CHAPTER

Extrema of functions of several variables

This chapter is devoted to the study of extrema of scalar functions (in other words, functions
defined on R™ with values in R). We consider two types of extrema. Free extrema and bound (or
constrained) extrema. The terminology of "bound" (resp. free) extrema results from the presence
(resp. absence) of conditions introducing edges into the domain, called constraints.

In both cases, we can define what are called local (or relative) extrema and global (or absolute)
extrema. Let us recall that a maximum of the function f can be seen as a minimum of —f. Before
starting with the study of free extrema, it seems useful to make a reminder on quadratic forms.

6.1 Recalls

Let R™ have any norm ||cdot||. Let B : R™ x R™ — R be a symmetric bilinear function (in
other words for all x,y € R™, the applications of R™ — R defined by B(x,-): y — B(x,y) and
B(-,y): x — B(x,y) are linear, and it is symmetric if for any pair (x,y) € R™ x R™ we have

B(X)y) = B(U)X)

Definition 6.1 (Quadratic form). The quadratic form associated with the symmetric bilinear
form B is the application

q:R"—=R
x — B(x, x).

Proposition 6.1.

o A quadratic form on R™ is a homogeneous polynomial of degree 2, i.e., for all x =
(X1y...yXn) € R™ and for all t € R.

q(tx) = t*q(x).

o For all x,y € R™ and for all t € R we have

1

B(x,y) = 7 (qx+y) —q(x) —qly)).

Ainsi, la forme bilinéaire B est uniquement déterminée q, elle s’appelle la forme polaire de q.
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Example 6.1. The application
q:R*? >R
(x1,%2) — XF + %3

is a quadratic form of polar form

B:R?xR? 5 R
((x1,%2)y (Y1,Y2)) = X191 + X2Y2.

Definition 6.2 ((Matrix of quadratic form)). The matriz of a quadratic form q, in a B basis
of R™, is the matriz of the associated symmetric bilinear form (in the B basis).

Proposition 6.2. Let A = (ai;) be the matriz of the quadratic form q in a B basis of R™.
Then q s expressed matriz-wise as

Vx € R™, q(x) = "xAx.

in other words, of the form

n
q(X) = Z aﬁxiz + 2 Z CliniX)'.
i=1

1<i<jgn

Exemple 6.2.

Consider the quadratic form defined in R by

q(x,y,z) = x? — Zyz +322 — 6xy + 3xz + 2yz.

Then the matrix of q in the canonical basis of R? is

3

1T =3 7

A=1-3 =2 1
3

2 1 3

Definition 6.3. A quadratic form q on R™ is said to be
o positive definite if and only if for all x € R™ \ {Orn}, q(x) > 0.
o positive semi-definite if and only if for all x € R™, q(x) = 0.
» negative definite if and only if for all x € R™\ {Ogn}, q(x) < O.
o negative semi-definite if and only if for all x € R™, q(x) < 0.

o Indefinite if q is neither positive semidefinite nor negative semidefinite (i.e., if there
exists X,y € R™ such that q(x) >0 and q(y) < 0).

o elliptic on R™ if and only if there exists a > 0, such that

vx € R™, q(x) > aljx||%.




CHAPTER 6. EXTREMA OF FUNCTIONS OF SEVERAL VARIABLES 6.1. RECALLS

< m‘?(.\g =
Remark 6.1. Let A € M,,(R) be a symmetric matriz and q be its associated quadratic form
(i.e., ¥x € R™ q(x) = "xAx). Then A is positive definite (resp. positive semidefinite, negative
definite, negative semidefinite) if and only if q is.

Remark 6.2. A real symmetric matriz A is negative definite (resp. negative semidefinite) if
and only if its opposite —A (also symmetric) is positive definite (resp. positive semidefinite).

Remark 6.3. Let A € M, (R) be a real symmetric matriz. Then the eigenvalues A1y A2y ...y An
of A are real. Let sp(A) = A1, Aa,..., Ay be the spectrum of the matriz A.

« A is positive definite <= sp(A) C R7.

A is positive semi-definite <= sp(A) C R,.

o A is negative definite <= sp(A) C R*.
e A is negative semi-definite <= sp(A) C R_.
The following criteria are useful in determining whether a quadratic form is positive definite.

Proposition 6.3. Let q be the quadratic form on R™ with matriz A = (aij)i1<i,j<n. The
following assertions are equivalent

o The quadratic form q is positive definite.
o The matriz A is positive definite.
o The eigenvalues of A are all strictly positive.

o All principal minors of A are strictly positive.

Example 6.2. The real symmetric matriz

2 -1 0
A=1|-1 2 =1
o —1 2
We have
2
A1:|2|:2>O, Ay = =5>0, Agzdet(A):4>O,
-1 2

So the prime minors of A are all positive, so it is positive definite.

Example 6.3. We define

4 -2 =2
A=|-2 4 =2
2 -2 4

We have
det(A —AI) = —A(A — 6)?,
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so two (real) eigenvalues: Ay = 6 and Ay = 0. Thus, A is not positive definite (it is positive
semi-definite).

