CHAPTER

Differentiable functions

The concept of differentiability is the generalisation to functions of several variables of the concept
of derivability of a real variable. We begin by showing how to define and calculate a partial
derivative from the concept of derivative of a function of a single variable.

3.1 First-order partial derivatives

Let f be a function defined on a neighbourhood Q of the point a = (ay,...,a,) € R™ with values
in RP with (n,p) € (N*)%. Let fi q: t+ f(ary...,t,...,an) be the i***™ partial function of f
in a. It is assumed that f; 4 is derivable in a;. Then the derivative of f; 4 in a4

f (a;) = lim flar,...,ai+h,...,a.) —f(a,...,an)

h—0 h ’

f (a).

Xi

we will call the i*® partial derivative of f at a and which we will note

Definition 3.1. Let i € {1,...,n}. We say that the function f: Q C R™ — RP admits a
partial derivative with respect to its i™ variable at point a if the ith partial function of f at
a is differentiable at point ai. In this case, f{’a(ai) is called the partial derivative of f with

f
respect to its i"™ variable at a and is denoted by I (a) e RP:
of o . flai,...,ai+h,.,a0) —flag,...,aq)
axi(a) = fialai) = lim -

Example 3.1. Let us calculate the partial derivatives of the function f defined by f(x,y) =
In(x +y?) at the point a = (1,0).

ﬁ(] 0) = 1i f(1+h,0) —f(1,0) i In(1+h)—In(1) I In(1+h) 1
ox ) T b0 h ~ 5o h o R
of B f(1,k) —f(1,0) .. In(1+%k*)—In(1) . In(1+Kk?)
T R I

Remark 3.1. The partial derivative of the function
f:QCR" > RP
(Xh-'-)Xn) = f(xh-")xn) = (f1(xl>°'-)xn))-">fp(x1»--°)xn))3
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with respect to the i™ variable at point a is given by

of
aXT (a)
of ‘,
0X; (a) = :
h Gl
o (9

Remark 3.2. In practice, to find a partial derivative of f, all you have to do is derive the
expression of f with respect to the variable under consideration, the others being taken as
constant.

Example 3.2. Consider the function f(x,y,z) = xy? +y> + xz. Then the partial derivatives
at any point a = (x,y,z) are

of of of
a(X)y,Z) = yz +z, @(Xﬂ;’az’) = zxy + 31.:’2> a(xay)z) =X.

Example 3.3. The partial derivatives of the function

f: R — R?
(x,y,z) — f(X,y,Z) = (Xyz =+ 3X)yzz)>

at the point a = (x,y,z) are given by

of y*+3 of 2xy of 0
a(xay’z) = 0 ) @(va’z) = 5 | a_Z(X)y,Z) =

Xz 2yz

I Remark 3.3. A function can have partial derivatives at a point without being continuous at
that point.

Example 3.4. The function defined on R? by

f(xy) = XZTQZ : (%y) # (0,0)

0 > (xy) = (0,0)

has partial derivatives at the point (0,0), because

of .. f(h,0) —f(0,0)
2 (00) = limy h =0
of f(0,k) — £(0,0
—(0,0) = lim (0k) — 70, )=0.
oy k—0 k
But it is not continuous at the point (0,0) because
2 .
lim f(x,y) = lim % = lim M = cos 0 sin 0.
(x,y)—(0,0) (x,y)—(0,0) X +y r—0 T

Remark 3.4. A function can be continuous at a point without having partial derivatives at
that point.
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Example 3.5. Consider the function defined on R* by

fx,y) =[x +yl.

It is clear that  is continuous on R* as a composite of continuous functions. In particular, it
is continuous at the point (0,0). Let us now study the existence of partial derivatives in (0,0)

2 (00) = Jlim == = Jim 2.

This limit does not exist and therefore &(0,0) does not exist. Similarly, we can check that

of

—(0,0) does not exist.

ay

Properties 3.1. We have the same derivation rules as for functions of one variable. Let QO
be an open of R™, a € Q and i€ {1,...,n}

Letf,g: Q C R™ = RP two functions admitting ani'™ dérivée partielle en a. Alors pour tout |
R?, the function «f + Bgadmits a 1™ partial derivative in a and we have,

AHPI) () = 02l () 4 429

axi aXi aXi

(a).

Let f,g: Q CR™ = R be two functions with an i*"™ partial derivative in a. Then, f - g

and a (if g(a) # 0) have an i"™ partial derivative at a and we have

o(f- 0 d
B (;xig) (o) = a;(a)g(a) *fla) afi(a)’
2(4) (@) = Dcl@9l@) ~ fla) 55 (a)
ox (9(a))? '

Letf: QCR™ >R and g: f(Q) CR — R is a function of a real variable derivable
at the point f(a). Then g o f has a partial i*"™ derivative at a and we have

009°%) 14y — g(t(a) 2

aXi axi

(a).

3.1.1 Geometric representation

Let S be the surface with equation z = f(x,y) and the
point Mo (X0, Yo, zo). The section of the surface S through
the plane with equation y = yo is a curve Cy,. In this
plane, Cy, is the graph of z = f; x,(x) = f(x,yo). The
first partial function of f in a = (x0,Yo)-

0
We know that fj  (xo) = —f(xo,yo) is the slope of the

0x

tangent to the curve Cy, at My, as can be seen in the
figure opposite.




CHAPTER 3. DIFFERENTIABLE FUNCTIONS 3.2. PARTIAL DERIVATIVE FUNCTIONS

<- m’?(.\g =
3.2 Partial derivative functions

Definition 3.2. Let f: Q C R™ — RP a function defined on a non-empty open Q and let
ie{1,...,n} f has an i*™ partial derivative on Q if and only if f has an i™ partial derivative
at each point a on Q. In this case, we define the partial derivative function of f with respect
to xi on Q as follows

of :Q CR"™ = RP
aXi
of
(Xh-")xn) = K(Xh-ﬂ)xn)-

Example 3.6. Consider the function defined on R* by
flx,y) =In(x* +y* +1).

The partial derivatives of f exist at any point (x,y) € R? and we have,

g(x )_Z—X d ﬁ(x )_2—9
0x 'Y Cox2 4yt an dy 'Y Cx24y2 1

Example 3.7. Consider the function defined on R* by

f(x,y) = x2?yz : (xy) # (0,0)

0 : (xy) = (0,0)

Partial derivatives in (0,0). We have already seen in the example 3.4 that f admits partial
derivatives at the point(0,0)

of . f(R0) —£(0,0)
ox (00) = fim == =0
of . f(0k) —(0,0)

a0 =T >

Partial derivatives in R?\ {(0,0)}. f has on R*\ {(0,0)} a partial derivative with respect to
X as a quotient of functions with a partial derivative with respect to their variable x whose
denominator does not cancel on R*\ {(0,0)}. Moreover, for any (x,y) € R*\ {(0,0)} we

have,
Of ) = y* +y?) —2x(xy) Y —x%y
ox YT (x2 +y?)? (X2 +y?)?
Similarly, for all (x,y) € R*\ {(0,0)} we have
of x3 —xy?
@(X)U) - (X2+y2)2'

In summary, f admits on R? partial derivatives with respect to each of its two variables and
we have,

Y —xy
V(x,y) € R?: %(X,y) {02y (x,y) # (0,0)

0 L (xy) =(0,0)

x3 — xyz .
V(x,y)eRZ:aa_f(x,y): 2 +y2)? > (%) # (0,0)
? 0 : (%y) = (0,0)
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3.3 (! class functions

Definition 3.3. Let Q C R™ be an open and f: Q — RP. We say that f is of class C'
(continuously differentiable) on Q if all the partial derivatives of f exist and are continuous on
Q. We denote C'(Q,RP) the set of functions of class C' on Q with values in R, or more
simply, C'(Q) when p = 1.

