Chapter

Predicate Calculus

Definition 3.1 A "predicate” is a statement concerning objects within a mathematical theory
that can be cither true or false depending on the objects involved.

Example.

1) "Being an even number” is true for 2 but false for other numbers.

2) "Being smaller than” is true for (2,3) but false for (3,2).
Predicate calculus allows the construction of complex statements from predicates by using
special symbols to represent variables, functions on these variables, and the relationships
between them. Certain variables never change; these are constants.

In this sense, predicate calculus is richer than propositional calculus.

3.1 Syntax of Predicate Calculus

3.1.1 First-Order Alphabet

Let v = {xo, z1, x2,...} be a set whose elements are called variables.
«C = {co, 1, €. ..} 15 a set whose elements are constants.

* F = |J Fn represents functions of arity n.
n=>0

xR = |J R, represents a union of sets R,, whose elements are relations of arity n.
n>0

(It is assumed that Ry contains a particular element of equality)

* The symbols ¥V and 3 (for all, there exists).



Definition 3.2 A first-order alphabet is an alphabet A of the form:
A=U0UU{() ].AV, =, < V.3 UCUFUR.
- The part UU {(,), |. A, V. =, <, ¥, d} is the logical part of the alphabet or language.
- The part > = C U R U F. is called the signature of the language.
- The logical part is common to all languages, so what characterizes a language is its
non-logical part or signature.
Example. Signature of elementary arithmetic
> ={+, ., <01}
C = {0,1}
F={+1=F
R={<=} =R,

3.1.2 Terms

Let A* be the set of words formed from the alphabet A.

Definition 3.3 The set of terms T constructed from A is the smallest set of A*/ such that

HHuuc C T.
Example. In the theory of real numbers, the constants are R, the variables are x.v....., the

functions = are real functions: cos,sin, +, ., ..
* sinax is a term.

* .xx is a term usually represented by x?.

* + xy is a term usually represented by = 4+ y.

* The expression sin(z + sin ( v+ x)) is represented by the term: sin + x sin + z.yy

Note. As a word, each term has a unique representation.

The Height of a Term

T=UT withTy =vUC and Thy =T, U {ft1,....te, [ € Frand t1,....tx € T,}

n=0

h(t) = min{n/t € T,}
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x We can also refer to the decomposition tree of a term. The height of a term is the height of

its decomposition tree:

Example. The term: sin + zsin + z.yy

h =15

sin

3.1.3 Formula

An atomic formula is a word in A* that is Rt...t,, where R is a relation of arity n (R € R)
and t....t, are terms (we write = t;t; for t; = ts).

Definition3.4 The set of first-order formulas is the smallest subset F of A*/

*1) Any atomic formula € F.
¥x2)F,G,e F=|F, (FAG),(FVG),(F=0aG),F <G eF.
*3)F, € F = VYu, F and Ju, F € F, Vn.

Note.

1) We have F = |J F,, Fo =atomic formula,
n=>0
Forn =FU{|FFe Fru{(F«G), F,Ge F,,*»=U{Vu I\ F € F., k €
NYU {3y F, F € Fand h(F) = min{n/ F € F,}.

2) As a word, every formula has a unique writing.

3) A formula also has a decomposition tree, with the leaves being the atomic formulas.

Example. Let the signature > = {p, Q, R, f. g, T}

*Vz (Rry = Qzfy).



« | dx(Rry vV Qrgyr).

¥V (pr A Jy(Tyr = sry)) arc formulas.

The subformulas of F are defined as follows: * If F is atomic, then sf(F) = {F}.
F =G sf(F) = {F} U sF{G}.

« If F'= (Gy % Ga), sf(F) U sf{G1} U sf{Ga}.

« If F'=Va,G, sf(F) = {F} U sf(G).

F = 3nG.

3.2 Free and Bound Variables

A variable v, can appear multiple times in a formula F. We say it has multiple occurrences.

These occurrences are of two types: free and bhound.

Definition3.5 We define by indication the free occurrences of v, :
* If F' is atomic, all occurrences of v, in I’ are free.
~x If F' =]G, the free occurrences of v, in F' are those of v, in G.
* If FF = (GaH), the free occurrences of v, are those of v, in G and those of v, in
H.
* It F = VoG or F'' = duG with £ # n, the free occurrences of v, in I are those
of v, in G.
* If we say that xz, is quantified in F as F' = Vv,G or F = 3v,G no occurrence of

v, in I is free.