Definition 6.4. Let f be a function from Q C R™ to R. We say that

o f admits a global maximum (resp. minimum) in a € Q if

Vx € Q, f(x) < f(a) (resp. f(x) > f(a)).

o f admits a local maximum (resp. minimum) in a € Q if there exists a neighborhood V
of a in R™ such that

vx e QNYV, f(x) < f(a) (resp. f(x) = f(a)).

o An extremum 1S a marimum or a MINUMumM.

Y

maximum global

.. A .
minimums locaux < l maximums locaux
|
|

Fig. 6.1 . Maximum and minimum of a function

Remark 6.4. [t is clear that, if f admits in a a global maximum (resp. minimum), then f
admits in a a local maximum (resp. minimum,).

The following result gives a sufficient condition for the existence of a global minimum and
maximum.

then f admits a global maximum and a global minimum reached at least once, in other
words there exists x;n, xm € Q such that

Vx € Q, f(xm) < f(x) < f(xm)-

Remark 6.5. If q is a quadratic form on R™ associated with a symmetric matriz A then ¢

‘ | Theorem 1 [(Weierstrass’s theorem)| If O C R™ is compact and if f is continuous,
I has a mazimum and a minimum on the bounded closed ball with center O and radius 1.

Proposition 6.4. If q is a quadratic form on R™ associated with a symmetric matriz A then
vx € R™, aflx||? < q(x) < Bllx[|?

where o« = min(sp(A)) and p = max(sp(A)).

Proof. The matrix A is real symmetric so it is diagonalizable in an orthonormal basis. Let us
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denote A7 < Ay <... < Ay, the eigenvalues of A. We have

A =PDP’
where P is an orthogonal matrix and D a diagonal matrix
q(x) =x"PDP"x = (Px) 'D(Px) = x'"Dx/,

with x* = P"x of components (x,...,x.). Then,

q(x) - Z)\ixilz)
i=1
S0,
MIx]1? < gx) < Anllx]?

We note that
HX’HZ =x""x'=x"PTPx=x"x = HXHZ

6.2 Extrema libres

In this section we study the extrema of a function on an open.

Definition 6.5 ((Critical point)). Let Q be an open of R™ and f: Q — R a differentiable
application in a € Q. We say that a is a critical point of f if all the first partial derivatives of
f cancel out at a (or equivalently, if Vf =0 the differential of f cancels out at a).

Example 6.4. Consider the function
f: R =R
(x,y) = xy — xy? + x%y.

Let’s search for the critical points of f, which means the pairs (x,y) such that

of
%—,%(Xay) =0 {yﬂ —y+2x) =0

el — x(T—2y+x) =0
o (x,y) =0

x=0 x=0 x =—1 1—y+2x=0
or or or
y=0 y=1 y=0 1-2y+x=0
By solving the last linear system, we obtain that f admits four critical points which are (0,0),

(0,1), (—1,0) and (—%,%)

Thus,

In the following, we will give a necessary condition for the existence of local extrema.
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Theorem 2 (Condition nécessaire d’extremum local) Let Q be an open of R™
and f: (O — R an application differentiable at a € Q. If f admits a local extremum
in a then d,f =0 (in other words, a is a critical point), which amounts to saying that

of
aXi

vie{l,...,n}, (a) =0. (6.1)

Proof. Without loss of generality, suppose that f admits a local maximum in a. then there exists
an open neighbourhood V of a in Q such that

vx eV, f(x)<f(a).

Let be the function of one variable g(t) = f(a + th). Then for h sufficiently small, a +th € V
so that

g(t) < g(0).

Thus g has a local maximum at 0, so its derivative at O is zero. Using the chain derivation rule,
for any sufficiently small h we obtain :

9'(0) = daf(h) =0,

which is equivalent to saying that d,f = 0. O]

Remark 6.6. The necessary condition (6.1) only concerns differentiable functions defined on
an open set. However, we can have a local extremum where the function is not differentiable,
whether or not it is defined on an open set.

Example 6.5.

The function f: R? — R defined by
fx,y) = Xl + Iyl
has a global minimum at (0,0). Indeed

V(x,y) € R%,  f(x,y) = 0= f(0,0).

However, the function is not differentiable at

0,0).
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The reciprocal of the previous theorem is false.
A critical point may not be an extremum. In
this case, it is said to be a saddle point or a Col
point. For example for the function defined on
R by f(x) = x>, the point a = 0 is a critical 0 X
point of f)sincef’(0) = 0, but f does not admit
a local extremum at 0.

The open (Q assumption is essential. For
example, the function f(x) = x* has two global
maxima on the closed interval [—2,2] at —2 and

at 2, and yet these points are not critical points
since f'(2) =4 and f'(—2) = —4.

The determination of the local extrema begins with the search for points that cancel the
gradient. This will not be sufficient, but it will allow us to reduce the set of possibilities and to
proceed to the second step, which involves the development limited to the order 2.

