos 6.

Subsequently, lim A lim(7sin @ cos @) = 0.

(x,y)—(0,0) \/Tyz r—0
[

E By polar coordinates,

X =rcosf,
x =rsinf, wherer >0, 6 € [0,27].
So, we see that, - .
. _ sinfcos
f(rcosf,rsinf) = T+ sinfcosd"
xy _ sin 0 cos 6 sin 0 cos 6

After that, lim — ¢  — ' _ _sin .
et (x,y)lg}o,o) x2 + xy + 2 1501 +sinfcos0  1+sinfcos0

The limit depends on 6, then it does not exist.

lim —x2+y—3 =
(xy)—(00) ¥ +y+1

L - |
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r 1

, . a—0 .
Let’s put & = xy, so { if (x,) —> (0,0). Consequently, we will have

ety —1
Xy
Xy __ 1
lim & = lim ——Y = lim y=0.
(xy)=>(00) € =1 (xy)=00) =1 xy)=00)
X
Car, .

lim &1 1.
x—0

|Exercise correction [4) v

The function f defined on R2 — {(x,x) : x € R} par f(x,y) = w

X—Yy
Then, Using the trigonometric formulas, we get
. . . . u .
sinx —siny smx(i2 ) y cos(x y)  cosa
X—y TF/ 2
. x—y
. . Sin T)
Knowing that  lim = =1, so we have
(xy)—(aa) Y
lim  f(x,y) = cosa.
(xy) = (am)
im —~ Y —  lim V= v (VE+ V) = lim (Vx+y)=0
(x)=(00) VX = /Y (xy)—(00) VX =y (x)—(0,0)
3 e have |sin(2xy)| < 2xy. So, let’s pose
El We have [sin(2xy)| < 2xy. So, let’s p
X =rcosb,
x =rsinf, wherer >0, 0 € [0,27].

So we see that,
e~ (%4 sin(2xy)| < 26~ ) x||y| = 2¢7#| sin 6 cos 6).
Hence,

0< lim 2e"r?|sinfcosf| < 2r%e™" — 0 .
r——+o0 r—+00

|Exercise correction |5} v

2
Let f be a function defined on R? — {(0,0)} by f(x,y) = = Jf}{/yz'

2

Show that lim x,y) =0.
(xry)—>(0,0)f( 2

1%f Method: By increase. We have
V(x,y) € R? —{(0,0)} : 2fxy| < x*+y>
Then, consequently, we find,
V(x,y) € R?—{(0,0)} : 2Jxy?| < |yl(x* +y?).

So, it follows that
, 2xy?
(c)(00) ‘ X%+ y?
L S o
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2!" Method: Using polar coordinates.

x =rcosb,
x =rsinf, wherer >0, 0 € [0,27].

So we can see that,

lim f(rcos@ rsin@) = lim 2rsin® @ cos § = 0.
(xy)—(0,0 r=0

3t" Method: We need to show that,

‘ 2xy?

_ < I
Ve >0, 30(e) || (x,y) ~ 0.0) 2 < 8(6) = [ 37

— O‘ <e&.
Let ¢ > 0. Bearing in mind that x> + y? > y?, then, we find

2xy? 2xy?
‘xz—i—y‘ ‘ ‘—2|x|<2\/x2+y < e

Just take d(¢) = =

|Exercise correction |6] v
We study the continuity of functions f, ¢ on R? such that,

—T (xy) £(0,0
mfmw{ e ¢ ) £ 00)
0 : (x,y) =(0,0).
We know that f is continuous on IR> — {(0,0)} because it is the quotient of two continuous
functions, (x,y) — xy, (polynomial), and (x,y) — +/x? + y?, (square root) of polyno-
mial). So, it remains to prove the continuity at point (0, 0).
Using polar coordinates, let us set, so,

x =rcosb,
x =rsinf, wherer >0, 0 € [0,27].

So, we find,
f(rcosf,rsin®) = rsinf cos 6.

Subsequently, lim A lim(rsinf cosf) = 0.

