CHAPTER

Fundamental theorems of differential calculus

In this chapter we will focus on three important theorems, the local inversion theorem, the
implicit function theorem and the finite increment theorem. These theorems are fundamental in
the study of functions of several variables. Let us begin by defining the notion of diffeomorphism.

5.1 Difféomorphismes

Let f: R — R be a function of class C', such that f'(a) # 0, then there exists an open interval
I, containing a, where f’ keeps a constant sign. Thus f is strictly monotone on I and performs a
bijection from I to the open interval ] = f(I). Moreover the reciprocal function f~': ] — I is of
class C! in J and that for all x € I:

It is this result that we want to generalize in higher dimension, for this we need the following
definitions and results. In this section E and F denote two Banach spaces.

linear application. Then f is an open application, that is, the direct image of any open
subset of E by f is an open subset of F.

| I Theorem 1 [(Open application theorem)| Let f: E — F be a continuous surjective

Corollary 5.1. Let f be a linear, continuous and bijective application of E onto F. Then !
is continuous from F into E.

Definition 5.1 ((Isomorphism of Banac spaces)). A continuous linear application f from E
to F, is an isomorphism from E to F if, and only if, f is bijective. (By the previous corollary,
=1 also belongs to L(E;F) ). When such an application exists, we say that E and F are
isomorphic. The set of isomorphisms from E to F is denoted Isom(E,F). If E = F, we simply
denote Isom(E) instead of Isom(E, E).

Properties 5.1. In finite dimension, any linear application f: E — F is continuous, so two
isomorphic spaces are of the same dimension, and conversely two spaces of the same dimension

are isomorphic.

Example 5.1. The continuous linear application f : R* — R? defined by f(x,y) = (2x +
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Yy, X —Y) is an isomorphism. Indeed

(x,y) € kerf «<—= f(x,y) = (0,0)

2 =0
— { X+y

=T = (xyy) =(0,0).
x—y=20

Ainsi ker f ={(0,0)} et donc f est injective. De plus, The rank theorem therefore affirms that
rg(f) = 2. Since Im(f) C R?, we necessarily have that Im(f) = R?, i.e., that f is surjective.

f is injective and surjective therefore bijective hence the isomorphism.

Example 5.2. The linear application f: R* — R* defined by

f(x,y) = (y,0,x — 7y, x +y).

Without any calculation, f cannot be an isomorphism because the arrival space is of strictly
higher dimension than the departure space.

be a linear application and A = Mg, g,(f) be the matrix of f with respect to the
arbitrary bases Bg and B of E and F respectively. Then f is an isomorphism if and
only if A is invertible. Moreover, the matrix of the reciprocal f~! is equal to A~', the
inverse of the matrix of A. This can be written

Theorem 2 Let E and F be two finite-dimensional normed vector spaces and f: E — F
MBF,BE (f_] ) - (MBE,BF(f))_1 .

Example 5.3. Returning to Ezercise and equipping R? with the canonical basis {eq,e,}. The
matrixz of T with respect to the canonical basis is

A =
1 =1
We have det A = —3 £ 0 then A is invertible and therefore f is an isomorphism.
Let U and V be two open (non-empty) sets of R™.

Definition 5.2 ((Diffeomorphism)). We say that an application f : U — V is a diffeomorphism
from U to V if, and only if

O f is bijective.
@ f is differentiable in U.

© ' is differentiable in V.

If in addition f and £~ are of class CT, with 1 < r < oo, we say that f is a CT-diffeomorphism
(or a diffeomorphism of class CT).

Example 5.4. Let f € L(R™) be bijective. Then f is a C'-diffeomorphism from R™ to R™.
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Indeed
Va € R", d f =f.

Furthermore, we have
Ym > 2,Va € R",d'f =0.

Which shows that f is a C®-diffeomorphism. For exzample, f : R*? — R? defined by f(x,y) =
(x 4+ 2y,3x —y) is a C'-diffeomorphism from R* onto R2.

Properties 5.2.

©® For any open U of R™, the identity map Idy from U to U is a C'-diffeomorphism from
U to U.