Recall that if f: Q — R is a function differentiable twice on an open Q C R™ and a € Q is a
critical point of f. Then the Taylor-Young expansion of order 2 in the neighbourhood of a is

f(a+h) =f(a) + %dﬁf(h, h) + |[h|*e(h)

] & 0°f 2
— f(a) + 5 Z Z Sidx, (a)hih; + [[h]*e(h)

i=1 j=1

= () + 30 He(a)h + [ 2e(n),

h—0
symmetrical.

0% f
where lim ¢(h) =0 and H¢(a) = ( (a)) is the Hessian matrix of f in a which is
1<i,j<n




CHAPTER 6. EXTREMA OF FUNCTIONS OF SEVERAL VARIABLES 6.2. EXTREMA LIBRES

AT <

~-
Theorem 3 [(Necessary condition for local extremum)]
Let f: Q — R be a two differentiable application on an open Q C R™ and a € Q a

critical point of f. Let g be the quadratic form defined on R™ by

Vh=(h;,...,ha) €R", qh)=) > -(a)hihy.

« If q is positive, then f has a local minimum in a.
o If g is negative, then f has a local maximum in a.
« If g is indefinite, then f has no extremum at a.

o If q is positive semidefinite (or negative semidefinite) such that there exists h € R™
nonzero such that q(h) = 0, then this theorem does not allow us to conclude.

Proof. According to the Taylor-Young formula of order 2 and since a is a critical point of f, we
have,

fla+h) — () = 3q(h) + [ %e(h)

» Suppose q is positive definite. By proposition 6.4, we have
1
fla+ 1) = fla) > sa|n| + [[h|e(h),

where o« = min(sp(H¢(a))) > 0. Since }llin% €(h) = 0, then there exists 1 > 0 such that
—
B(a,n) € Q and that
Vh € B(a)n)> |€(h)’ g - X%,

and we conclude

1
fla+h) —f(a) > zafh[*. > 0
This shows that f admits a local minimum in a.

» Suppose ( is negative definite. By proposition 6.4, we have,
1
fla+h) —f(a) < 5B|M[* + [[h[*e(h),

where 3 = max(sp(H¢(a))) < 0. Since }llin%) e(h) = 0, then there exists n > 0 such that
%

B(a,n) C Q and that

1
Vh € B(a,n), le(h)| < ZB’

and we conclude :
fla+h) —f(a) < 1—1[3|\h||2 <0.

This shows that f has a local maximum at a.
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» Suppose q is undefined. There exist x,y € R™ such that q(x) > 0 and q(y) < 0.

1
~A—0 %Azq (x)

fla+Ay) —f(a) = EAZCI(U) + A ly[[Ze(A) ~am0 27\2(5](9)-

fa+Ax) — fla) = 2A2q(x) + A x| %e(A)

Which shows that, on any neighborhood of a, f takes values less than f(a) and values
greater than f(a). We conclude that f does not admit a local extremum in a.

]

Remark 6.7. If q is positive semi-definite (or negative semi-definite) such that there exists
h € R™ non-zero such that q(h) = 0, then we cannot conclude anything directly. We then
return to the definition by studying the sign of f(x) — f(a) in the neighborhood of a.

Example 6.6. The point (0,0) is a critical point of the function f defined on R* by

f(x,y) = x* — 2xy +y* +x* +y*.

In effect,

%(X,y) = 2x — 2y + 43 %(0,0) =0

=

— = —2x+ 2y + &3

ay(x,y) X+ 2y +4y ay(OO) 0

We have,

(0%f 02f
ﬁ(x,y)=2+12x2 3 =—>(0,0) =2
a)ﬁf 2 a§f
S (xy) =2+ 12y — {35000 =2
Bt Bt
— =2 —2

L 0xdy bey) 0xdy ooy O =

The quadratic form
q(hi,hy) = 2hf —4hyhy +2h3 = 2(hy —hy)? > 0.

is positive semi-definite with q(hy,hy) =0 for all hy € R, and f admits a local minimum at
(0,0), indeed
Viy) € R?, - flxy) = £(0,0) = (x —y)* +x" +y* > 0.

Example 6.7. The point (0,0) is a critical point of the function f defined on R? by

f(x,y) = x? — 2xy +y2 —x4 —y4.

Indeed,
3 of
x =2x — 2y —4x —X(O,O) =0
% (x,y) = —2x + 2y — 4y° - &(0 0)=0
oy oy’
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We have,

(0%f (0°f

5 (x xy) =2 —12x* ~—(0,0)=2

9y 9y

ﬂ(x )=2—-12y* — a]C(OO) 2

ayz )y - y ayz

a—Zf(x ) =-2 o°f —(0,0) =2

xdy P T [ 9xdy

The quadratic form
q(hi,h2) = 2hi —4hihy +2h3 = 2(hy —hy)? > 0.

is positive semi-definite with q(hy,hy) = 0 for all hy € R, and f does not admit a local
extremum at (0,0), indeed

Vx € R*,  f(x,—x)—f(0,0) = —2x* < 0.
Vx €] —V2,V2[, f(x,—x)—f(0,0) = 2x*(2 —x?) > 0.