(xy)—00) /xZ+y2 =0
—  (x, 0,0
Egmw{ e @) £ 00

0 : (x,y) =(0,0)
The continuity of ¢ on R? — {(0,0) is clear.
The limit (, ), (0,0)g(x,0) does not exist, Indeed, if y = mx, m € R, we find,
(1+m)x 14+m
lim x,y) = lim ==+ .
(xy)—(0,0 )g( v) = x—>0\/1+m2|x| V14 m?

Hence g is continuous only on R? — {(0,0)}.

This means that the limit does not exist.

|Exercise correction |7) rvr
We study the extension by continuity at point a of the following functions

= |
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2,2

flxy) = 5=

we oet x = rcosb,
8V 1 x =rsin, wherer >0, 0 € [0,27],

a(0,0). We study the limit of f at (0,0). By switching to polar coordinates,

S0, we obtain,

4 i 2 2
lim  |f(x,y)| = lim| 300050 g2 g,
(x,y)—(0,0) r—0 r r—0

Consequently ( %in}o ) f(x,y) = 0. This proves that f has a boundary at (0,0), so it can be
X,y — (U,

extended by continuity at (0,0) by £, so that

flao) = { J0 e 2000

On remarque que f est continue sur R?. Car la fonction f est continue sur R? — {(0,0)}
comme fraction rationnelle dont le dénominateur ne s’annule pas, and at point 4(0,0) we
have lim f(x,y) = 0= £(0.0).
(xy)—(0,0)
x—2
(x—2)2+y?

we will therefore have,

For the function f which defines by f(x,y) =
{ x =rcosf+2,

+1, a(2,0). We put,

X = rsind, where r > 0, 6 € [0,27],
, .| cosB|
1 =1 _
(x,y)liI}O,O) |f(x }/)| rl—I>I(1) r

Which means that f is not extendable by continuity in 4(2,0).

2
flx,y) = %, a(0,0). (x). Remains as an exercise.

[Supplementary exercise correction 1] P~

Let’s show the continuity of the function f on IR? such that

1, 2 2 2
Xty 1, : x*4+y->1,
— 2
xX,y) =
f(xy) 1,

—Ex , : otherwise.

Let D be the exterior of the unit disk and E its interior, that is to say
D={(x,y) cR*: x> +1y*>1}, E={(xy) € R*: x> +¢* < 1}.
Let (xo,y0) € IR?. So, we distinguish two possible cases.
If the point (xo, yo) is in D or E, then f is continuous, because it is polynomial.

If the point (xo, ¥o) is on the boundary of D (or E), which means x3 + y3 = 1, then we find
(@) Quand (x,y) € D,

1 1
lim x,y)=  lim S22 —1) = —=42 = Fxo,10).
(xry)%(xofyo)f( Y) (X,y)—>(x0,y0)( Y ) 770 f(x0,90)

L . |
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(b) Lorsque (x,y) € E,

1 1
lim X,y) = lim —=x?) = —=x%2 = f(x0,10).
o Y T (o S 727 T 20 = o)
Hence the continuity of f on R?.
‘Supplementary exercise correction 2| Ve

Show that the following sets are compact. Firstly, recall that a subset of R” is compact if and only
if it is closed and bounded.

A= {(x,y) ER?: x> +y% <9, } Let the application f be defined by
f:R*> - R
x X2 4 yz.
Then, f is continuous, because it is a polynomial, as, we have

A= f([0,9),

and the set [0,9] is closed in (RR,[.|), so A is also closed in (R?,|.||). We also have A C

B((0,0),6),i.e. A is bounded. Hence the compactness of A.

2 2
B = {(x,y,z) € R : XZ + % +22 = 1}. In the same way as above, we can define the
application f by
f:R® — R
2 2
YL Y0
X = 1 + 9 +z°.

So, we have,

(a) B = f~1({1}), f is continuous (a polynomial), and {1} is closed. So B is too.
(b) Bisbounded, because B C B((0,0,0),6). Hence the compactness of B.
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