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Exercise : 1

Scale
Let f be the function defined on R® by : f(z,y, 2) = 2%(y + 1) — In(2y + z), the point
a(1,0,1) and the vector v(—1,1,1) in R3.
2 @ Calculate Dy f(a) the directional derivative of f at the point a along the direction v.
2.5 2 (a) Check the equality : Dy f(a) = (Vf(a),v).
(b) Deduce the value of df,(v).
1.5 @ Compute an approximate value for f(—0,9,1,1.1).
Scale Exercise : 2
Let f be the function defined on R? by :
3z3
fo) = | @D P EVEOD
0 : (@.y) = (0,-1)
1.5 €13 Show that the function f is continuous at the point (0, —1).
2 @ Study the derivability of f at the point (0, —1).
1 @ Show that f is C* class on R?\ {(0,—1)}.
2 @ (a) Show that f is not differentiable at the point (0, —1).
0.5 (b) Is f of C* class at the point (0, —1)?
Scale Exercise 3:
Let f be the function defined on R? by : f(z,y) = =* — 222 + y°.
2.5 @ Find the critical points of f.
3.5 @ Establish their nature (local extremum, saddle point, ...).
1 @ Show that the local minimums obtained are a global minimums for f.




Correction of exercise : 1

Scale
Let f be the function defined on R? by : f(zx, vy, 2) = ?(y + 1) — In(2y + z), and
the vector v(—1,1,1).
@ The directional derivative of f at point a(1,0,1) along the v direction is
tv) — 1—tt,14+1t)— £(1,0,1
08| Dus(a) = i T@F ) = F@) _ LA 1 1) - £(1,0,1)
0 ¢ tl_??)t—l— 1)
— lim(—1 — 2) _ Jim - _
_%1—1;%( 1-t+1t) %l—% t 8;
%(way’z) 2w(y + 1)
of 2 2
1 @ (a) We have, Vf(z,y,z) = 8—y(w,y,z) =| x 29+ 2
af 1
g(a% Y, Z) 2y_|_z
2
0.5 | Consequently, we obtain, V£(1,0,1) = | —1
—1
0.5 | So, we find, (Vf(a),v) =2x (=1)+ (-1) x1+(—-1) X1 = —4 = D, f(a).
0.5 (b) We know that df,(v) = Dy f(a). Then, df,(v) = —4.
0.5 @ As F(—1+h 14k, 141) = F(—1,1,1) + df 1 01 (hs ks 1) + o<||(h, k, l)||>, here
0.5 | (h,k,1) = (0.5,0,0.1). So,
f(_l +h,1+k, 1+ l) ~ .f(_l» 1, 1) + df(l,O,l)(ha k, l)a if ||(ha k, l)” — 0.
0.5 | As a result, we have,
£(=0.9,1,1.1) 2 —-In34+2x 0.1+ (—1) x 0+ (—=1) X 0.1 = 2.1 — In3 = 1.01.
Scale | | Correction of exercise 2:
€13 We study the continuity of the function f on (0, —1).
x = rcosb :r >0, 0€0, 27
0.5 (a) At the point (0, —1). We set :
y= —1+4 rsiné.
3x3y 3(r cos0)3(—1 + rsin )
0.5 | Then, |f(xz,y)| = ‘ 5 5| = ’ 5 ——~
24+ (y+1) (r cos 0)2 + (rsin )
= |37 cos®Osinf|| —1 4+ rsinf| < 3r(1+7r) = 0,
r—0
0.5 | hence lim f(x,y) =0= f(0,—1), i.e, f is continuous at the point (0, —1).

(z,y)—(0,—1)




o 0
€23 f is derivable at the point (0, —1) if only if af(O, —1) and af(O, —1) are exist. So,
T Yy
of f (=, —1) —f(0,-1)
1 @ 3(0 ,—1) _i 1 = lim (-3) = 3.
0 0,—1
—> 1 y+1 y——1
Thus, f is demvabkaatthe[xnnt(O,——l),and_‘7f(0,——1) = (—3,0).
{:3fisconﬁnuousEuuldeﬂvabk3onﬂ12\-{ﬂl-—1)},iUsparﬁaldeﬂvaﬁvesareconﬁnuou801
1 R?\ {(0, —1)} because they are quotients of continuous functions whose denominators do not
cancel. Then f is of class C*(IR? \ {(0, —1)}).
@ (a) f is not differentiable at the point (0, —1) if only if :
- f(0,—-1) — 0 0,—-1 —0) —0,f(0,—1 1
0.5 lim f(z,y) — £(0, ) 2 f (0, ) (z ) yf( s )(y +1) £ 0, or not existy.
(ac,y)—)(O,—l) \/mz + (y + 1)2
. f(way) _f(Oa_l) _8mf(07_1)w_ayf(oa_l)(y‘l‘l)
We have, lim
(z,y)—(0,~1) Vo2 + (y +1)2
, 3z3y + 3x3 + 3z(x? + (y + 1)?) . _
0.5 = lim 3 . By using polar coordinate, we have
(z,y)—=(0,—1) (2 + (y +1)2)2
3z3y + 323 + 3x(x? 1)2
0.5 ‘ 2y + 32” + 3w(a” + (3y+ ) )‘ = 37| cos® O sin 0| + 3| cos® 8] + 3| cos O sin? 6|
(22 + (y +1)?)>
e 3| cos® | + 3| cos @sin? @ , the limit depending to .
r
0.5 | Consequently, f is not differentiable at the point (0, —1).
0.5 (b) Since f is not differentiable in (0, —1), it is not of class C* at (0, —1).
It
Scale | | Exercise : 3 I
f defined on R? by : f(z,y) = z* — 222 + y2.
@ Let us calculate the critical points of f. We have
O f(xz,y) 423 — 4x
1 @ Vf(z,y) = = Vf(z,y) =
8yf(a’a y) 2y
4x(z®> —1) =0 r=0Vex=1Vz = —]
1 @So, Vf(z,y) = =
0 y=20 y=20
0.5 Tmeeﬂme,the(mhjcalpohmsare11<0,0>,13(1,0) and,C7<——1,0>.
@ Nature of critical points :
0%f 0%f
W(way) 910 (may)
0.5 (a) The hessian is given by Hy(z,y) = 02 f ngy
(CU, y) 7('733 y)

ox0y
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1222 —4 0
As a result, we find, Hy¢(z,y) =

0 2

@ The determinant of the Hessian matrix(Jacobian) at the point A(O, O) is

—4 0
‘Hf (O, O>‘ = = —8 < 0. Then, A(O, 0) is saddle point.
0o 2
8 0
(¢) For the point B(l,O), we have : ’Hf (1,0)‘ = =16 > 0.
0 2
0%f

Ag =2
Sc’):cz

(B) = 8 > 0, we have a local minimum at B(1,0).

8 0
@AtC(—l,O),wehave:‘Hf<—1,0)‘= = 16 > 0. Since
0 2

2 f

W(B) = 8 > 0, so, the point C(—1,0), is a local minimum.
x

@ Since f(1,0) = f(—1,0) = —1. So, we have
flz,y) — £(1,0) = (2® = 1) +9* > 0,

f(z,y) — f(—1,0) = (* — 1) +y*> > 0.

V(z,y) € R?:

Then, B(1,0) and C(—1,0) are a global minimums for f.

End
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