® Ifg:U— Visa C'-diffeomorphism and if f:V — W is a C'-diffeomorphism, then
fo g is a C'-diffeomorphism from U to W.

® Iff: U — Visa C'-diffeomorphism from U to V, then ' : V — U is a C'-
diffeomorphism from V to U.

Proposition 5.1. If f : U — V is a diffeomorphism (so necessarily V.= f(U)), then its
differential is at every point of U an isomorphism (from R™ to itself), that is,

Vx € U, d,f € Isom(R™).
The differential of its reciprocal function =" is related to that of f by the formula:
vx € U, def ' = (dof) .
In terms of Jacobian matrices, we can write

Vx € U, det(J¢(x)) # Oand]¢1(¢(x)) = (Je(x)) .

Proof. By differentiating the two equalities
flof=Idy fof '=Idy.
Using the differentiation rule for composite functions, we have for all x € U
(A1) 0 (dif) = dp-1op = dy(Idy) = 1d(dyF) 0 (di)f ') = de(fo £71) = dy(Idy) = 1d,
where Id denotes the identity application of R™. Thus d.f and df(x)f_1 are isomorphisms

réciproques. O]

Remark 5.1. The converse of the proposition 5.1 is false. We can have functions of class C'
whose differential, at each point of their domain of definition, is an isomorphism, and which
are not diffeomorphisms.

See the following counter-example
Example 5.5. The function

L:R*\{(0,0)} = R?
(X>y) = f(X»y) = (Xz _UZ)ZXU)»
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is of class C' and
2x —2y

Vxy) € RZ\{(0,0)}: det Js(xy) = =4(x* +y?) #0.
2y 2x

But f is not injective, because forall(x,y) € R*\ {(0,0)}, f(x,y) = f(—x, —y). Therefore f
cannot be a diffeomorphism of R\ {(0,0)} on R2.

5.2 Local inversion theorem

of U in R™, of class C'. Let a be a point in U. If dof is an isomorphism of R™ into
itself (i.e., det(J¢(a)) # 0). Then there exists an open neighbourhood U, of a, and an
open neighbourhood V4, of b = f(a), such that the restriction of f to U, (again denoted
f) is a C'-diffeomorphism of U, onto Vy. Furthermore, at any point y = f(x) of Vy,
the differential of the inverse application f~' verifies

Theorem 3 [(Local inversion theorem)| Let U be an open R™ and f be an application
Vx € Ug, dyf ' =(d,f)".

Remark 5.2.

©® This theorem remains true if we replace C' by CT, 1 < 1 < 00.

O The continuity of dyf_1 is essential, i.e., the theorem fails if we remove the assumption
f e C'. For ezample, the function f: R — R defined by

X a .
f(x) = §+xzs1n (;) cx#£0

0 :x =0,

|

1 1 1
5 + 2x sin (;) — Cos <—> :x#0 Fig. 5.1 . Curve representative of f’.

1 :x =0,

there is mo open interval containing 0 on ) I'u ||
which f is invertible. By showing that in VI
any neighborhood of 0, the function f' defined

by

|
. |
1 | ‘
is differentiable and f'(0) = 1 # 0. However | ‘
|
|

|
|

|
1 II
1 f
(W}

f'(x) =

which is not continuous at 0, oscillates and
takes the values of both signs. Therefore there
is no neighborhood of 0 where f is monotone.
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AT <
By the absurd, suppose that f is invertible in the neighbourhood of 0. Let ¢ > 0 such that
| — €, €l is included in this neighbourhood. Since f is continuous (because it is derivable), it is

1 1 1 1
) . T — — M) = =
strictly monotone. Take k € N such that Ik < € and Ik < ¢ then f (27[]() 7 <0

1
2mk +

Ak+1
desired contradiction.

and f ) > 0 and therefore f' is not monotonic on ] — ¢, e[ which gives the

We admit the following theorem.

Let f: U — V be a function of class C' and injective. For f to be a C'-diffeomorphism
of U onto V, it is necessary and sufficient that

{v — f(U)

Theorem 4 [(Global inversion theorem)]
Vx € U,det(J¢(x)) # 0.