The following corollary provides the equivalent sufficient conditions of local extremum depending
on the sign of the eigenvalues of the Hessian matrix at a critical point.

Theorem 4 Let f: Q — R be a two-differentiable application on an open Q C R™
and a € Q be a critical point of f. Let H¢(a) be the Hessian matrix of f at a.
» If the eigenvalues of H¢(a) are strictly positive, then f has a local minimum at

point a.

» If the eigenvalues of H¢(a) are strictly negative, then f has a local maximum at
point a.

» If H¢(a) has at least one strictly positive eigenvalue and one strictly negative
eigenvalue, then f has neither a maximum nor a local minimum at point a (a is a
saddle point).

» If all the eigenvalues of H¢(a) have the same sign and if 0 is an eigenvalue, this
theorem does not allow us to conclude.

Example 6.8. We consider the function

f:R® —» R
(x,y,z) — 4x? +y? +32% —dxz —2yz —4x + 2.

Let’s look for the critical points of f, i.e., the triplets (the coordinates) (x,y,z) such that,

of
%b"y’z):o 8x —4z—4 =0
3 —(xy,z) =0 <= <2y—2z=0
0 6z—4x —2y =0
= (xy,2) =0 i

By solving the linear system, we obtain that f has a single critical point which is a = (1,1,1).
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The Hessitan matriz of f in a is

8 0 —4
Hf(]>]>]): 0 2 =21,
4 -2 6

whose characteristic polynomial
P(A) =det(He(1,1,1) —=AI) = (4 — A) (A2 — 122 + 8),
Thus, the eigenvalues of He(1,1,1) are all strictly positive:
4, 6+2V7, 6-2V7,
and therefore f has a local minimum at (1,1,1), this minimum being worth f(1,1,1) = 0.

Example 6.9. Consider the function
f:R> =R

1,
(x,y,z) — Ex +xyz—z+y.

Search for the critical points of f, namely, the triplets (x,y,z) such that

of

ﬁ(x,y,z)—o x+yz=0
a—(x,y,z)zO — (xx+1=0
6? xy—1=0
a—Z(XﬂJ’Z) =0

Solving the system, we obtain that f has a single critical point which is a = (1,1,—1). The
Hessian matriz of f at a is

T zy T =1 1
He(x,y,2) =]z 0 x| = H:(1,1,-1)=|-1 0o 1],
y x 0 1 1 0

which has a characteristic polynomaial,
Thus, the matriz He(1,1,1) has two positive eigenvalues, and one negative.

1, V3, —V3.

So it’s neither a mazximum nor a minimum, it’s a saddle point.
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6.2.1 Two-variable function case
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Theorem 5 Let f: Q — R be a two differentiable application on an open Q C R? and
a € Q a critical point of f. We note
0%f 0%f
22 Y ey
H¢(a) = 2 2 Y ’
o-f (a) o-f (a)
ox0y dy?
the Hessian matrix of f at a.
det(H¢(a)) >0
0 Si o%f then f has a local minimum at a.
m(a) >0,
i Yy
Q
det(H¢(a)) >0
0 Si 02f alors f admet un maximum local en a.
W(a) <0,
f(a)
[©) Y

® Si det(Hf(a)) < 0, alors f n’admet pas dextremum local en
a. Dans ce cas, on dit que f admet un point-selle en a.

X

O If det(H¢(a)) =0, we cannot conclude a priori.
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Example 6.10. Consider the function

f:R? =R
(x,y) = x> +y° —6(x* —y?).

f is of class C* in its domain of definition, the open. Let’s look for the critical points of f, in
other words the pairs (x,y) such that

of
§(X»U)—0 — {3x2(x—4)—o
é(x,y)—O 3yly +4) =0

By solving the system, we obtain that f has four critical points which are
(0)0)3 (O’ _4)> (4)0)) (4» _4)
Let us look for the nature of these critical points, the Hessian matriz of f at (x,y) is

6(x —2) 0
0 6(y+2)

Hf(X,U) =

o det(H¢(0,0)) <0 so (0,0) is a saddle point.
2

o det(H¢(0,—4)) > 0 and S—XE(O, —4) < 0 so (0,—4) is a local maximum for f.

0°f
o det(H¢(4,0)) >0 and WM’O) >0 so (4,0) is a local minimum for f.

o det(H¢(4,—4)) < 0 so (0,0) is a saddle point.