Example 3.8. The function f: R?* — R given by
f(x,y) = xy? + 3x.

is of class C' on R? because

of of
5 oY) = yi+ 3and@(x,y) = 2xy,

are continuous on Rz.

Theorem 1 Let Q C R™ be an open set and f: Q — RP. If f is of class C' on Q then
it is continuous on Q and we have the inclusion C°(Q,RP) ¢ C'(Q,RP).

Example 3.9. Consider the function defined on R* by

f(x,y) = xzj?yz : (xy) # (0,0)

0 > (%y) =(0,0)

We have already seen in the example 77 that f is not continuous (0,0) so it cannot be of class
C' sur R?.

Exercise 3.1. Let f: R> — R the function defined by

3

f(x,y) = sziyz : (%) #(0,0)

0 > (%y) =(0,0)

1. Is f continuous on R*?
2. Study the existence of partial derivatives of f on R? and determine them.

3. Is f of class C'(R?)?

Solution.

1. The function f is continuous on R\ {(0,0)} as a quotient of continuous functions on
RZ\{(0,0)} whose denominator does not vanish on R*\{(0,0)}. For all (x,y) € R*\{(0,0)}

S ylly?l  Ixyl(x® +y?)

_X2+y2\ X2+y2

Xy
x? +y?

10, y)l = = [xyl.

Since  lim  |xy| =0, we deduce that  lim  f(x,y) =0 =1(0,0). This shows that
(x,y)—(0,0) (x,y)—(0,0)
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f is continuous in (0,0). In summary, f is continuous on R\ {(0,0)} and in (0,0) and
therefore, f is continuous on R?.

2. Partial derivatives in R*\{(0,0)}. f has on R*\{(0,0)} a partial derivative with respect to
X as a quotient of functions having a partial derivative with respect to their variable where
the denominator does not cancel on R* \{(0,0)}. Moreover, for all (x,y) € R*\ {(0,0)}

we have
o y) = v +yH) —2x(xy?) oy =Xy’
ox YT (x2 +y?)? (2 +y2)?

Similarly, for any (x,y) € R*\ {(0,0)}

of xy?(x? +y?) —2y(xy3)  xy?* + 3xy?

TR Y Ry NI

Partial derivatives in (0,0). We have

Of (1 oy _ 1o F(1,0) —F(0,0)
of f(0,k) — f
ay K—0 K
To sum up, f has partial derivatives on R* with respect to each of its two variables and
we have,
5 2.3
Yy —Xx"y
of o 0,0
V(X)U) eRz:a(X)y): (X2+y2)2 (X>U)7é( ) )
0 : (x,y) = (0,0)
4 3,2
xy” + 3xy’y
of o 0,0
V(X>U) ERz:a_(X)y): (Xz +y2)2 (X)y)%( ) )
’ 0 : (%,y) = (0,0)
. . . of . , |
3. The partial derivative functions P and @ are continuous on R“\{(0,0)} as quotients of

continuous functions on R*\ {(0,0)} whose denominator does not cancel on R*\ {(0,0)}.
Furthermore, we have

of y® —x%y3 T (sin® 0 — cos? Osin® 0) of
li — = 1l = =i =0=—(0,0).
(x,y)lgio,m ax(x’y) (x,y)lin(o,m (x2 +y2)2 o 4 6x( »0)
of * 4+ 3xydy? >(cos 0 sin? 0 + 3 cos® Osin? O of
im  xy)=  lim Xy +3xy’y” i T (cosOsin® 0 + 3 cos” B sin” 0) _o=%0
(x,4)—(0,0) OY (x,y)—=(0,0) (X2 +y?)? T—0 T4 oy
of
This shows that the partial derivatives — and — are continuous in (0,0) and therefore

X Y
on R%. The function f is therefore of class C'(R?).

Exercise 3.2. Let f: R> — R be the function defined by

-y
f(x,y) = { x2 +y2 : (xy) # (0,0)

0 > (%y) =(0,0)

1. Is f continuous on R??
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2. Study the existence of partial derivatives of f on R?* and determine them.

3. Is f of class C'(R?)?




CHAPTER 3. DIFFERENTIABLE FUNCTIONS

~-

3.3. C' CLASS FUNCTIONS

Solution.

AT <

1. The function f is continuous on R\ {(0,0)} as a quotient of continuous functions on

R%\ {(0,0)} whose denominator does not vanish on R*\ {(0,0)}. Moreover

r3(cos® B — sin? 0)

o 50 T2

=0.

lim

f(x,y) =
(x,y)—(0,0) Y

lim
(x,y)—(0,0) X% + Y2

This shows that f is continuous at (0,0). In summary, f is continuous on R?\ {(0,0)}
and at (0,0) and therefore, f is continuous on R?.

. Partial derivatives in R*\ {(0,0)} : f admits on R?\ {(0,0)} a partial derivative
with respect to x as a quotient of functions admitting a partial derivative with respect to
their variable x whose denominator does not vanish on R*\{(0,0)}. Moreover, for all

(x,y) € R*\{(0,0)}, we have,

E(X - 3x?(x? +y?) — 2x(x®* —y3)  x* + 3x?y? + 2xy?
0x Y = (x2 +y2)2 o (x2 +y2)2
Similarly, for all (x,y) € R*\ {(0,0)}
E(x ) = y* + 3x%y? + 2xy3
oy (x? +y?)?
Partial derivatives at (0,0). We have,
of f(h,0) —(0,0) h?
I il S L S
of .. f(0,k) —£(0,0) -k
Ty e T e T

In summary, f admits on R? partial derivatives with respect to each of its two variables

and we have,

V(x,y) € R?:

V(x,y) € R?: —

3. Study on R*\ {(0,0)}.

x* + 3x%y? + 2xy?3

of : (%) # (0,0

—(xy) = (x%2 +y?)?2

ox ] L (x,y) = (0,0)
yt +3x%y? + 2xy®

gf(x’y)_ T . (%) # (0,0)

Y —1 : (x,y) = (0,0)

of of
The partial derivative functions P and @ are continuous on
X

R\ {(0,0)} as quotients of continuous functions on R*\ {(0,0)} whose denominator does
not vanish on R*\ {(0,0)}. Then f is of class C'(R*\ {(0,0)}).

Study at (0,0). the partial derivatives are continuous at (0,0) if and only if

of of of of
N ,yl)lmo 0 ax(x y) = &(0,0) and " ’yhmo 0 ay( X, Y) = @(0,0).
. f of | .
Since  lim  —(x,y) =1 ;é ( , 0) we conclude that — is not continuous at (0,0).
(x,y)—(0,0) DX 0x

Then the function f is not of class C'(R?).
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3.4 Higher order partial derivatives

Definition 3.4. Leti € {1,...,n}, Q be a non-empty open set of R™, a € Q and f: Q — RP

of of
be a function admitting on Q a partial derivative P If the function e . QO — RP dtself has

1
a partial derivative with respect to x; at a, j € {1,...,n}, will say that is twice differentiable
with respect to x; and xj at a. We denote the second partial derivative (or of order 2)

Remark 3.5. By recurrence, we define the partial derivatives of order k of f at the point
a as being the partial derivatives of the partial derivative functions of order k — 1. The
partial derivative of order k of a function of variables x1,X2,...,Xn s obtained by deriving
kq times with respect to X1, ..., kn times with respect to x, where (K1,...,kn) € N™ with
ki + ...+ kn =k and is denoted by

oxf

ax]f‘ ax‘;z ... Oxkn

3.4.1 Functions of the class C*

Definition 3.5. Let QO C R™ be an open and f: Q — RP.

o We say that f is of class C* on Q if all partial derivatives of f up to order k exist and
are continuous on Q. We denote by C*(Q;RP) the set of functions of class C* on Q
with values in RP and, more simply, C*(Q) when p = 1.

o We say that f is of class C* on Q if f is of class C* for all k € N:

Co(Q;RP) = (1) C(Q;RP).
keN
Example 3.10. Let f: R* — R be the function defined by
f(x,y) = x*y% + cosx —siny.

o The first-order partial derivatives are

of of
&(x,y) = 3x*y? —sinx and @(x,y) = 2x3y — cos .

o The partial derivatives of order 2 are

o*f 2 0%t 5

m(x,y) = 6XYy“ — Ccos X, oxdy (x,y) = 6x7Y,

0°f 0f :
W(X’U) :6X29 and W(x,y) :2x3+smy.

e The partial derivatives of order 3 are

03f - 03f 03f
ﬁ(x,y) = 6y + sinx,

03f 03f 5 03f
@(XQJ) = Cos Yy, m(’%y) =6x" = W(’%U)-
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Noting that all partial derivatives of f up to order 3 exist and are continuous on R?, then
f e C3(R?). We can even show that f € C®(R?).