Example. >~ = {R. ¢, [}

R: Relation, ¢: constant, f: function
F =Vao(doVao(Rrze = |x0 =~ 23) A Vro(Iao(Rrzs V frg o ¢) A 29 = x9)
All occurrences of ry and xy are bound. The first two occurrences of x; are bound, but

the third is free. 23 is free.

Definition3.6 A variable in [ is free if it has at least one free occurrence. A closed formula

is a formula with no free variables. In the previous example, I is not closed ((x7 and xs)



are free). A closure of a variable in F' is a formula of the form Vv, , v,.....v;, I’ where

Ui,y ..., U5, are the free variables ol F. An inverse closure is closed.

3.2.1 Scope of a Quantifier

Let © = 4 or V. In any formula F containing Oz, the term Ox is followed by a unique

subformula & in which the variable z is free under Ox .

Definition 3.7 & is the scope of the quantifier O. The occurrences of x that fall within the

domain of O are the free occurrences of z in G
Example: F = Ja((pz V Qy A gy = 2) = (3x¥?'y Rey A frz =)y where y
s 12 22 25

is free at positions 8and 12, and bound at positions 22 and 25, quantified at 22 and 25

within the domain of 21.

3.2.2 Substitution in Terms

Notation
t = tlry, x4y, ..., 2] indicates that the variables with at least one occurrence in the term ¢
are among T, ..., ;. If m = maxrxz; we can also write t = t[xq, 21, .... ).
J
Definition 3.8 Let y, ...,y be variables and t, uq, ..., ur be terms. The term t»  w is ob-

ETRAE

tained by substituting the terms uq, uo, ..., up for the variables yy, ...,y in all occurrences
of y; in t. More precisely:

xt = constant or variable # y; then tw, w =t

v g

=y (1 <i < k)lw  w = u;.

T

*1t = ff]_fgt-n tg — ftlu—l w1 uy up,
v1’ ITIRM 1o

U

Proposition 3.1 tx = is a term.
yp Yk

Proof. By induction on the term t.



3.2.3 Substitution in Formulas

Notation

F = Flr;,...,7;,] means that the free variables in F' are among x;, . We will substitute terms

for free variables in a formula.

Definition 3.9 Let F' be a formula, and yy, ...,y be terms. The expression Fu w obtained
yp "y

by substituting the terms uy. ..., u; for the variables . ...,y is defined as follows:

*1f I = Rty...1, is atomic, then Fuv we = Rtjw w. o w w.

y1 vk TR T v vk
*If F =]G then Fuu we =|Gu w.
oLk oLk
xIfF=(GaH), Fu w = (Gu waHu w).
vl Yk v Uk y1 Yk

*AfF = 0xG(x # ), Fu me = OrGu m, O = ForV.
u1 Yk

1 g

* IfF = ()yz(': (Z = 1:2,...,}?), Fﬂic = ()yz(?ﬂ Uj_1 Uil u
Y1

Uk Y1 Wil T Witl Wk

Example. F' = Vao(3x1Varo(Rrizg = |1rg = x3) A Vao(Iae(Rrize V frg = ¢) A vy =
va))
t = ffe
Fﬁ = Vao(Fo Voo(Rrizg = |20 = x3) AVae(Fze(Faa(Rf fexg V frg = ¢) Axg = 19))

3.3 Semantics of Predicate Calculus

We aim to assign truth values to formulas of predicate calculus. To do so, it is necessary to
specify a domain in which variables take values, and where the symbols of relation and function

have meaning.

Example 1. Consider the formula dyVa Ryar. To assign a truth value to this formula, we
must assign values to the variables x, y and specify the definition of the “relation” R.
Thus, it depends on the set in which the variables =, y take their values and on the
definition of R in that set.

* If R =< over N, then the formula is true.

« If R =< over N, the formula is false.



+* If R =< or < over Z, the formula is false.

Therefore, we need to specify a set in which the variables take values and in which the
symbols of relations and functions become true relations and functions. This set will
be a structure (or a realization of the language or alphabet A of the predicate calculus

considered).

Example 2. Rex
* Truefor N,e =0,z =1, K =<.

* False for N.e = 0,2 = —1, R =<.

3.3.1 Definition of a Structure

Let A be an alphabet of first-order.