Example 6.11. We consider the function
f: R - R
(% y) = xt +yt =47 —y?).

f is of class C% in its domain of definition, the open set. Let us look for the critical points of
f, that is to say the pairs (x,y) such that

of
%—(x,y)zo {4(x3—2x+2y):0

o _ 4(4° +2x —2y) =0
oy (x,y) =0

By solving the system, we obtain that f admits three critical points which are
(030)» (2) _2)) (_2)2)
Research the nature of these critical points; the Hessian matriz of f in (x,y) is

12x*> — 8 8

Hf(x)y): 5
8§  12y2-8
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tial?f
e det(H(2,—2)) = 1536 > 0 and ]%(z, —2) = 40 > 0 so (2,—2) is a local
minimum for f.
0°f . "
o det(H¢(—2,2)) =1536 > 0 and m(—Z,Z) =40 > 0 so, (—2,2) is a local minimum for

f.

o det(H¢(0,0)) = 0, we cannot conclude using the Hessian matriz. To determine the nature
of the point (0,0) we study the sign of 6(x,y) = f(x,y) — f(0,0) for (x,y) neighbours of
(0,0)

S(xy) =x* +y* —4(x —y)*.

since 8(x,y) = x*(x* —4) < 0 when x is neighbouring 0 (e.g. x €1 —2,2[) but 8(x,x) = 2x* > 0,
then (0,0) is a saddle point. Note that we can rewrite the function f in the form

2

V(x,y) € R2 f(xy) = (x> —4)2 + (y? —4)* +4(x +y)* — 32.
Since (2, —2) = f(—2,2) = —32, then the points (2, — 2) and (—2,2) are global minima.
We can also give a result on the global extrema

Proposition 6.5. Let f : R™ — R be a continuous function such that lim f(x) = 4oo,

[|x]|—+o00
that 1is,
VA > 0,3B > 0,Vx € R™, (||x|]| > B = f(x) > A).

Then f has a global minimum.
Example 6.12. Returning to example 6.10, we can see that
f(x,0) = x> —6x — +00, X — 400,

f is neither upper bound nor lower bound. We conclude that f does not admit a global extremum.

6.2.2 Extrema liés

The results obtained in the previous section are very strong, but they cannot be applied to solve
all the problems encountered. Indeed, the extrema can belong either to the open set Q = Q\ 0Q
or to the boundary 9Q). The question of the existence of extrema on the boundary of the domain
has led to a discrimination between free and bound extrema. It is emphasized that the boundary
can be represented by an equality g(x) =0 where g = (g1,...,gm): Q C R™ - R™,

6.2.2.1 Problem position
Let f and gq,..., gm be real-valued functions of class C' on an open Q of R™. We assume,
A={xeQ:gj(x)=0,j=1,...,m}L
Definition 6.6. The function f, admits at a € A a bound mazimum (resp. a bound minimum,)

under the constraints gi(x) = 0,g92(x) = 0,...,gm(x) = 0, if at this point it admits a free
mazximum (resp. a free minimum) in the set A.
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Maximum libre
Z= f(x,y)

Maximum lié

ensemble A

\

6.3 Related Extrema

The following example shows that when the constraint takes a relatively simple form, we can
reduce ourselves to the search for free extrema on an open R™ ™ by substituting the constraint

in the expression of f.

Example 6.13. Let f: R?> — R be defined by f(x,y) = 2x —y. Let’s try to find the extrema
of £ under the constraint g(x,y) =y —x* = 0. This is equivalent to finding the extrema of the
restriction of f to the parabola of equation f aty = x*. Let’s put

F(x) = f(x,x%) = 2x — x>.
Let us find the extrema of F on R. We have
Vx € R, F/(x) =2 — 2x.
We have F(x) = 0 if and only if x = 1. And since,
F'(1) =-2<0,

then F admits a global maximum at x = 1. Therefore f admits a global mazimum under the
constraint g(x,y) = 0 at the point (1,1).

Remark 6.8. The set A consists of the intersection of m hypersurfaces of R™. Consequently,
for m > 1, it may contain too few points. This is why, in practice, it is rare to have the
number of constraints greater than or equal to the number of variables, so the condition m <n
will always be imposed.
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6.3.1 Necessary condition and Lagrange’s theorem

The following Lagrange theorem is a necessary condition for the existence of extrema with equality
constraints.

Theorem 6 [(Lagrange’s theorem)| Let Q) be a non-empty open set of R™, T <m <n
and f, g1,...,gm € C'(Q). We assume that,
O f admits at a = (ay,...,a,) a related(bound or linked) extremum under the

91(X):O>'°°agm(x):0-

® The vectors Vgj(a), j = 1,...,m are linearly independent (in this case the

constraints
Jacobian matrix 9; (a) est de rang m).
aXi 1j<m
1<ign

Then there exist A1,...,An € R™, called Lagrange multipliers, such that
m
Vi(a) =—) AVgi(a). (6.2)
j=1

This means that at point a the gradient Vf(a) is a linear combination of the gradients
of the constraints Vgj(a),j=1,...,m.

6.3.2 Geometric interpretation

In the case n =2 and m = 1 (two variables and one constraint), condition (6.2) is written as
follows

JA € R, Vf(a) = —AVg(a).

This means that, in the R? plane, the level curve f(x,y) = f(a;,a,) and the curve g(x,y) = 0
have a common tangent at the point a = (aj, a;).