Example 3.11. Let f: R?> — R be the function defined by

3

XYy _
f(X)y) — X_Z _|_y2 * (X’y) 7& (O)O)
0 : (%,y) = (0,0)
azf azf azf aZf
Let’ s ot o*f |
et’s calculate oxdy (0,0), —aan(0,0)) aXZ(O,O) and ayz(o)())
We have already seen in 3.1 that
Y% —x2y3
o2 L2 - 0,0
V(x,y)eRz; %(x,y): (x2 +y2)? (x,y) # (0,0)
0 : (%y) = (0,0)
4 3,,2
xy” + 3x°y
<2 La22 - 0,0
V(XJJ) GRzig—f(X,U): (XZ _|_y2)2 (X)U)%( ,0)
i 0 : (Xay) = (0,0)
We have,
ot o (of 3 (h,0) — 2£(0,0)
* 520 &(a (0,0 = lim, - —o.

k—0 k

Y
2 9t (h,0) — 2£(0,0
¢ 0,0 =2 (2 (0,0 = iy A 0D

=1.

ox0dy ox \ 0y h—0 h
0%f o [of _ 50(0,K) — §5(0,0)
0%f 02f
Consequently, %(0,0) + ayax(O,O).

The following Schwarz theorem provides a sufficient condition for the reversal of partial derivatives.

Zf aZ
al
Xi an an Xi

i,j €{1,...,n}. Let f: Q — RP a function such that exist on Q

and are continuous at the point a. Then

o°f . 0
ax{c)x]- N an aXi

| ‘ Theorem 2 (Schwarz’s theorem) Let Q be a non-empty open set R™, a € Q and

Remark 3.6. Le théoreme précédant peut s’appliquer dans le cas des dérivées The previous
theorem can be applied in the case of partial derivatives of order k = 3 as follows, If f: Q C
R™ — RP is of class C* on an open Q. Then the order in which any partial derivative of
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order k is computed is unimportant. If o is a permutation of {1,2,...,k} then
orf orf
on D, withl <1i7,...,1x < N.

aXi] aXiz ‘e aXik - aXicm aXiG(z] “ee aXig(k]
Exercise 3.3. Let f be the function defined on R? by

xy(x* —y?)
fxy)=<{ x2+ty?: (x,y) # (0,0)

0 : (X)y) = (0,0)

1. Show that f is continuous on R?.

2. Show that f is of class C' on R*?

21: 2f
(0,0) and (0,0). Is the function f of class C* on R??
x0y yox

3. Calculate 3

Solution.

1. The function f is continuous on R*\ {(0,0)} as a quotient of continuous functions on
R2\ {(0,0)} whose denominator does not cancel on R*\{(0,0)}. Moreover

2 2 4 : 2 )
xy(x- — 17 cos 0 sin O(cos~ O — sin- O

lim f(x,y)= lim % = lim ( > ) =0.
(x,y)—(0,0) (x,y)—(0,0) XxX“+Yy r—0 T

This shows that  is continuous at (0,0). In summary, f is continuous on R* \ {(0,0)}
and at (0,0) and therefore, f is continuous onR>.

2. Partial derivatives in R*\ {(0,0)}. f has on R?\ {(0,0)} a partial derivative with
respect to x as a quotient of functions having a partial derivative with respect to their
variable x whose denominator does not cancel on R? \ {(0,0)}. Furthermore, for all

(x,y) € R*\{(0,0)} we have,

of xMty + 4x2y3 —y°
_(X)y) - y 2 yz 2 y .
0x (x2 +y?)

Similarly, for any (x,y) € R*\ {(0,0)}

of X =43y —xy?

YT T

b

(obtained by exchanging the roles of x and y and changing sign), because

xy(x? —y?)
fx,y) = % = —f(y,x).

Partial derivatives at (0,0). we have,

of . f(h,0)—f(0,0)
e L
of .. f(0,k) —f(0,0)
¢ 5y 00 = lim—— =0
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In summary, f admits on R? partial derivatives with respect to each of its two variables
and we have

xty + 4x?y3 —yd

v(x,y) GRZ:?(X,@: 2+ y2)? : (xy) #(0,0)
’ 0 : (x,y) = (0,0)

5_4 3,2 4
V(XaU)ERZIE(X,Q): . (X2X+yyz)zxy : (x,y) # (0,0)
" 0 . (x,y) = (0,0)

3. Study on R?>\{(0,0)}. The partial derivative functions I and —y are continuous
on R*\{(0,0)} as a quotient of continuous functions on R*\ {(0,0)} whose denominator
does not cancel on R\ {(0,0)}.

Study at (0,0). the partial derivatives are continuous in (0,0), in fact

4 2.3 5
: . X"y +4x°y’ —y
1m — X = lim
(x)=(0,0) ox Y (o) (0,0 (x%+y?2)?
_ 1°(cos?Bsin B + 4 cos? O sin® O — sin® 0)
= lim -
r—0 T

of
= —(0,0).
ax())

=0

of X5 o 4X31_Jz o Xy4
(x,y)=(0,0) ay( ') (xy)—(0,0)  (x2 4y?2)?
°(cos® B — 4 cos> O sin’ B — cos O sin? 0)

r—0 T‘4

of of
In summary, ™ and @ are continuous on R*\ {(0,0)} and at (0,0) and therefore, they

are continuous on R%. Then the function f is of class C'(R?).

4. We have,

o2f o [of 250, k) — 2£(0,0)
m( ) )—@(a) (an)—ilg% K =—1.

02f o [of $5(h,0) — $£(0,0)
- - [ = = li Y Yy
0xdy (0,0) 0x (ay) (0,0) D0 h

azf(oohé azf(OO)A ding to Schwarz’s th ther 20
axay y ayax ; . cecoraing 1o ochwarz's eorem, €eitner axay 18

not continuous in (0,0). So f cannot be of class C*(R?).

Consequently
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3.5 Jacobian matrix

Definition 3.6. Let
f:QCR"—=RP
(X1 y ooy Xn) — f(X], sy Xn) - (fl (Xl ) °°'>Xn)) fZ(XI y ey Xn)) sey fp (Xl y ey Xn)))

admitting partial derivatives in a € Q. The matrix with p rows and n columns, denoted by

J(a), defined by

of; of; 0f;
a_m(a) a_xz(a) a(a)
of>, of, of;
a—(a) —(a) -+ —(a)
Je(a) = X1 0%, 0xn € M, »(R).
of, of, of,
o, (a) ax, (a) ox. (a)

of
In other words, the Jacobian matrixz of f has as columns the vectors —.

aXi
If n =p, the determinant of the matriz J¢(a) is called Jacobian of f at a and we write,
a(ﬁ ) fZ) eeey f‘p)

d@tlf((l) = a(X] > X )

Example 3.12. Let f: R — R? a function defined by

f(x,y,z) - <f1 (X>U)Z))f2 (X»y@)) = <XUZ)SinyZ> °
For all (x,y,z) € R3:

ofy of; ofy

a_x(x’y)z’) a_(x)y)z) a_Z(X’y)Z) UZ ny 0
Je(x,y,2) = of, of, of, =
a(X)y,Z) E(X)yaz) a_z(xyyaz) 0 zcosyz ycosyz

Example 3.13. Let f: R? — R? be a function defined by
f(r,0) = (ﬂ (r,e),fz(r,9)> = <rc0s G,rsine) .

