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L2 Maths Module: Analysis 4

Remark 1 ¥7 17 ¥r— A

The exercise marked by (x) or supplementary will not be corrected in the sience of TD.

Exercise . ™ 71—~ AN

Let a, b be two strictly positive reals. For all u(x,y) € R?, we note,

|u(z,y)|| = v/ a?x? + b2y

1. Show that |.| is a norm on R?.
2. Draw the open unit ball for this norm.

3. Show that ||.|| and ||.||2 are equivalent norms such that ||ulls = /2% + y2.

Exercise . r "N
Let x = (x1, ..., z,,) € R". We set

i=n i=n 1
2
ol =3 bl Nzllz = (3 feal?)” and Jall = max foi.
=1 =1 Isisn

1. Show that ||.||2 is a norm on R".

Exercise series n°1

2. Show that for all z € R" :
2]l < llzllz < llzll < nllzllo and [z]l2]l < vnll2[|c-
3. Represent the closed unit ball in R?.
B(0,1) = {(z.y) € R*: |[(z,y)] <1},

for each of a normes ||.||1, [|.||2 and ||.||c-

Exercise . )kl ¢

Let be the normed vector space R".

1. Show that for all vectors x, y € R" we have the inequality
[zl = lyll| <l =yl

2. Deduce that if a sequence (xy)ren of vectors z € R™ converges in the normed vector space
(R", [.]l) then,
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3. Let (zx) and (yx) be two vector sequences of R”. Show that if klim zp =1 € R" and
—+00
kETOO |zx — yk|| = 0, we can see kglfooy’“ = 1.

Exercise . ™ 71—~

For n € N, we put: xn:( ,1—1—6_”).

1+n

1. Study the convergence of the sequence (2, )nen in R? equipped with the norm ||.||s.

2. Study the convergence of the sequence (,),en in R? equipped with the norm ||.[|;.

Supplementary exercise 1 Y7 17 17 —~"\AA

Let £ = C([-1,1],R) be the vector space of continuous functions on [—1,1] with values in R

with infinite norm || f|l.c = sup |f(z)], and let be the application ¢ defined by
z€[—1,1]

p: FE — R

g

f o o) = / f(x)d.

Show that ¢ is linear and continuous.

Supplementary exercise 2 {7 {17 17 —~"\AA
Let C([0, 1], R) be the space of functions defined and continuous on [0, 1] with value in R.

1
1. Prove that || f|lec = sup |f(z)|, and || f|1 = / | f(z)|dz are normes on C([0, 1], R), (%).
0<z<1
0

1
l—-(n+1)z : 0<x<

2. The sequence (f,)nen is defined by f,(z) =
0

Calculer || fn]loo €t || frl1-

3. Check that ||.|| and ||.||1 are not equivalent.