Definition 6.7. A point a € A such that

99;
r a))]=m
¢(5210)) =m.
is called the reqular point of the constraints. Non-regular points of A, known as singular points,
are retained a priori as candidates for related extrema.

Lagrange’s theorem only allows us to find candidate bound extrema of f, but does not allow
us to determine their nature. The condition (6.2) can be seen as a necessary condition for the
existence of free extrema for the function of n + m variables called the Lagrangian function (or
the Lagrangian) defined as follows

L: OxR™ =R

(% A) = L, A) = f(x) + > Ajg5(x),
j=1

ou A= (A1,...,An) € R™. The result of the previous theorem can be expressed as,
oL oL

A e R™: V L(a,A) =0 with ViL(x,A) = [ =—(x,A)y ..., —(x,A) ] .
0X1 0xXn
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Partial derivatives with respect to the A; do not appear in this notation. The condition

L
VaL(a,A) = 0 is always verified since — . ~—— (%, A) = gj(x) = 0. The solutions (x,A) of the system

V. L(x,A) = 0 are called critical points of the Lagrangian. Lagrange’s theorem can be
reformulated in the following form

Theorem 7 Let Q be a non-empty open set of R, T < m <n and f,g7,...,gm €
If f admits, at the regular point a, an extremum linked under the constramts
-y gm(x) =0, then
A eR™:VL(a,A) =0.

6.3.3 Second order conditions

The second-order conditions for determining whether it is a maximum or a minimum rely on the
computation of the minors of the bordered Hessian matrix introduced in the following definition.

Definition 6.8 ((The Bordered Hessian Matrix)). If the Lagrangian L is of class C*, we
define the bordered Hessian matriz (the Hessian matriz of L) by

_ 3 3 i
0 0 0 SCLNPN AN
8X1 gxn
92 g2
0 0 0
am( a) axn( a)
0gm 0gm
H— 0 0 0 ai’“ () - %(Q)
691 691 691 aZL azL
o, (a) axz(a) axn(a) ox Z(Cl A) e axn(a’}\)
agnL agnL agn1 92L %L
| 0%, ¢ 0% (a) - O0Xn ¢ OXn X1 (a,A) - axi(a’M i

Let H, be the primary principal submatrix of order m +p of H (1 < p < n), that is, the
submatrix obtained by keeping only the first m + p rows and the m + p columns of H. The
sufficient condition for the existence of an extremum is given in the following result

and f,g1,...,gm € C?(Q). If (a,A) € R™ x R™ is a critical point of the Lagranglan L,
then

@ If (—1)™det(H,) > 0 for p = m+1,...,n, then f admits a local minimum bound
at a.

® If (1) det(H,) > 0 forp = m+1,...,n, then f admits a related local maximum

Theorem 8 [(Suﬂiment conditions)] Let Q be a convex open set of R™, 1 <m <n
at a.
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6.3.4 Case of a function of two variables (n =2 and m = 1)

Let Q be a non-empty open of R? and f,g € C*(Q). The aim is to find the extrema of f under
the constraint g(x,y) = 0. We have the Lagrangian

L(x,y,A) = f(x,y) + Ag(x,y).
Let (a,b) € Q such that g(a,b) =0. If Vg(a,b) # 0, then
JA € R, VL(a,b,A) = Vf(a,b) + AVg(a,b) =0.

thus (a,b,A) is a critic of the Lagrangian L. To determine whether this is a maximum or a
minimum, we introduce the Bordered Hessian matrix,

[ 2L 92L 92L i
a—)\zz(chbﬂ\) @(a,b,?\) axz—ay(“’b’)‘)
0L 0L 0L

H= m(a)b>)\) W(aabﬂ\) m(%b»)\)
0%L 0%L %L
m(%bJ\) w(a»bﬂ\) ﬁ(a,bﬂ\)

i ) : o
0 F(a,b) F(a,b)

o o
dg 921 221
0 0L 0L
%(avb) M(aa ) ) ayz(aabv)\)

In this case, the sufficient condition for the existence of an extremum can be reduced to the
following statement

O If det(H) < 0, then f has a local minimum bound in (a,b).
@ If det(H) > 0, then f admits a local maximum bound in (a,b).

® If det(H) = 0, we cannot conclude anything.

Example 6.14. We are searching for the extrema of the function f:R? — R defined by
f(X, U) =X+VY,

under the constraint x> +y*> = 2. Let’s start by studying the level curves of f and their
intersections with the graph of the constraint

0 f(x,y) =k <y =k —x, the level curves of f are parallel lines with slope —1.

® X% +y? =2 is the equation of the circle with centre (0,0) and radius V2.

O the level curves of f which are tangent to the constraint are the straight linesy = —x — 2
andy = —x + 2 at the points (1,1) and (—1,—1) respectively.