Pour tout (r,0) € R?:

of of
6—1(7“,9) —1(T>9) cos® —rsind
Ji(r,0) = | &, g?fez =|
= (r,0) 0 (r,0) sin®@ Tcos0
so the Jacobian of f is
_0(fy,f2)
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3.6 Classical differential operators

Most real-world phenomena are modeled by differential equations that involve differential
operators. The gradient, divergence, and rotational are first-order linear differential operators.
This means that they only involve first partial derivatives of the fields, unlike, for example, the
Laplacian that involves second-order partial derivatives.

3.6.1 Gradient

Definition 3.7. Let f: QO C R™ — R admit partial derivatives in a € Q. The gradient of f
at the point a is defined by
of

6x1
of

grad f(a) = Vf(a) = | 0x2

(a)
(a)

of
a(a)
Example 3.14. Let f: R® — R be the function defined by

f(x,y,z) = xsyzz.

We have for all (x,y,z) € R®

of

%ng(x)y)z’) SXZyZZ
Vi(x,vy,z) = @(XJ:J)Z) = 2x3yz

0 3,2

. Xy

az(x)y)z)

Properties 3.2.

o Let f,g: Q C R™ — RP two functions have partial derivatives at a. Then for all
(x, B) € R?, we have,

V(af+ Bg)(a) = aVf(a) + pBVg(a).

o Letf: Q CR™—= R a function has partial derivatives at a and g: f(Q) CR —- R isa
function of a real variable derivable at the point f(a). Then we have

Vigof)(a) = g'(f(a))Vf(a).
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Geometric interpretation of the gradient

Let f: Q C R™ — R admit partial derivatives at a € Q.

o The gradient Vf(a) is perpendicular to the line of WY
level of f passing through the point a.

o The gradient Vf(a) indicates the direction of Vt(xoyYo)
greatest slope, i.e., the direction in which the

variations of f grow most strongly in the vicinity of T
~4

a.
(X0>1Jo

3.6.2 Divergence

Definition 3.8. Let f: Q C R™ — R™ admit partial derivatives at a € Q. The divergence of
f at the point a is defined by

divi(a) = tr(J¢(a) = 2 (@) + 22 (@) + .. Z

6x1 6xz aXn axl

where tr(J¢(a)) is the trace of the Jacobian matriz of f en a.

Example 3.15. Let f: R? — R? be the function defined by
f(X>y) = (fl (X)y)afZ(va)) = <_X2y>_xyz) .
We have for all (x,y) € R?

ofy of;

divf(a) = a(x,y) - @(x,y) = 2xy — 2xy = 0.

Properties 3.3.

o Let f,g: Q C R™ — R™ two functions with partial derivatives at a. Then for all
(x, B) € R?, we have,

div(af + Bg)(a) = adivf(a) + B divg(a).

o Letf:QCR™" > Randg:Q CR"™— R"™ two functions with partial derivatives at a.
Then we have

div(fg)(a) = f(a) div g(a) + (Vf(a), g(a)>>
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where (-,-) represents the scalar product on R™ :

Y1
<X>y>zx'y:(x1)'-'axn) :inyi-
Yn

3.6.3 Rotational

Definition 3.9. Let f: D C R® — R? admitting partial derivatives at a € Q. The Rotational
of T at the point a is a vector defined by

of of

(@) a_xi(‘”
of; 0f3

rotf(a) = | —(a) — =—(a)
2 1

m( a_xz(a)

In Anglo-Sazon notation, rot f is written as curl f.

Properties 3.4.

o Let f,g: Q C R™ — R™ two functions have partial derivatives in a. Then for all
(x, B) € R?, we have,

rot(af + Bg)(a) = arot f(a) + B rot g(a).

o Let f:D C R = R of class C* on Q. Then for all (x,y,z) € R?

rot(grad f(x,y,z)) =

o o O

o Letf: D CR® = RS> of class C* on Q. Then for all (x,y,z) € R :

div(rot f(x,y,z)) = 0.

3.6.4 Laplacian

Definition 3.10. Let f: Q C R™ — R of class C? on an open Q. The Laplacian of f is the
function
Af :R" — R
= 3%f

x — Af(x) = div(grad f(x)) = Pyl

i=1

(x).
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Remark 3.7. If

f:QCcR"—=RP

(Xl)--wxn) *—)f(X],...,Xn) = (ﬁ(xl)“wxn))--->fp(xl>°°°)xn))>

of class C* on an open Q. The Laplacian of f at the point x is given by

= 02,
Af7(x) Z ox? )

Afp (X) i azfp (X)

3.7 Derivative along a vector
Let Q C R™ be an open set and f : Q — RP be a function with a i'" partial derivative at
a=(a,...,a,) € Q. Then we have

of o flary...,ai+t,...,a0) — flar,...,an)
0x; t—0 t ’

Noting (ei)1<i<n the canonical basis of R™, we obtain

of . fla+tv) —f(a)
(a) = lim .
aXi t—0 t

We then say that we have derived the function f in a according to the vector e;. The following
definition generalizes this notion to any vector of R™.

Definition 3.11. Let f be a function defined on an open Q of R™ with values in RP, a =
(a1y...,an) a point of Q and v = (vy,...,vn) a non-zero vector of R™. f is derivable in a
along the vector v if and only if the function of one real variable g : t +— f(a + tv) is derivable

int=0. In this case, g’'(0) is called the derivative of f in a along the vector v and is noted
of

of o fla+tv) —f(a) . flay +tvy,...,an +tvy) — flag,...,an)
ov t—0 t tl—I}(l) t )

Example 3.16. The directional derivative of the
f:R> = R?,
(%Y, 2) = (1%, 2), f2(x,b,2)) = (xy? + 3%, yz),
at the point a = (0,1,0) in the direction v = (0,1,—1) is given by

O (3 1.0) — g FOT+6=0 = (01,0

ov £—0 t = (0:1).

Remark 3.8. A function can be derivable along any vector at a point without being continuous
at that point.
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Example 3.17. Consider the function defined on R* by

2
:x#0

T ostnon

f(x,y) =

Ox|q:

Alors, pourv = («, p) € R?, at a

. fla+tv) —f(a) . f(ot, pt) —(0,0) [3—2 c o #0
lim = lim =<

t—0 t t—0 t 0

1 sinon
so f has a derivative along v at the point (0,0). But f is not continuous at (0,0), in fact

o If we take the path y1(t) = (t,t), then %in(l)f oyi(t) =1lim0=0.
—>

t—0

o If we take the path v, (t) = (t2,t), then lin})foyz(t) =1.
t—

Remark 3.9. If (ei)1<i<n the canonical basis of R™, then

Of gy _ O

aX;L N aei

(a).

It follows that if f is derivable along any vector in a, then f has partial derivatives with respect
to each of its variables in a. Let us now give an example where the converse is false.

Example 3.18. Let f : R? — R be the function defined by

fly) = 1 :x#0andy #0
9 0 :x=00ry=0

We have,
of L f(h,0) — £(0,0) B
o (00 = limy h =0,
of . f(0,k) —£(0,0)
OOl =0

So f has partial derivatives at (0,0)
t

- ]
Letv = (1,1). For all t #0, fit, 1) —£(0,0) =1 is an expression which has no limit when t

tends towards 0. So f is not derivable in (0,0) along the vector v = (1,1). Thus, f has partial
derivatives with respect to each of its two variables in (0,0) but is not derivable along any
vector at (0,0).

