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Let f be the function defined on R2 by : f(x, y) =


3y4

(x − 1)2 + y2 : (x, y) ̸= (1, 0)

0 : (x, y) = (1, 0)

2 1 Show that the function f is continuous on R2.

2 2 Study the derivability of f at the point (1, 0).

2 3 Show that f is differentiable at point (1, 0).

2 4 Is f of C1 class at the point (1, 0)?

Scale Correction of exercise 1: 8pt

1 We study the continuity of the function f on R2.

0.5 a f is clearly continuous on R2 \ {(1, 0)}. Because it is a rational function.

0.5 b At the point (1.0). We set :


x = 1 + r cos θ : r > 0, θ ∈ [0, 2π[

y = r sin θ.

0.5 Then, |f(x, y)| =
∣∣∣∣ 3y4

(x − 1)2 + y2

∣∣∣∣ = ∣∣∣∣ 3(r sin θ)4

(r cos θ)2 + (r sin θ)2

∣∣∣∣ = |3r2 sin4 θ| ≤ 3r2 −→ 0,
r→0

0.5 hence lim
(x,y)→(1.0)

f(x, y) = 0 = f(1.0), in other words, f is continuous at the point (1.0).

2 f is derivable at the point (1.0) if only if
∂f

∂x
(1.0) and

∂f

∂y
(1.0) are exist. So,

1 a
∂f

∂x
(1.0) = lim

x→1

f(x, 0) − f(1.0)
x − 1

= lim
x→0

0 = 0.

1 b
∂f

∂y
(1.0) = lim

y→0

f(1, y) − f(1.0)
y − 0

= lim
y→0

3y = 0.

Thus, f is derivable at point (1.0), and ∇f(1.0) = (0, 0).

3 f is differentiable at the point (1.0) if only if

0.5 lim
(x,y)→(1.0)

f(x, y) − f(1.0) − ∂xf(1.0)(x − 1) − ∂yf(1.0)(y − 0)√
(x − 1)2 + y2

= 0.

We have, lim
(x,y)→(1.0)

f(x, y) − f(1.0) − ∂xf(1.0)(x − 1) − ∂yf(1.0)y√
(x − 1)2 + y2

0.5 = lim
(x,y)→(1.0)

3y4

((x − 1)2 + y2)
3
2
= 0.

0.5 Because,
∣∣∣∣ 3y4

((x − 1)2 + y2)
3
2

∣∣∣∣ = ∣∣∣∣ 3(r sin θ)4

((r cos θ)2 + (r sin θ)2)
3
2

∣∣∣∣ = 3r
3
2 | sin4 θ| ≤ 3r

3
2 −→ 0
r→0

.



0.5 Consequently, f is differentiable at the point (1.0), and we have :

Pour tout (x, y) ∈ R2 : df(1.0)(x, y) = ∂xf(1.0)(x − 1) + ∂yf(1.0)(y − 0) = 0.

4 f is of C1 class at the point (1, 0). Indeed :

0.5 a According to question 2, f is differentiable at the point (1, 0).

b It remains to demonstrate that the partial derivatives of f are continuous at (1, 0).

For all (x, y) ̸= (1, 0), we have :

|∂xf(x, y)| =
∣∣∣∣ −6(x − 1)y4

((x − 1)2 + y2)2

∣∣∣∣ = 6
∣∣∣∣ r cos θ(r sin θ)4

((r cos θ)2 + (r sin θ)2)2

∣∣∣∣ ≤ 6r −→ 0
r→0

, and,

1 |∂yf(x, y)| =
∣∣∣∣6y3 + (12(x − 1)2y3)

((x − 1)2 + y2)2

∣∣∣∣ = ∣∣∣∣6(r sin θ)5 + (12(r cos θ)2(r sin θ)3)

((r cos θ)2 + (r sin θ)2)2

∣∣∣∣ ≤ 18r → 0
r→0

.

So, we have, lim
(x,y)→(1,0)

∂xf(x, y) = 0 = ∂xf(1, 0),

and lim
(x,y)→(1,0)

∂yf(x, y) = 0 = ∂yf(1, 0),

0.5 Thus, the function f is C1 classe at the point (1, 0).
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