Remark 5.3. This theorem remains true if we replace C' by CT, 1 < 1 < oo.

Exercise 5.1. Let the function f : R* — R? be defined by

f(x,y) = (x* —xy,y —x)

and let the set

U ={(x,y) € Rz,x—y > 0}.

O Show that f is a C*-diffeomorphism of U onto f(U).
® Find f(U) and then £ '|y, the reciprocal of the restriction of f to U.

Solution.

@ Noting that U is an open R? as the reciprocal image of the open interval 10, +ool by the
continuous function g: R* = R defined by g(x,y) = x —y.

o The function f is of class C* on R? because each of its two components is of class
C* as multivariate polynomials.
o Pour tout (x,y) € U
2x—y —x
det(J¢(x,y)) = LT > 0.
Thus the Jacobian of f does not cancel at any point of U.

o Let us show that T is injective. Let (x,y) and (x‘,y’) be two elements of U such that
f(x,y) = f(x‘,y’) hence

x(x —y) =x'(x"—y’)
y—x=y —x".
Substituting the second equation into the first, we obtain x = x" andy =vy’. We

conclude by the global inversion theorem that f is a C*-diffeomorphism of U onto
f(uU).
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@ Let us determine f(U) and fl_u]. Let (u,v) € f(U), since f is a bijection from U to f(U),
then there exists a unique (x,y) € U such that f(x,y) = (w,v), which means,

xz—xy =u

y—x=mw.
We deduce that v < 0 and that u

X = ——

Yy=v— ;

On the other hand, it is easy to show that for any (u,v) € R* with v < 0

f (—%,v— %) = (w,Vv).

We conclude that f(U) ={(u,v) € R*,v < 0} and

fi f(UW) — U

5.2.1 Conversion to polar coordinates

The application

¢ :R* — R? X
(r,0) — (rcos O, rsin0),

a pour jacobien

cos® —rsinb 0
det (Jo(r,0)) = =T.
sin® TrtcosO 0 1 £

Note that, by virtue of the local inversion Fig. 5.2 . Polar coordinates

theorem, f is a local C'-diffeomorphism on

R?\ {(0;0)}.
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Moreover, we must have r = y/x? +y? and the

X
point (2, —) is in the unit circle minus the
T

i
point (—1,0). Therefore there exists a unique
0 €] — mt, 7t[ such that
x =1cos® and y=r7sind.
0

Thus ¢ is bijective and it is obvious that
it is of class C', so according to the global
inversion theorem, f is a C'-diffeomorphism of
U =R x]—mnl (on V= f(U) = R*\ {0}).
and its reciprocal application is defined by

e "(xy) = <\/x2 +y2, arctan <%>> .

Fig. 5.3 . Unit circle centered at point
(—1,0).
To calculate the partial derivatives of r and 0, we use the matrix inversion of the Jacobian.

Indeed
0x 0x 0y dy ;1 cos® sin6
Joor (1) = (————) — (Jpme) ' =1
R Or 00 or 00 e T\ _sing coso

This gives us

aror Xy
oxady | _ x? + x2+
% | = Vv +y 2Vt y?
ox 0y x? +y? x2+y

Now consider an application f : (x,y) — f(x,y) from V = R?\ (R_ x {0}) into R. To use
the coordinates, we must replace the old coordinates (x,y) by the new coordinates (r,0), and
therefore consider the function g from U = R x] — 7, 7t[ in R which to (r,0) associates,

g(r,0) = f(e(r,0)) = f(x(r,0),y(r,0)).

The derivation formula for compound functions gives

of %9, 20
—(xy) = T,0)—

¥ Sr %" '%9 T
2y (oY) =5, (O3 )ay.