Proposition 3.1. Let f : Q C R™ — R be a function derivable in a € Q along the vector
v =(Vi,...,vn). Then,

afi
aXi

(a)vi.

(@ =(Vflav) =3

of s
i=1
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8 Homogeneous functions

Definition 3.12 (cone). A part A of R™ is a cone if and only if A is stable for multiplication
by any strictly positive real. This is written as

Vx e A,Vt>0:tx € A.

Fig. 3.1 . Cone in the plane R?.

Example 3.19. The set A ={(x,y) € R? :x > 0,y > 0} is a cone of R%.

Definition 3.13 (Homogeneous function). Let k € R and A be a cone of R™. A function
f: A — RP is said to be homogeneous of degree k if it verifies,

Vx € AVt > 0: f(tx) = t*f(x).

Example 3.20.

o The function defined on R*\{(0,0)} by f(x,y) = arctan < ) is homogeneous of

x? +y?
degree 0. on A ={(x,y) € R?: xy > 0} is homogeneous of degree 1.

Properties 3.5. If a homogeneous function is of degree X, its partial derivatives, if they exist,
are homogeneous of degree k — 1.

Example 3.21. The function defined on A = {(x,y) € R? : xy > 0} by f(x,y) = \/ Xy is

7

of
homogeneous of degree 1 and of class C'(A). We have the function a—(x y) =

homogeneous of degree 0.

k on a cone A of R™, admitting partial derivatives with respect to all variables. Then,

Theorem 3 (Euler’s theorem) Let f: A — RP be a homogeneous function of degree
VX = (X1,X2y...yXn) EA: ixiﬁ(x) = kf(x).
y A2y ) — aXi

of y af X
a—(x y) = 205y

Example 3.22. Using the example 3.21, we have
For all (x,y) € A:

of of xy Xy Xy
X —(xy)+y  —(xy) = = =/xy = f(x,y).
o oYY oy Y Xy 2 Y Xy Y Y

Exercise 3.4. Let f : R? — R be a homogeneous function of degree 3 such that £(1,0) = 2.

1. Find £(2,0).

of of
2. Determine f knowing that ¥(x,y) € R? : &(x,y) = @(x,y).
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Solution.

1. The function f being homogeneous of degree 3, then,

£(2,0) = £(2(1,0)) = 23£(1,0) = 2* = 16.

2. Determine f knowing that

of of

V(X»y) S R? : a(X)y) = @(X»y)

According to Euler’s theorem, we have for all (x,y) € R? :

of of
X - &(x,y) +y- @(x,y) = f(x,y).

Using (*) for all (x,y) € R?:

(x+vy)- %(w) = f(x,y).

3.9. DIFFERENTIABLE FUNCTIONS

-

If we first consider the variable y as a parameter and set f(x,y) = @y(x). then varphiy

satisfies the following differential equation

(x+ 1Y)y (x) = 30, (),
’ oyx) _ 3
Py(x)  x+y’

Integrating with respect to x, we obtain

In(oy (¥)) = n(I(x +y)°1) + 1 (y),

then,
@y (x) = f(x,y) =2 (y)(x +y)°,

where Py and P, are two continuous functions from R into R. Condition (*) gives,

V(xy) €R? i) (x+y)? + 3b2(y)(x +y)* =32 (y)(x +y)*.

This implies that Yy € R, P5(y) = 0, and since b, is continuous on R, then Yy €

R, a(y) = c where ¢ is a real constant. On the other hand we have

f(1,0)=2=c(1+0)° =c.

Finally, we conclude that f(x,y) = 2(x +y)>.

3.9 Differentiable functions

Let f: 1 C R — R a function defined on an open interval I and a € I, we know that if f is

derivable in a then,
fla+h) =f(a)+f'(a)-h+o(h),
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where lim m = 0. The linear application
h—0 h

L:R-R
hs L(h) = f'(a) - h,

is a linear approximation of the difference f(a + h) = f(a) when h tends to 0. Since we are
interested in the differentiability of functions from R™ into RP, we need to define linear applications
from R™ into RP. We say that a function L: R™ — RP is linear if for all x,y € R™ and for all
a,BekR:

L(ax + By) = al(x) + BL(y).

If we consider

ay;r a2 -0 Qin
az; azz --- Qa2n

e M, »(R),
ap1 a‘pZ “e a‘pn

the matrix of the linear application L relative to the canonical bases By, and B, of R™ and R?

respectively. Then for all x = (x1,X2,...,Xn) € R™:
apr aiz -+ Qin X1 a11X1 + a12X2 + -+ -+ AnXn
azp azx -+ d2n X2 A21%X7 + a22X2 4 -+ + U2nXn
Ap1 Qp2 -+ Qpn Xn Ap1X1 + Ap2X2 + -+ + QpnXn
In particular, if L : R"™ — R is linear, then there exist a;,az,...,a, € R for all

X = (X1,X2y...yXn) € R™:
L(x) =ajx; +azxzy + -+ + anXn.

Definition 3.14. Let f be a function defined in the neighbourhood of a € R™, with values in
RP. We say that f is differentiable at a if there exists a linear application

L:R™ — RP
h = (hhhb---»hn) = L(h))
Suth that,
. fla+h)—f(a)—L(h)
lim

=0.
h—0 Ih]

It is the same to say that f is differentiable at a if and only if there exists a linear application
L: R™ — RP such that

VheR", f(a+h)="f(a)+L(h)+|h]-eh),

where € is a function defined on a neighbourhood of Ogn in RP and satisfying rllin%) e(h) = Ogp.
—

Equivalently (just put x = a+h), if there is a linear application L: R™ — RP : such that,
f(x) = f(a) + L(x — a) + ||x — al|e(x — a),

where € is a function defined on a neighbourhood of a in RY and satisfying lim €(x—a) = Ogp.
X—a
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at point a. It is denoted df.

d.f:R"™ — RP

~-
Theorem 4 The application L, if it exists, is unique and is called the differential of f
h= (h],hz, coo ,}‘Ln) — daf(h).

Proof. We assume that there exist two linear applications L; and L, from R™ to RP verifying

Vh e R™, f(a +h) = f(a) + Ly (h) + [[hfe (h) = f(a) + La(h) + [he2(h),

with lim €;(h) = lim e€>(h) = 0. Then,
h—0 h—0
im (B =R
h—0 HhH

We set h = tv with v € R™ \ {0} and t is a strictly positive real

1 (L —L)(tv) (L — L) (v)
- = - — lim =
nso Rl =0 [ty vl

We deduce that for any non-zero vector v, Li(v) = L,(v) which is true even for v = 0 and
therefore L; = L,. O

Example 3.23. If f: R™ — RP is a linear application, then it is differentiable in all a € R™

and its differential is
dof: R"™ — RP

h = (h1 ) hZ) R »hn) = daf(h) = f(h)
Indeed, for all a € R™. If f is linear, then

Vh € R", f(a + h) = f(a) + f(h) = f(a) + dof(h) + ||h|e(h),

with dqf(h) = f(h) and e(h) =0 for all h € R™.
In particular if £ : R* — R is a linear application defined by f(x,y) = 2x — 3y, then f is
differentiable at all a = (a1, a;) € R? and its differential is

d f:R> >R
h = (hy,hy) — dqf(hy, hy) = f(hy, hy) = 2hy — 3h,.