O By examining the direction of growth of f along the constraint, we deduce that f admits,
under the constraint g(x,y) = x* +y* —2 =0, a mazimum at (1,1) and a minimum at

(—1,—1).
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We apply Lagrange’s method to find the results obtained graphically. The Lagrangian in this
case is defined by

L:RPxR =R
(x,4,A) = L(x,y,A) = f(x,y) + Ag(x,y) =x +y + A (x* +y*—2),

We are looking for the critical points of L:

0 14+2Ax =0
VLx,y,A)=| 0 | = T+2\y =0
0 x> +y?—2=0

— (Xaya}\) S {(1313_%) ) (_L_]»%)}

To determine whether it is a maximum or a minimum, we consider the bordered Hessian matrix

— ag ag —
0 —(a,b —(a,b
ax(a’ ) ay(a’ ) 0 2x 2y
dg 0°L 0%L
H = H(x,y,A) = a_x(a’b) @(%bﬂ\) @(&bQ\) =|2x 22 0
99 0°L 0°L 2y 0 2\
_@(Chb) m(aabJ\) @(aab>)\)_ Y
We have,
o -2 -2
1
det(H(—L—],z)): -2 1 0|=-8<0.
-2 0 1

So f admits, under the constraint g(x,y) = x* +y> —2 =0 a global minimum at (—1,—1).

For the second critical point, we have

0 2 2
a(n(11-1)) =2 o o] =550
2 0 -1

So f admits, under the constraint g(x,y) = x* +y%? —2 = 0 a global maximum at (1,1).

Case of a function of three variables and a single constraint(n =3and m = 1)

Let Q be a non-empty open set of R® and f,g € €*(Q). The goal is to find the extrema of f
under the constraint g(x,y,z) = 0. We have the Lagrangian

L(x,u,2,A) = f(x,y,2) + Ag(x, Y, 2).
Let (a,b,c) € Q be such that g(a,b,c) =0.1f Vg(a, b, c) # 0, then

A € R, VL(a,b,c,A) = Vf(a,b,c) +AVg(a,b,c) =0.
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To determine the nature of the critical point (a,b,c,A), consider the bordered Hessian matrix

0°L 0L 0°L 0°L |
W(a)b>c>7\) W( ,b,C,)\) m(chl)»(:)}\) oAz (Cl b C, }\)
0°L 0%L 0%L 0%L

"o @(a,b,cﬂ\) d zz(aab c }\) aé(—a(a,b)c,}\) aXZaZ(a)b c }\)

- 0L 0°L 0L 0°L

3 a}\(a b,c,A) 3 ax(a b,c,A) ﬁ(a,b,c,A) 3 aZ(a,b,c,?\)
E;JZL E;JZL E;JZL ayL
m(a,b,c,)\) 320x (Cl b C, )\) W(a,b,cﬂ\) oz Z(a b c, A)

B 0 0 0 7
0 Slabe)  (abye) S(a,byc)
> 2 2L 2L
B %( ,b,C) @(aab)ca)\) axzay(a)b’C)A) aXzaZ(a)b)C)}\)
10 0-L 0-L 0-L
solabe) s=—(abe ) Zo(abeN]  5o—(abe)
% 5L oL 2L
i a_g(CL)b)C) azax(a>bvc’7\) 029 (a»b)CJ\) a_Zz(a»b)c»A) |

In this case, the sufficient condition for the existence of an extremum can be reduced to the
following statement

O If det(H) < 0 and det (H;) < 0, then f admits a local minimum related at (a,b,c).
@ If det(H) < 0 and det (H,) > 0, then f admits a local maximum bound at (a, b, c).
Example 6.15. Among the parallelepipeds of surface S = 24, which ones have a mazimum

volume 7 Let x,y,z be the lengths of the sides of the parallelepiped, its surface is S = 2(xy +
yz + xz) and its volume is xyz. So it’s about maximization of function

f: (R)®> >R
(x,y,2) — f(x,y,2) = xyz,
sous la contrainte g(x,y,z) = 2(xy +yz + xz) —24 = 0.
L: (R7)°xR—R
(x,y,z,A) — L(x,y,2,A) = f(x,y,2) + Ag(x, Y, z) = xyz + A(2xy + 2yz + 2xz — 24).

We are looking for the critical points of L :

L N )
%(XJJ’Z, ) O yz+)\(2y+zz) :O
_(X>yal)}\) 0 Xz + }\(ZX +ZZ) -0
L el B B
g_(X)y’Z)}\) 0 xy +A(2x 4+ 2y) =0
E(X>y»2)}\) 0 2xy + 2yz + 2xz — 24 = 0.

