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Correction of Serie: N 01
L 2 Mathematics (Topology of IR") Module: Analysis 4

|Exercise correction |1} v
Leta, b > 0. weset Vu(x,y) € R?: ||u|| = \/a2x2 + b2
Let’s show that ||.|| is a norm on IR%. Then, for all (x,y), (x',y’) € R?,and A € R, we have:

(a) Separation: ||u(x,y)|| = 0 < a?x? + b?y?> = 0 < (x,y) = (0,0).
(b) Homogeneity: ||(Ax, Ay) = /a2A2x2 4+ b2A2y2 = |A|\/a2x2 + b2y2 = |A|||(x, y)]|-
(c) Triangular inequality: Using the Cauchy-Schwarz inequality, we find,

I+ y+y)IP = @(x+2) + 0y +y)*
= 2%*x% + bPy? 4 a?x"% + b2y + 2(ax) (ax’) + 2(by) (by")
< 22 4P+ x4 By
+2\/(a2x2 4 b2y2) (a2x"2 + b2y2)
(\/azxz b2y \/azx’z 4 b2y2)?

Which gives: ||(x + x/,y + )| < /a2x2 + b2y2 + \/a2x'2 + b2y'2.

2 2
P B(0,1) = {(x,y) € R?: a?2x2 + %2 < 1} = {(x,y) € R?: x——l—y < 1}. The unit ball is
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Figure 1: Présentation de la boule unité fermée.

It is easy to increase or decrease the given norm.
min(|af, [b])[[u(x, y)|| < [lu(x,y)|| < max(lal, [b])][u(x, y)]-
Which means that ||.||> =~ ||.||.

|Exercise correction |2} v
To check the separation condition we must see:

A2y + P >0 AN =A2-1<0e A1) -1,1].

|Exercise correction [3] ¥¢
Letx = (x1, ..., xn) € R". We put

i=n i=n 1

2\ 2
ujr = E Xi = E Xi d = Xl
[[]]1 Z'_1| il lull2 (i l| il ) and ||u]e 1?%| il
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We show that ||.||2 is a norm on R".

(a) Separation and homogeneity properties are easy to check.
(b) Toshow the triangular inequality, consider two points x = (x1, ..., x,) and vy = (y1, ..., Yn)
de R
If x + y = 0, then the result is clear.
If x +y # 0, according to the Cauchy-Schwarz inequality, we have:

|
3

lx+yl3 = Y (xi+y)?

~ e

I

= xi(x;i +yi) +2y1 X +Yi)
i=1

I\
—_

i=n

(Z )( xz+yi)2)%+(§ )%(Z x1+yz)2%

=1 i=1
< (llxll2 + Hy||z)(!|x +Yll2)-

Since ||x + y||2neq0, dividing by ||x + y||2, gives the triangular inequality.

IN

Let’s show that for all x € R" :

lulleo < fluellz < llully < nfjufleo and [ull2]] < v/nlluleo.

(a) Forall1 <i < n, we have the inequalities,

[xi < max{|xa, ., [xul} = [[¥[|oo- @)

By summing member by member in (1), we find,
[xa] A A x| = [l < nflx]feo.
(b) If, on the other hand, we take the sum of the squares of the inequalities (1), we obtain
1+t = |23 < a3

Consequently,
]2 < V| x]|oo.
(c) We know that,
X+ < (4 x)?

So we'll get:

Ix[1 < llx]1%,
Hence,

xll2 < [lx[f1-

(d) Since forall 1 < i < n we see that:
i) < \/x3+ 4 xn = |x]|2,
Passons donc au maximum on trouve,
max{|x1, ..., |xn|} = [|x[lec < [[x]2.

(a) The ball B1(0,1) = {(x,y) € R?>: |x| + |y| < 1} in R? is a rhombus with respect to

L

|| x]|1- (See the figure below)
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(b) The ball B5(0,1) = {(x,y) € R?: x?>+y? < 1} in R? is a disk centered in (0,0) and of
radius 1 with respect to ||x||2,
(c) The ball B3(0,1) = {(x,y) € R?: max{||x| + |y| < 1} in R? is a square with respect to
Figure 2: B1(0,1). Figure 3: B»(0,1). Figure 4: B3(0,1).
|Exercise correction [4) v
Let’s show that for all vectors x, ¥ € IR"” we have the inequality
[l = lyll| < x =l
From the triangular inequality, we see that
el =[G =) +yll < llx =yl + Iyl
Iyl = Wy —=x) + x| < lly = x[| + [|x]-
Consequently, we have
lxll =1yl < [lx =yl
Iyl = llxll < lly = x]|.
So, we get
=l =yl < llxll =iyl < llx =vll,
Hence the result,
[l = yl| < =yl
We deduce that the application ||.|| : R” — R (the norm) is continuous. Which gives, if a
sequence (xg)xeN Of vectors x; € R” converges in the normed vector space (R", ||.||) then,
lim [ = | lim x.
——+00 k—4o00
2im Method: Suppose x; — [ when k — +co. Then for all ¢ > 0, there exists kg € IN such
that,
VkeIN: k>ko=||xx—1]| <e,
So, according to question 1, for any integer k € IN such that k > ko, we obtain,
vl = 10| < e =11 < e,
which means,
li = = I .
tim [l = 1] = | tim
wl
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Bl Suppose that lim x; = I € R" and lim ||x; — yx|| = 0. So, according to the triangular
k—+o0 k—+o0

inequality
[yie — Ll eq| [y — xill + [l — 1.