Remark 3.10. Let f be a function defined in the neighborhood of a point a € R™ with values
in RP,
f(x1y.ooyxn) = (F1(x1,0 00y Xn)y ooy fp (X1, 000y X0 )

The function f is differentiable at a if and only if each component fi,i € {1,...,p}, is
differentiable at a. In this case

dafy
dof = |
dafy
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Example 3.24. Let the application
f:R® — R?
(x,y,z) — f(X,y,Z) = (f1 (X)y»z)»fZ(X)y>Z)) - (X+ 3y _ZZ»ZU +Z)-

It is clear that f is linear, then f is differentiable in all a € R® and we have

dafl (h1)h2)h3)
dof (hy,hy,h3) =
( D 3) (dafz (h1)h2)h3)

_ (hy +3h; —2h;
- 2h; + hs ’

Example 3.25. Let f be an application of a non-empty open set Q from R™ to RP. If f
is constant on Q (Vx € R™, f(x) = C € RP), then for all a € Q,f is differentiable at a and
dof = 0. Indeed

Vh € R",f(a+h) =C =f(a) +duf(h) + ||h|[e(h),

with dof(h) =0 and ¢(h) =0 for all h € R™.

Example 3.26. Let R™ have the scalar product (-, -). Let ||cdot||2 be the associated Euclidean
norm. Let f: R™ — R be a function defined by f(x) = ||x||3 = x5 +x3 + ... +x2. Let
a=(aj,az...,an) €R™ Forallhe R"™:

la+ )3 = (a+ha+h)=]alf+2(a,h)+ ]R3

So,
fla+h) =f(a) + 2(a,h) + ||h|2e(h).

avec £(h) = ||h||2 which tends to O when h tends to 0. Therefore f is differentiable at a and

Vh = (hy,hy,...,hy) €RY, dof(h) = (a,h) = ) aihy
i=1

in RP. If f is differentiable at a, then f is continuous at a (and the converse of this
implication is false).

| I Theorem 5 Let f be a function defined in the neighborhood of a € R™, with values
Proof. Since f is differentiable at a, then
Vh € R™, f(a+h) = f(a) + dqf(h) + ||h]e(h),
with }ltirr}) ¢(h) = 0. Since R™ is finite-dimensional, we know that the linear application d.f is
_>

continuous on R™. So, }llirr%) dof(h) = dof(0) = 0. We deduce that
—

lim f(a+h) = lim ((a) +daf(h) + |[hlle(h) = f(a).

Which shows that f is continuous in a. O
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3.9.1 Link with the derivative along a vector

a € Q. If f is differentiable at a, then f is differentiable along any vector at a and in

this case, for any v € R™\{0} :
of

==(a) = daf(v)

‘ | Theorem 6 Let f be a function defined on an open set QO of R™ with values in RP and
Proof. Since f is differentiable at a, then,
Vh € R™", f(a+ h) = f(a) + dof(h) + ||h|le(h),

with lim ¢(h) = 0. Let v € R™\{0} and t € R.
h—0

fla+tv) =f(a) +t dof(v) + [t]||v]e(tv),

avec lim g(tv) = 0. Donc

t—0
f tv) —f t t
TG Rk GO VAR RS TEL L L1
t—0 t t—0 t
. . . of
This shows that f is differentiable along the vector v and that a(a) = dqf(v). m

I Remark 3.11. The converse of the previous theorem is false.

Example 3.27. We have already seen in the example 3.17 that the function f defined on R*
by
2
vy .« #0
X

0 : stnon

f(x,y) =

admits a derivative along any vector at the point (0,0), but f is not continuous at (0,0). So by
Theorem 3.9, f cannot be differentiable at (0,0).

3.9.2 Link with partial derivatives

By combining the theorems 3.9.1 and the remark 3.9, we have the following result

Corollary 3.1. Let f be a function defined on an open set QO of R™ with values in R and
a € Q. If f is differentiable at a, then f admits partial derivatives with respect to each of its
variables at a and moreover,

. of
vie{l,...,n}, a—Xi(a) =d.f(e;).
With this result, we are able to express the differential of a function f at a point a as a function

of the partial derivatives of f at a.
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a € Q. If f is differentiable at a, then

Theorem 7 Let f be a function defined on an open set QO of R™ with values in RP and
Vh = (hy,h h,) € R" df(h)—ih-ﬁ(a
- Ty 2y eeeylln y Ua —i:] 1axl

Proof. Let (ei);<i<nthe canonical basis of R™. Since dof € £ (R™,RP), then,

Vh € R", dof(h) = dof (i hiei> Zh daf (i) Zh 6x
i=1 '

]

Corollary 3.2. Let f be a function defined on an open set Q of R™ with values in R and
a € Q. If f is differentiable at a, then

Vh € RY, duf(h) = (Vf(a),h).

Remark 3.12. For a function from R to RP, the above theorem allows us to make the link
between the notions of derivability and differentiability. More precisely, a function f: R — RP
is derivable at a if and only if it is differentiable at a, and we then have

Vh € R,d.f(h) = hf'(a).

Proposition 3.2. Let f be a function defined on an open Q of R™ with values in RP and
a € Q. f is differentiable in a if and only if f admits partial derivatives with respect to each
of its variables in a and

. fla+h)—fla) =X, higt(a)
lim

=0.
h—0 |Ih]

The reciprocal of the implication of 3.1 is false in general. In fact, there are functions which have
partial derivatives without being differentiable, as the following example proves.

Example 3.28. The function f: R? — R defined by

X3 _ys
fx,y) = m : (xy) # (0,0)
0 : (X)U) = (O)O)>

has partial derivatives at the point (0,0).

of . f(h,0) —£(0,0)
e -

of . f(0,k) — £(0,0)
T -
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We have,
of of o
TR — 00— (0,0) ~hagj(00) L R e
- = 1m
(h1,h2)—+(0,0) VvhZ +hZ (h,h2) = (0,00 /hZ+hZ
_ . h-hi-hi+hing
(h1,h2)—(0,0) (h% + h%)\/m
lim hahi —hs
=0 (hi +h3)y/hi +hi
= lim —7+——+=
r—0 T3\/1_

= cos? 0sin O — cos 0 sin? ¢

So fis not differentiable at the point (0,0).

3.9.3 Classical differential notation

Let f: Q C R™ — RP be a function defined on a neighbourhood of a € Q. We have seen that if
f is differentiable in a, then for any h = (hy, ha,..., hy) € R™ we have,

of of of
dof(h) =hy—(a)+h,—(a)+---+h,=—(a). (3.1)
aX] aXZ axn
For each 1 € {1,...,n}, we define the linear application
dx; : R™ — RP

h = (hhhb---)hn) = dxl(h’) = hj.

Substituting into (3.1), we obtain

of of of
d.f(h) = —(a)dx;(h) + — (a)dxz(h) + - - - + —(a)dx.(h).
6x1 aXZ axn
This is written briefly
of of of
dof = —(a)dxy + =—(a)dxy, + -+ — (a)dxn.
aX] aXZ aXn

Example 3.29. Let f: Q € R? = R be a polynomial function defined by
f(x,y) = x* + xy.

f is differentiable at a = (2,—1) and we have

of

do,-nf=—

of
(2,—1)dx—|—@(2,—1)dy =3dx + 2dy.

Geometrical interpretation of differential

Let f: Q € R™ — RP be a function defined on a neighborhood of a = (ay,...,a,) € Q. We
have seen that if f is differentiable at a, therefore,

f(x) =f(a) + dof(x — a) + [|x — alle(x — a), with lim e(x —a) =0.

X—a
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Then, in the neighborhood of a, the function f is well approximated by the affine function

n

x — f(a) + dof(x — a) :Z

i=1

af
6xl

— ay).

Geometrically this means that in R™"', in the neighborhood of the point (a,f(a)), the graph of
the function f differs little from the hyperplane of R™"! whose equation

This hyperplane is called the tangent hyperplane to the graph of f at the point (a, f(a)).