Donc,

[«%]
-

0 sin
(x,y) = cos 052(r,0) — 0

5.1
(x,y) :sine%%(r,e)—l—wse (5:1)

o)c)l
-+ X

[«%]

{

Solving a partial differential equation

Yy

Consider in U ={(x,y) € R:x > 0} the following partial differential equation
of of
E):x— — = /x? 2,
(E):x I +vy oy X*+y
T T _ o
Let V =R} x ]_E’ E[ and consider the application ¢ : V — U defined by

@(r,0) = (rcosH, rsin0).
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Let f be a function of class C' solution of (E) on U. Consider the function g defined on V by

g(r,0) = fle(r,0)) = f(x(r,0),y(r,0)).
Rewrite the relations 5.1 in equation (E) to obtain

a9

ra(r,e) =,
ainsi
0
(E): 52(r,0) =1,

We deduce that g is a solution of an equation of the type (E’), so g(r,0) =1+ U (0) where ¥ is

[. We conclude that f is of the form,

a function of class C' on ]—g, %(

f(x,y) = Vx2 +y2+ (arctan (%)) .
5.2.2 Transition to spherical coordinates

The application

p:R>—>R3
(r,0, @) — (psin O cos @, psin O sin @, p cos O),

has for Jacobian

sinBcos@ pcosBcos@ —psinOsinge

det(Jo(p, 0, @)) = |sinOsin@ pcosOsing psin0Ocos@ = p?sin®

cos 0 —psin© 0
Fig. 5.4 . Spherical
is a C1—diffeomorphism de U = R*x]0, 7t[x] — 7, 7t[ sur f(U) = coordinates
R3\{(x,y,2z) € R® :x <0,y = 0}.

5.3 Implicit Function Theorem

Let f: R — R be the function defined by f(x,y) = x*+1y?—1. Consider the curve defined by the
equation f(x,y) = 0 is a circle of radius 1 centered at (0,0). This circle is not globally the graph
of a function. However, for a €] —1, 1[, there exists ¢ > 0 such that for x €la—¢, a+ €[, the curve

f(x,y) = 0 coincides with the graph of @(x) =y = /1 —x2. This is related to the fact that the

of
tangent to the curve at (a,b = /1 — a?) is not vertical, that is to say that a—(a, b) =2b #£0.
Y

On the contrary, at (1,0) where the tangent to the curve is vertical, the curve is never the graph
of a function of the type y = ¢@(x).
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90°

Fig. 5.5 . In the neighbourhood of Fig. 5.6 . In the neighbourhood of (1,0).
(a,v/1—a?) with a # 1.
This is a special case of the implicit function theorem which allows us to determine the points at
which a curve defined by an equation of the type f(x,y) = 0 is locally the graph of a function
(x) where the regularity of varphi is linked to that of f.

y=9o
Theorem 5 [Implicit Function Theorem (case Q C R? — R.)] Let Q be an open
set of RZ and f: Q — R bea functio%l of class C' on Q. Assume that there exists
(a,b) € Q such that f(a,b) =0 and a—(a, b) # 0. Then there exists an open interval
Y

[ containing a, an open interval | containing b (with I x ] € Q) and a unique function
@: I = Rclass C' on I such that

V(x,y) elx ],f(x,y) =0 — Y= (P(X).

In addition, the derivative of ¢ is given by

vx el @'(x) =— (5.2)

Proof. This is an immediate consequence of the local inversion theorem. Let f: Q € R? - R a
function C' such that f(a,b) = 0 and fracdfdy(a, b) # 0. Consider the function g: Q C R? —
R? defined by

g(x,y) = (x, f(x,y)).
The Jacobian of g at the point (a,b) is

! 0 of
det(Jq(a,b)) = | of of = ——(a,b) #0
T —(a,b) ==(a,b)] Oy """
0x oy
so by the local inversion theorem, g is a local C'-diffeomorphism on a neighborhood U of (a, b)
in Q. Thus g is a bijection of U onto its image and the inverse application, let us call it h, is of
class C' on the open g(U). Let us write h(s,t) = (h;(s,t), ha(s,t)) the components of h. Since
h is the inverse of g we have, for all (s,t) € g(U) (using the definition of g),

(Svt) = g(h1 (S)t))hZ(S)t)) - (h1 (Svt))f(h1 (S)t)th(S)t)))°
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So we have

hi(s,t) =s
f(s,ha(s,t)) = t.