Passing to the limit, we find,

l —1| < i ~ l —1|| =o.
Jm flye =l < lm g — g + Hm g =

Hence lim =]
k—4-o0 Yk

0.0.1 Corrections of supplementary exercises

[Remark]1] s

As we know, all norms are equivalent in finite dimensional space. This example explains the
non-equivalence of norms, even though it is defined in infinite dimensional space.

[Remark|2] s

Recall that two norms ||f||; and ||f|l2 on a vector space E are not equivalent, if there exists a
sequence (X, )eN such that

n=-+oo || ful|2

n=eo || full2

ou

|Exercise correction |5] v

Let f, g € Eand A, u € R, then we have:

1

PO +1g) = [ T M() + gl dx

X
1142
I x I x
= )\/_1 T +xzf(x)dx—kpt/_l T2 +x2g(x)dx
= Ap(f) +ue(8)-
So, ¢ is linear.

@ is continuous if and only if

3C >0, Vf € E:[o(f)] < Cl flleo-

Let f € E, then we have:

o) = | [ T f

1+ x2
1
< I [, T
= Wl [ 12 5dx = 02| f ®
We take C = In2 so that ¢ is continuous.
ul
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|Exercise correction |6] v
1
Let the sequence x;, = (1—1——71' 1+ e‘”) , n € IN. We notice the sequence (x,),en converges only
to the limit (0, 1), because,
. _ , ny
ngrfw 1+n 0, and nng(l +e) =1
Then, we see that:
(xn)neN converges uniformly (or by the norm ||.||«) if and only if,
Ve >0, dng, Vn € N: n>ng = ||xp, — (0,1)]le < &.
Lete > 0, and for all n € IN, such that (n > ny), so we get,
1
— (0,1 °°:H ,—”‘: et < .
Ixn = (1)} (1+ne )oo :zﬂg{l—l—ne }_1%—n<8
1
This implies that n > o 1. So, we just need to choose 1y = max {O, -1+ 1}.
(xn)neN converges by the norm ||.||; if and only if,
Ve >0, dng, Vn € N: n >ng = ||x, — (0,1)|1 < e.
Let e > 0, and for all n € IN, such that (n > n(). Then we have,
1 1
=00 = (e ), = | s <
ln = (0, D)llx <1+ne ) 1 1+n+e _1+n<€
2 . 2
As aresult, n > o 1. Then, we just need to take 1y = max {O, (£ —1]+ 1}.
|Exercise correction |7] ¥¢
Let C([0, 1], R) be the space of functions defined and continuous on [0, 1] with value in R.
Remains as an exercise.
1
We have [fyl = Land [l = -
| fnllo and || fu||1 are not equivalent, because,
lim I folles = lim (n+1) = oo.
S AT
|Exercise correction [8] ¥¢
t
Let N : R> — R an application defined by N(x,y) = sup M
teR V1+ 12
Let’s show that N is a norm on R?. Let (x,y), (¥/,y’) € R>and A € R. Then,
(a) Separation:
N(x,y) =0« |tx+y|=0,Vte R=x=y =0.
Conversely, if x =y =0 = N(x,y) =0.
wl
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(b) Homogeneity: N(Ax, Ay) = sup [tAx + Ay|

P e N
€

(©)

tx+x)+(y+y)| |(tx+y) + (tx' + 1)
Nx+x,y+vy) = su | = su
( y+y) tellg V1412 te]lg V1412
|tx +y| tx' + /| ;o

< sup —= +sup ——~2' = N(x,y) + N(x',v/).

tellg 14 2 te][lz 1412 ( y) ( y)

pA Using the Cauchy-Schwarz inequality, we therefore see,
g y q y

tx+yl = [{(£1), (v )| < VI+ 222+ y?,

which give N < ||.||2.

(@) 1°f Method: We have

|£x0 + ol
d(Mp,A) = —/—.
(Mo, 4) 1+ 2
Let A be the orthogonal projection of the point My on the line (A). Then, we have
|tX() + ()|

Since the line (A) passes through the origin, this distance d( A, A) will be maximal when
A coincides with the origin. We therefore see,

_ 21— sup [P0t Yol
d(O, Mp) = \/ x5+ y5 = sup i

teR

Hence the equivalence of the two norms N and N.

(tx +y)?

th . ; —
(b) 2" Method: Let the function f(t) = e

then, we know that

fi = HELDEZH),

. X . .
Therefore, the function f admits a maximum for t = —, it’s value is

XN_ 2,2 (tx+y)?
F() =4y =sup

SO, N =~ Nz.
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