In dimension 2 the graph of f is a surface S of R® with equation z = f(x,y) and the tangent
plane at (aj, az,f(as, az)) has the equation

z=f(ay,az2) + g(ahaz)(X— ap) + —f((lhaz)(y —az).

ox oy
v4
f(x,y)e a,02,f(a,a;))
: I =f(ar,az)
5 Y
o
(%,y)

Example 3.30. Let f: Q C R* = R be a polynomial function defined by
f(x,y) = x* +xy°.

f is differentiable at a = (1,—1). Moreover, the equation of the tangent plane to S at a is

= 1,1+ 201, 1)+§—;(1,—n(y+n
—243(x—1) =2y +1)
=3x—2y—3.

3.9.4 Differential of a function on an open number




CHAPTER 3. DIFFERENTIABLE FUNCTIONS 3.9. DIFFERENTIABLE FUNCTIONS

~-

AT <
Definition 3.15. Let f be a function defined on an open set Q of R™ with values in RP. We
say that f is differentiable on Q if it is differentiable at every point x € Q. In this case, we
call the differential of f the function

df : Q — L(R™,RP)
X = df,

where L(R™,RP) is the set of linear applications (therefore continuous because we are in finite
dimension) of R™ with values in RP.

Example 3.31. The function f: R? — R defined by
f(x,y) =x? + yS»
is differentiable on R?. Indeed, let(xo,Yo) € R? :

i f(xo -+ h1,Yo + ha2) — f(x0, Yo) — N1 (x0,yo) — hzg—z(xmyo)
(h1,h2)—(0,0) VhZ +h3
lim (xo +h1)? + (Yo + ha)® —x§ —y3 — 2hixo — 3hayj
(h1,h2)—(0,0) VhZ +h2
iy 1+ 303Y0 + s
L
. 1%(cos? 0 + 3ygsin? 0 + 1sin 0)
- I r

=0.

This is sufficient to conclude that f is differentiable over R?* and for all (x,y) € R? :

d(xyy)f(h] ,hz) = 2Xh1 — 3y2h2.

Proposition 3.3. Soient f une fonction définie sur un ouvert Q de R™ a valeurs dans RP.
f est de classe C' sur Q si et seulement si f est différentiable sur Q et de plus Uapplication
df : Q — L(R™,RP) est continue sur Q.

Remark 3.13. En particulier, la proposition précédente garantit, en particulier, que si est une
fonction f de classe C' sur un voisinage de a, alors f est différentiable en a (et la réciproque
de cette implication est fausse).

Example 3.32. Consider the function f: R> — R defined by f(x,y,z) = x*y> + x cosz and
a= (1,1, E) The function is clearly of class C' on R3, so it is differentiable at the point a

and its differential at a is

of T of T of T
daf(hi, hyyhs) = h]au,hz) +hza(1)])z) +h3a—z(1) Lz

) =2h; +3h,; — hj.
Example 3.33. The partial derivatives of the function

f:R® — R?
(%y,2) — (xy? + 3x,yz?)
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at the point (x,y,z) are given by

of y?+3 of 2xy of 0
a(XﬂJ,Z) - ) —(XJJ,Z) = y —(X,U»Z) -

0 oy z? 0z 2yz

The function is clearly of class C' on R3, so it is differentiable on R> and in particular its
differential at a = (1,1,1) is given for all h = (hy,hy, hs) € R® by

of of of
daf(h1)h2)h3) - hl _(1)1>]) +h2_(])])1) + h3_(1a])1)
0x oy 0z
4 2 0
=hy +h, + h3
0 1 2
4hy 4+ 2h,
h, + 2h;s

Example 3.34. Let f be the function defined on R? by

1

(x* +y?)sin (W) : (xy) # (0,0)

0 : (va) - (O)O)

f(x,y) =

Let us show that f is not of class C' on R? but it is differentiable on R*. We have

1 1
lim f(x,y)=  lim x? 4+y?)sin [ —— | = lim v sin (—) =0.
(e o0 TUOU) = (M )0 V) <\/x2+yz> r—0 T

Thus, f is continuous in (0;0) and therefore on R?.
The function f admits on R? partial derivatives with respect to each of its variables defined by

of (szin 1 — X cos 1 : (xyy) # (0,0)
(%) = Saru) erg o\Vere) YT

(0 : (xy) = (0,0)

of 2y sin ] — Y coS ; : (x,y) # (0,0)
B S Y T e VT A

\O . (X>y) - (O)O)

We have, for all x € R*
0 1 1
—f(x,O) — 2xsin [ — | — = cos [ — .
0x Ix x| x|

If we pass to the limit when x tends to O, we obtain that the first term tends to zero, while the
second term has no limit at 0. We conclude that the partial derivative of f with respect to x is
not continuous at (0,0). In the same way, we show that the partial derivative of f with respect
to y is not continuous at (0,0). with respect toy is not continuous at (0,0). Although f is not
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of class C' on R?, it is differentiable on R? because

, f(h1,hy) — £(0,0) — hy 2£(0,0) — h, 2£(0,0) . T +h3)sin ( mhz)
lim El = lim

(h1,h2)—(0,0) v/hi +h3 (h1,h2)—(0,0) v/hi+h3
1
= lim \/h3 + h3sin
(h1,h2)—+(0,0) T\

1
= lim rsin (—) =
r—0 T

f of class C' on
a neighbourhood of a

f differentiable
at a

f continues f admits partial
at a derivatives at a

Fig. 3.2 . A diagram showing the relationship between the previous concepts.

3.10 Matrix representation of the differential . Jacobian
matrix

Definition 3.16. Let Q be a non-empty open R™ and

f: D—RP
(X1y ey Xn) > (Fr(x1y .oy Xn)y F2(Xay ooy X )y ooy Fp (X, 000y X)),

a function differentiable in a € Q. The matrixz of the linear application d.f relative to the
canonical bases By, and By, of R™ and RP respectively is the Jacobian matriz of f in a.

MBn,Bp(daf) = J¢(a).

It is the same thing to say that, for any h € R™:

af(h) =J¢(a)h.

We denote by (es,...,en) the canonical basis of R™. The j-th column of Mg, g, (daf) is the
column vector whose components are the coordinates of d.f(e;) in the canonical basis of RP. We

have 5¢
daf(ej) = a—xj(a)-
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Then,
daf(e1) daf(QZ) T daf(en)
2 2 2
d=1 =2 22 Lo 212 (R).
Mo, (dof) = | $2(@) $2(a) o 5 2(a) | € Mpn(R)
of, . of, of,
o, (a) % (a) ox. (a)

o If n=p =1, the matrix representing d,f is the derived number f'(a) € M;;(R) = R.

« If p =1, the matrix representing d.f is elements of M; ,(R) is a row matrix. Thus, the
matrix representation of d,f is

Je(a) = < of (a),ﬁ(a),... i(a)) = Vf(a).

ox; 0x5 " Oxn

3.11 Operations on differentiable functions

The algebraic operations on differentiable functions concerning sums, products, quotients and

multiplication by a scalar are the same as those seen previously in the case of functions derivable
from a real variable.

a € Q and A, pn € R. Then the function Af 4 ng is differentiable at a and we have
do(Af + ng) = Adof + ndag.

In terms of Jacobians

Theorem 8 (Linéarité) Let f,g: Q C R™ — RP be two functions differentiable at
Jatug(a) =AJe(a) + uJg(a).

Proof. For all h € R™, we have,

fla+h) —f(a) = daf(h) + [[h][e;(h) and g(a+h)—g(a) =dag(h)+[[h]ez(h),

with &LILI%) e1(h) = }1111)]% e>(h) =0. So

(Af+pg)(a+h) — (Af +pg)(a) = A(f(a+h) —f(a)) + ulgla+h) —gla))
= Adaf(h) + pudag(h) + [[h][(Aer (h) + pez(h)).