The points (x,y) of U for which f(x,y) = 0 are the points whose image by g is of the form
(x,0). These are therefore the points h(x,0) for (x,0) € g(U), or again, according to the form of
the application h, the points (x, h2(x,0)) for (x,0) € g(U). Now g(U) is an open set containing
(a,0). There therefore exists & > 0 such that, for x € I =Ja— &, a + «f, (x,y) € U, the equation
f(x,y) = 0 is equivalent to y = h,(x,0). It is then sufficient to set @(x) = h;(x,0) to conclude.

For the form (5.2), we derive the equation f(x, @(x)) = 0 with respect to x using the chain
derivation rule

& 000 + 5 (x, 00" () =0.
X

hence (5.2). O

I Remark 5.4. In theorem 5.3, if f is of class C'y v > 2, ¢ is also.

of of
If we derive the equation &(x, @(x)) + @(x, @(x))e'(x) = 0 with respect to x using the chain

rule, we obtain

02 02 02 0
00,000 + |25 (0 0(x) + 5 5 ()] 700+ 51 x, 000 (x) =

hence,

Exercise 5.2. Verify that the equation cos(xy) +y> —2xy —y +x = 1 defines y as a function
of x on a neighborhood of (0,1) and show that this function admits a limited development to any
order in the neighborhood of x = 0, then calculate this limited development to order 2.

Solution. Let’s put f(x,y) = cos(xy) +y> —2xy —y +x — 1. We have,

of - . 2 of _
a(x,y)——xsm(xy)—l—?)y —2x—-1 = ay(O,])-Z;«éO.

since in addition f(0,1) = 0, the implicit function theorem applies, and there exist two open
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intervals T and J, with 0 € I and 1 € |, and a function varphi: I — ] of class C' such that

Vix,y) € Ix ], f(x,y) =0 <= y=o(x).

Moreover, since f is of class C*, @ is also of class C* on 1. In particular, it admits limited
developments to any order in O, that of order 2 being written as

12
0
000 = 0(0) + (01 + 9% o).
We already know that varphi(0) = 1. We need to calculate the second derivatives of f in (0, 1)
of . of
3y oY) = —ysin(xy) — 2y +1 = 501 =-1
azf aZf
a—XZ(X>U) = —y” cos(xy) = a—XZ(OJ) =0,
0°f . 0°f
%(X&l):—SIH(XU)—XUCOS(XU)—Z = W(O’”:_Z)
0°f 0°f
W(x,y) = —x? cos(xy) + 6y = W(O,H:&
To calculate @'(0) we use the relation (5.2)
8L0,1) 1
@'(0) = P =—
20,1) 2
and 02f 0°f 0°f
"(0) = —=—(0,1) + |2 0,1) + =—(0,1)| @’(0)?
0) =500 + 255001+ g 0n] 90

Thus, the limited expansion of @ in 0 to order 2 is

(p(x)—1+§x+§x + o(x7).
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coslzyl+y =2z

L’étude est similaire pour les hypersurfaces dans R™"', ot on va pouvoir exprimer une variable
en fonction des autres si la dérivée partielle correspondante n’est pas nulle.

Theorem 6 (Théoréme des fonctions implicites (cas Q c R™"' — R))
Let Q an open R™ ! and
f:Q—R
(X>y) = (X1) .. '>Xn)y) = f(X1, . '>Xn)y))
a function of class C" on Q with r > 1. It is assumed that at (a;,...,an,b) € Q:
of

o f(asy...,an,b)=0.

° @(ah-”)aTub) #O

Then there exist neighbourhoods U of a and V of b with U x V C Q and a unique
function @ : U — V of class C' on U such that

Vx € ULy = @(X1,y...,Xn).

Moreover, the first partial derivatives of the varphi function at the point x =
(X1,...,%n) € U are given by the expression

d -(x, 9(x))
® %) a’j:’—(P 1<i<n. (5.3)
ox; 2 (x, @ (x))
Exercise 5.3. Show that the relation x +y + z + sin(xyz) = 0 defines z as a function of x and
0 0
y in the neighborhood of the point (0,0,0). Then calculate i and £ in the neighborhood of this

point.