A

1
The only solution is the point (x,y,z,A) = (2,2,2, — Z) . To determine the nature of this
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critical point, let’s calculate the bordered Hessian matriz H;
0 2y+2z 2x+2z 2x+2y
2y+2z 0 z+2N  y+2A
H = H(X>U»Z)}\) =
2x+2z z+2A 0 X+ 2A
2x+2y y+2A2 x+2A 0
Since
0 8 8 8
-1 8§ 011
det [ H | 2,2,2, — = =—-192 <0,
2 8101
8§ 1T 10
and
0 8 8
det(Hz(222 ;)): 8 0 1|=128>0.
8§ 1 0

We conclude that f has a bound mazimum at (2,2,2),

parallelepiped of maximum volume is the cube of side 2.

i.e., under the constraint S = 24, the

Case of a function of three variables and two constraints (n =3 and m =2)

Let Q be a non-empty open of R and f, g,h € €%(Q). The aim is to find the extrema of f under
the constraints g(x,y,z) = 0 and h(x,y,z) = 0. We have the Lagrangian

L(x,y,2z,A) = f(x,y,2) + Ag(x,y,2) + ph(x,y,y) = 0.

Let (a,b,c) € Q suth that g(a,b,c) =0 and h(a,b,c) =0. If

then,

J(A, u) € R%, VL(a,b,c,A)

of
0x
oh
ox

rg

(a,b,c)

(a,b,c)

of of

@(a)bac) &(a)b>c) )
0 oh -
a(a)bﬁ:) a_z(a’bac)

= Vf(a,b,c) +AVg(a,b,c) + uVh(a,b,c) =0.

To determine the nature of the critical point (a, b, c, A, ), consider the bordered Hessian matrix

a)\z(

a,b,c, A, 1)

2L

2305 (@ by C A 1) 2—(a,b,c, A\, ) Q(a b, c, A\, 1) aa;aLZ(a,b,c A1
) ?(a,b,c,k, 1) aauax(a b,c, A, 1) auay(a b,c, A, 1) :aL (a,b,c,\, 1t
) aizaLu(a,b,c,A, n) axz(ct b,c, A, 1) axay(a>b cy A, 1) aa;aLz(a,b,c A,
) azzaLu(a b,c, A\, 1) ayax(a b,c, A\, 1) w(a,b,c,)\, ) aa;aLz(a,b,c A
) 6zau(a b,c, A, 1) m(a,b,c,?\, w) %(a,b,c,%, w) %(a,b,c,?\,p
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0 0 a_i(a)b)C)A) FL) %(a)b>c)}\) PL) _Z(a)bvc)}\) FL)
oh 0 oh
0 0 d (Cl b ¢ }\» FL) a—((l,b,C,)\, PL) a_(aab)ca}\> H)
27?_ 62131_ 827?_
0 oh 0
H= —g(a,b,c,7\, FL) _(a)b)c>)\) FL) (a)b Cy 7\3 FL) (a)b Cy 7\) FL) (a>b C, A) M)
0x 0x 3( axza 0x 26
0 h 0L 0L 0L
£(aab>ca}\) H) @(G,b,C,)\, H) ayza ((1 b Cy }\> IJ') @(G)bﬂ:a}\) H) ayzaz(aab>ca7\» H)
0 oh 0°L 0-L 0°L
aZ(a)b Cy 7\) PL) a_Z(a,b)C)}\, li) dz0x (Cl b ¢, }\) li) dz ay(avb C>7\» li) dz Z(Q)b Cy }\) FL)

In this case, the sufficient condition for the existence of an extremum is reduced to the following
statement

O If det(H) > 0, then f admits a local minimum bound at (a, b, c).
@ If det(H) < 0, then f has a local maximum bound at (a,b,c).
Example 6.16. Let us find the extrema of the function f(x,y,z) = 3x —y — 3z under

the constraints x +y —z = 0 and x> + 2z*> = 6. Let us set g(x,y,z) = x +y — z and
h(x,y,z) = x* 4+ 22> — 6. In this case, the Lagrangian is given by

L%y, z, A\, ) =3x —y —3z+ A(x +y —z) + u(x? +22° — 6).
We are searching for the critical points of L :
_L(X’U’Z’)\’ ) 34+ A+ 2ux 0
PRI 142 0
VL(x,y,z, A, 1) = 9 (xyyz, A1) | = | -3—A+4uz| =10
8 — (X%, Y, Z, A, 1) X+y—z 0
%x,y,z,x, W] \¥FE—e)

After solving the system, we find,

(X,y,Z,}\, H) € {(_2>3>]>])])> (23_3>_1»1»_”}-
The bordered Hessian matriz is
(0 0 1 1 —1]
0 0 2x 0 4z
H:H(X)U)Z>)\) w=11 2x 2u 0 0
1 O 0 0 O
—1 4z 0 0 4pu
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We have,
o 0 1 1 —1 o 0 1 1 —1
0 0 —4 0 4 0 0 —4 0 4
det(H(—2,3,1,1,1)) =1 —4 2 0 0|=|1 —4 2 0 0[|=9>0,
1 0 0 0 0 1. 0 0 0 0
-1 4 0 0 4 —1 4 0 0 4

o 0 1 1 -1
0 0 4 0 —4
det(H(2,-3,~1,1,-1))=|1 4 —2 0 0|=-96<0,
1. 0 0 0 0
—1 -4 0 0 —4

So f has a bound local mazximum at (2,—3,—1).
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