Since Ad.f + ndqg is a linear application of R™ in RP, then Af + pg is differentiable at a and
do (M + 1g) = Adof + ndag. ]

Example 3.35. The function f: R? — R defined by
(P(X)y) = 2X—3y +4,

is differentiable at any point a = (x,y) € R? because @ = f + g with f is a linear application
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f(x,y) = 2x — 3y and g is a constant application g(x,y) =4. Then, for all

h = (h],hz) S Rz, daf(h] y h,z) — 2h1 — 3]’12 and dag(h1 y hz) =0. Thus,

dq@(hy,hy) = dof(hi, hy) + dag(hy, hy) = 2hy —3h, + 0 = 2hy — 3h,.

Theorem 9 Let f,g: QO C R™ — R be two differentiable functions at a € Q. Then,
e The product f x g is differentiable at a and
da(f x g) = g(a)daf+ f(a)dag'

1
o if f(a) # 0, the inverse 7 is differentiable at a and

f
o if g(a) # 0, the quotient — is differentiable at a and
g

q (f) _ gla)dof —f(a)dag
¢ B (f(a))? '

The chain rule (or rule of differentiation of composite functions) is a central calculus rule in the
differentiation of functions of several variables.

Theorem 10 (Differentiation of composite functions) Let f be a function of a
non-empty open U C R™ to RP and g an application of an open V C RP to R™ such

that f(U) C V.
f @ g

gof

Let a € U. If f is differentiable at a and g is differentiable at f(a), then g o f is
differentiable at a and moreover

d(gof)a =ds(a)god.f.
En termes de Jacobiennes,

Jgot(a) = Jq(f(a)) x J¢(a). (3.2)

It is very useful to deconstruct the formula (3.2) in order to know how to apply it. Let

f:UcR" — RP
(Xh"')xn) — f(X],.-.,Xn) = (f1 (X1>°°'>Xn)) --->fp(x1>°'-)xn))>
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and

g:VCRP — R™
(yh-")yp)'—>g(yh »yp) (91(1.:“» )yp))---)gm(yh"-)yp))'
Since Jgof(a) = J4(f(a)) x J¢(a), we obtain

% aﬂ af1 af1 a(gofh a(gof)
0w o 0 of, oty | | alge 90 N
o) - g |\ g o fre) |\ 28 ) . S8 g
So,
g0t 091 i O o 091 Do o B O
o (a) = 2y, f(a))ax1 (a) ayp( (a))ax1 a) —; ™ f(a))ax1(0)

3gof)m, . Ogm of; dgm of  « 3gm ofy
T(a = Bur fla a(a)+~~+ﬁ(f(a))ﬁ(a) => (fla))z—(a).

Thus, to calculate the partial derivatives of compositions of functions or after a change of variable,
we can use the following version of the chain rule. This is the writing in components of the
matrix formula (3.2).

Corollary 3.3 (Chain Rule).

P
Yij) € {1y mam) x {1, m), 209200 Z )2 ().

Exercise 3.5. We consider the functions f and g defined by
f: R? - R?
(X»y) = (f1 (Xay))fZ(X»y)afS(X)y)) - (Xzyaxyaxy3)

and

g:R>— R?
(X)U)Z) = (91 (X>U)Z)) QZ(X)U)Z)) = (X‘HJ +Z>X1JZ)-

1. Calculate

(a) the Jacobian matriz of f at a = (x,y) € R2.
(b) the Jacobian matriz of g at f(a).

(c) the Jacobian matriz of go f at a.

2. Find the Jacobian matriz of go f at a using the explicit expression of the function g o f.

Solution. It is obvious that f € C'(R?) and g € C' (R3).
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(a) The Jacobian matrix of f at a = (x,y) € R?.

ofq of
a(xa y) a_(x> y) zxy XZ
of, E)Pz

Je(x,y) = &(Xay) @(Xﬂj) = y X
of3 of3 3 3y
3 -3 y Xy
I (%, y) oy (% y)

(b) The Jacobian matrix of g in f(a). The Jacobian matrix of g at b = (x,y,z) € R?

of 0 0
iyz) Dxyz) 22(xy,z) 117
_ 0x oy 0z _
]g(X’U»Z) = d 9 d —
£z (%, Y, 2) 292 (x,y,2) 292 (x,,2) Yz Xz Xy
ox 7 oy 7 oz ‘P

So, the Jacobian matriz of g at f(a) is
Ig(f(a)) = ]g (Xzy»xyvxys) =

(c) The Jacobian matrix of gof at a.

Jgor(%,4) = Jg (x*y, xy, xy*) x J¢(x,y)

2x x?
1 1 1 K
X2y4 X3y4 X3y 2 X 5
Yo 3xy

xy+y+yd x4 x4 3xy?

4x3y5 5x4y4
Let us find the Jacobian matrixz of gof at a using the explicit expression of the function
gof:
gof: R? — R?

(%) = goflx,y) = g(f(x,y)) = g (x*y, xy,xy’) = (x*y +xy +xy®,x*y°)
It is easy to verify that

xy+y+y> x4+ x4 3xy?

Igof(xay) - 4x3y5 5x4y4
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foo
/ \
RZ ¢ > RZ > R

@(r,0) = (x(r,0),y(r,6)) g(r,0) = f(x,y) = foo(r,6)

= (rcos B, rsin0) = f(rcos 0, rsin 0) k

(1,0) —

Example 3.36. The Jacobian matriz of @ at a point (r,0) € R? is

cos® —rsinb
I(p (T‘, 9) =
sin® TcosO

This can be expressed as follows,

0x 0x

I = cos 0 30 = —7rsin 0
ay . ay
g—sme %—rcose

The chain derivation formula then gives

0 of 0 of 0
—g(r,e) = —(rcose,rsine)—x(r,e) + —(rcose,rsine)—y(r,e)
or 0x or ay or

og B of . 0x of ) oy
ae(r,e) = ax(rcose,rsme)ae(r,e) + oy (rcos@,rsm@)ae(r,e),

or in more abridged form

99 _ ga_erga_y —cos.eﬁ—l—sineE

or 0oxOor odyor 0x oy

0 of 0 of 0 of
_g___x+ —y:—rsine——l—rcose—

00 0x00 0y 0o ox dy

Example 3.37 (Solving a partial differential equation of order 2). Let ¢ # 0. Find the
solutions of class C* of the following partial differential equation

02f  0%f
(B):c?—— — —.

ox?  ot?
using the change of variable w = x + ct and v = x — ct. Consider the application @(x,t) =
(x + ct,x —ct) = (u,v). Let us note forg: R>* 5 R, f=go . On a ainsi :

V(x,t) = g(x + ct,x —ct),
or again
(x,1) & (x +ct,x —ct) 5 g(x +ct,x —ct) = f(x, t).

Moreover, g is of class class C* on R? if and only if f is of class class C* on R?, then by
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applying the chain derivation rule, it comes

3 _2g,du dgdv_dg g

0x Ou dox Ovox ou oV’

of _dgou 0dgodv _ 0g dg

ot oudt  oavat Sou Cov

Then, still according to the chain rule and using Schwarz’s theorem, we obtain,

0%f  d%g 0%2g  09%g

= 2
ox2  ou? + oudv + ov2’
0*f 2629 2 az9 2629
2 S Cowy o

Thus f is a solution on R? of the equation (E) if and only if g is a solution on R? of

azg

E): =0
(E) ouov

So, the general solution of (E') on R? is
g(u,v) = Alu) +B(v),
where A,B: R — R are of class 2. Finally, the general solution of equation (E) is
f(x,t) = A(x + ct) + B(x — ct),

with A and B are two numerical functions of class €* on R.
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