Solution. Let f be the function defined on R® by f(x,y,z) = 2x —y+z+sin(xyz). The function
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f is of class C*, it verifies (0,0,0) = 0 and

of of
_ = _ = ] .
az(x,y,z) 1+ xycos(xyz) = aZ((),O,O) #£0

By the implicit function theorem, there therefore exists a neighborhood U of (0,0), an open
interval 1 containing 0 and a function @ : U — I of class C* such that

V(x,y,z) € U x [ f(x,y,z) =0 <= z = @(x,y).

Moreover,
0@ $5(0,0,0)
—(0,0) = — 9 =-2
ax( 0) 2£(0,0,0) ’
29 oy _ (000 _
oy 4£(0,0,0)

a function of class C' on Q (where f;, i =1,...,p the components of f are defined from

Theorem 7 [(Implicit functions theorem (general case))]
Let QO be an open set of R™ x RP and
f:Q— RP
(X)U) = (x1 yeooyXmyYiye.o ayp) = f(XﬂJ) = (fy (X)U)a ce >fp(x>y))>

Q to values in R). We assume that at (a,b) € Q (a € R™ and b € RP) f(a,b) =0 and
of;

that the matrix defined by the coefficients (—(a,b)) is invertible (in other
9y; 1<i,j<p

words the determinant of this matrix is non-zero). Then there exist neighborhoods U
of a and V of b with U x V € Q and a unique function ¢ : U — V of class C' on U

such that
vx € U,y = o(x).
Moreover, the Jacobian matrix of @ in x = (xq,...,X,) is given by
—1
o) 2, gl o) - 2o
Jo(x) =— : : : : .
S0l - F P e() 000 -+ 223, 00)

Exercise 5.4 ((Case of a linear system)). Let f be a linear application of R™ x RP in RP. The
Jacobian matrixz of f is none other than the matrixz of f, since the differential of f is none other
than f. The system

f(X,y) =0,

s written
f1(X1y ooy Xy Yty oy Up) =

f2(X1ye oy XnyYtye ooy Yp) =0

fo(X1y ooy Xy Y1y e ooy Yp) =
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or again

axX) 4+ ...+ anxn + b11y; +...+b1pyp =0

21X + ...+ Qnxn + b2y + ...+ bapyy, =0
Ap1X1 + .o+ ApnXn +bp1yr +... + bppyp =0
We note
6f1( | 0fq ( )
T TR I
A= : : = :
of of
ay—?(X»U) ﬁ(xﬂj) by bpp
of; of;
K(X)U) E(XQJ) ayg ... Qain
B = : : =
of of
ﬁ(x)y) ﬁ(xﬂj) Ap1 ... GOpn

If we assume that det A # 0, this system (S) has a unique solution (in the neighbourhood of zero),
y=0(x) =J,0)  -x=A""Bx,

in other words
Y1 =C11Xq + ...+ CinXn

Y2 =C21X1 + ...+ ConXn

Yp =Cp1X1 + ...+ CpnXn

where C = (Cij)‘]léiég = A7'B. This is a well-known linear algebra result. Since the linear system

(S) is of rank p, the principal unknowns yi,...,Yp can be calculated as functions of the others.

Exercise 5.5. We consider the system of three equations with four unknowns

X+y+z+t=0
(S): X2yl 422+t =2
¥y +2+tP =0

whose solutions are obtained in R?.

O Verify that (0,—1,1,0) is a solution.

O Give a precise statement of the fact that, in the neighborhood of this point, the solutions
are of the form (x(t),y(t),z(t), t).

®© What is then the derivative at 0 of the application

¢:R—R?
t— (x(t),y(t),z(t))
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Solution. Let’s put

f:R* — R
2 2 2 2 3 3 3 3
yyzt) o (XFYF2ELE Ay 2+ -2+ 2 4P
fl(X>U)Z)t) fZ(ny»Z)t) fS(X)U)Z)t)

The function f is of class C*.
O We have f(0,—1,1,0) = (0,0,0), so (0,—1,1,0) is a solution of (S).

O Let’s calculate the matriz A.

31(0,~1,1,0)  3(0,~1,1,0) 32(0,—1,1,0) 11
A=|820,-1,1,0) 32(0,~1,1,0) §2(0,-1,1,0)| =0 -2 2
8(0,—1,1,0) 82(0,-1,1,0) §2(0,—1,1,0) 0 3 3

We have det A = —12 # 0 so the implicit function theorem applies. There exists a
neighbourhood U of (0,—1,1) in R, an open interval 1 containing 0 and a function
@: 1 — U of class C* such that,

V(x,y,z,t) € U x I, f(x,y,2,t) =0 <= (x,y,z) = @(t).

® Lel’s calculate the derivative of @ at 0. By virtue of the relation (5.3), we have,

211(0,—-1,1,0) T 1 1)\ (1 —1
@'(0)=—A""|2%0 1 1,00[=—[0 -2 I|]of=]o
%(Q_L]»O) 0 % % 0 0

5.4 The theorem of finite increments

For a real function with real values, recall the result known as the mean theorem
Let f: [a,b] C R — R (a and b real such that
a < b) a function continuous on the closed interval
[a,b] and derivable on the open interval ]a,bl.
Then there exists a real ¢ in ]a, b[ satisfying

f(b) — f(a) = f'(c)(b — a).

Graphically, this means that there is a point c
where the tangent to the curve representing f at
the point (¢, f(c)) is parallel to the chord passing
through (a,f(a)) and (b, f(b)).

We begin by recalling the definition of a segment and a convex set.

Definition 5.3 ((Segment)). Let a and b be two points of R™. The closed segment (resp. open
segment) of extremities a and b, denoted [a,b] (resp. ]a,bl), is the part of R™ defined by

[a; bl (resp. Ja;b[) ={a+ (1 —=A)b, 0 <A< 1(resp. 0 <A< 1)}
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Definition 5.4 (Convex set). A set C is said to be convex when, for all x and y of C, the
closed segment [a,b] is any integer contained in C, which means,

Vx,y € C, VA € [0,1], Ax+ (1 —A)y € C.

Fig. 5.7 . E bl
'8 HSEIIbIe convexe Fig. 5.8 . Non-convex set

Example 5.6. ¢ Any ball (open or closed) of R™ is conver.
o Open or closed half-spaces of R™ are conver.

The theorem of finite increments can be easily generalized to the case of a real function of several
real variables.

defined on an open set Q of R™. Let a = (aj,...,a,) and b = (by,...,b,) be two
points of Q such that the segment [a, b] is contained in Q. If f is continuous on [a,b],
and if f is differentiable on ]a, b[, then there exists a point ¢ of ]a, b[ such that

Theorem 8 [(Equality of finite increments)] Let f: Q C R™ — R be a function
= of
f(b) — f(a) = (Vf(c),b—a) = > ——(c)(b: — ay). (5.4)

For a reformulation, we note b—a =h = (hy,...,h,) €
R™, then,
30 €]0,1[: ¢ = a + Oh. ERPPEEEEES

Thus, the equality (5.5) becomes,

n

fl(a+h)—f(a) = (Vf(a+ 6h),h) = Zhi%(aﬁ—ehi).
i=1 t

Proof. Consider the real function of the real variable

¢@:[0,1]] >R
t— @(t) = f(a+th).

which is continuous on [0,1] and differentiable on ]0,1[ (as composed of two differentiable




CHAPTER 5. FUNDAMENTAL THEOREMS OF DIFFERENTIAL CALCULUS 5.4. THE THEOREM OF FINITE INCREMENTS

<- m’?(.\g =
applications), so according to the theorem of finite increments in one variable, there exists
0 €]0,1[ such that

Or

]

The equality of finite increments cannot be extended to the case of vector-valued applications.
Consider for example the function f of R with values in R? defined by f(t) = (cost,sint). It is
verified f(27t) — f(0) = (0,0) but f'(t) = (—sint,cost) does not vanish on the interval ]0, 27t[.
On the other hand, we have the following results, called inequalities of finite increments.

defined on an open Q of R™. Let a and b be two points of Q such that the segment
[a, b] is contained in Q. If f is continuous on [a, b], and if f is differentiable on ]a, b[,
then there exists

a point ¢ of ]a, b[ such that

1£(b) — fla)[lz < [|T¢(c)llatem b — allr (5.5)

Theorem 9 [(Inequality of finite increments)| Let f: Q C R™ — R be a function
where J¢(c) is the Jacobian matrix of f at point c.

Proof. We set ¢(t) = f(a+t(b— a)). We have @(1) = f(b), @(0) = f(a), and ¢ is continuous
n [0,1] (as composed of two continuous applications). Moreover, @ is differentiable at all
t €]0,1[ (as composed of two differentiable applications), and ¢@’(t) = dfqit(b—a)(b —a) =
Je(la+t(b —a))(b— a). Applying the inequality of finite increments in one variable to @, we
obtain
(o) = f(@ll < sup (0] < sup [Jolel el = e

cel0;1]

]

Exercise 5.6. Let f(x,y) = sin (y%) We will use the inequality of finite increments to upper

11
bound f(x,y) on Q = [—1,1] x 53]
C

)

and b = (x,y) € Q (note that [a,b]
E(X )_LCOS X ﬁ(x ) = X cos x

ox Y Ty yri1) Y T w2 y+1)°

We upper the cosine by 1, then for all (x,y) € Q :

of 1 of

=2
0x —1+1 7 ay( ,y)‘

We have f is of class €' on the conver Q. Let a = (0,0)

Q). Let us calculate the partial derivatives,

~—(x ﬂﬁ‘

Ainsi pour tout (x,y

sto)] \/\ (%)

af

2
ay(x < V22 442 =20 = 2V/5.

_|_
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By applying the inequality of finite increments 5.5 to obtain for all (x,y) € Q :

1f(x,y)] < 2V5¢/x2 +y2.

Corollaire 5.2 [(Lipschitzian functions)| Let Q be a convex open set of R™, f: Q — RP
be a differentiable function in (O and M € R such that

Vx € Q,||J¢(x)]] < M.
Then f is M-Lipschitzian, hat is to say

Vx,y € Q, [I[f(x) — fy)l| < Mjx —yll.

Example 5.7. We consider the function f : R> — R? defined by

flx,y) = <sin(x2+ y)) cos(xz—y)) .

The Jacobian matriz of £ at the point (x,y) € R? is

cos(x +vy) cos(x+y)
2 2
_sin(x—y) sin(x —y) |’
2 2

Jilx,y) =

Then we have

h in(x —
J¢(x,y) y =<M(h+k) M(—h+k)),

2 2
which gives when R? is equipped with the norm || - ||2
h 2 in2(x —
Tt y) B R PR T PR
K 4 4
2
1
< V(R+K)2+ (—h+k)?
2

< \/7_\/ h? + k2

Thus,
h V2
J¢(x,y) < 7”“1» k|2
k
2
from which we finally have for all (x,y) € R?,
V2
1T¢(x,y)|| < 5

Hence we conclude that f is contracting (i.e., M-lipschitzian with 0 < M < 1). Note that the
choice of norm is important because, for example, ||J¢(—,—=)|| = 1 if we choose the norm

4
|lcdot|; or the norm || - ||o-
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Corollary 5.2. Let Q be a connected open of R™, f: Q — R a differentiable function in Q.
For f to be constant on Q, it is necessary and sufficient that

¥x € Q, df, = 0.

Proof.

If f is constant on Q, it is clear that then its
differential is zero on Q. Conversely, suppose that
the differential of f is zero on Q. Thus, all the partial
derivatives of f are zero on Q.

If (x,y) € Q?, Q being connected, there exists a path v : [0,1] — R™ of class C' such that
v(0) =x, ¥(1) =yandy([0,1]) C Q.

We define the function g: [0,1] — R by g(t) = f o @(t) which is derivable on [0,1] and we have,

s of
vt e [0,1], g'(t) = ) vi(t)=—(v(t)) =0,

where y1,...,Yn indicate the components of y. So g is constant on [0,1]. Consequently,
f(x) = g(0) = g(1) = f(y),
which shows that f is constant on Q. O]
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