Definition 3.10 An A-structure is given by a set S such that:
* Every constant symbol ¢ in A is associated with an element ¢ in S.
* Each function symbol f of arity n is associated with a function f:S™ — S.
* Each relation symbol R of arity n is associated with a relation F of arity n on S (R C S™)
(the equality relation corresponds to equality in S).

Example. Let the signature language be ¥ = {R. f.¢o.c1}. A possible structure is S =
N, R=<,[=4,6 =0,6, = 1. Another possible structure is S =R, R =<, [ = z,¢y =

€. 01 =T.

-~

Remark. When considering multiple structures associated with the same language, and for

any arbitrary structure, we write &, fs, and R.

Definition 3.11 Let S and 5" be two structures of the same language (alphabet). We say that
S is a substructure of S” if:
* 5 C 5.
* ¢y = Cy for every constant c.
* fs = fo for every function symbol f of arity n.

* [y = Ry N .S™ for every relation R of arity n.



Example. X ={R. f,g.cq.c1}
xS =7Z,Ry =<, fo = +. ¢y = +,c0, =0,c1, =1
*S=NR =<.fi=+.g.=+,c0. =0,c1,
Let S and S’ be two structures of the same alphabet. A structure morphism between S
and S’ is a function @ : S — 5"
*x @(cy) = ¢y for all constants ¢

* Qj(fal ..... Gn) = ﬁ'(@(fll),...,g(aﬂ))

for every function symbol f of arity n, foralla; € S, % (a;),...,a,) € R? = (@(a1), ..., D(ay,) €
R7)
for all a,...,a, € S, and for all relation symbols R of arity n.

Example. ¥ = {f. ¢}

S=<Ri 1,r> 5=<R,0,+ >

@R, —R
r+— logx
Definition 3.12 A structure morphism @ : S — 5" is a monomorphism if, for every relation

R of arity n, if aq,..., a, € S, then (ay,a0,...,a,) € R, < (F(ay),...,D(a,) € Ry.

Example. Every substructure defines a monomorphism (every injection S 9 S’); the converse

is also true.

Proposition 3.2 Every monomorphism is injective.

Proof. Among the relation symbols, we have the equality relation =, which defines equality
on S and S “=S" = “=¢" “=="" Therefore, if a;,a; € S and @(a;) = F(ay), since & is
a monomorphism, we have: @(a;) = @(as) < a; = ag, thus @ is injective.

Definition 3.13 An isomorphism of structures @ : S — S’ is a surjective monomorphism; in
particular, @ must be a bijection. An antomorphism is an isomorphism @ : S — S.

Example. S=<R* 1, x >and 5" =< R,0,+ >,
@ : R} — R, 2 — logz is an automorphism.

The next step is the interpretation of terms.



Definition 3.14 Let t = t[zq,..., 7, 1| be a term and S a structure of first-order logic. [
ag. ...,ap_1 be elements of S.
The interpretation £, of ¢ in S when x; = a;. 0 < i < n, is defined as follows:
* If t = 2;, then t, = a;.
x If t = ¢, then t, = c,.

x Ift = fty--tp, then T, = fo(te,, ..., tr).

Example. ¥ = {f,g.¢c0.c1}.
S=Nf=+.g=xX,60=0,¢; = 1.

t=gyfre =tz y]

Let ag = 2,a; = 3.

=93, f(2,1)=3x(24+1)=3x3=9

Proposition 3.3 Let t = t[zg, ..., 2 1] and ¢ = [y, x0,.... 2, 1] be two terms, and
ag, ..., an_1 be elements of the structure S. Then we have @, = tg, with u = tz a
Y

y~1ls=0b€Ss.

Proof. By induction on the term #

«t = ff-l e tk- then v = f'ul s UR with U; = tii
v

By the hypothesis u;, = ¢,

Thus: s = f(ur,, ... uk,) = f(ti, ... te,) =1L



3.3.2 Satisfaction of a Formula in a Structure

Let A be a first-order alphabet and S an A-structure. Let F' = Flxg,...,z,_;] be a formula
(this notation means that the free variables of F' are among the x;).

The satisfaction of a formula F'in S is defined when the variables x; are interpreted by the
elements ag, aq,...,a, ; of S.

This is written as:

.9 ’: F[ao,al, eey an_]_}

Definition 3.15 = If F'is the atomic formula Rt s ...t with t; = ¢;[zq,..., z,_;], then

S Flag, ... an 1] € (te,. .. trs) € R,

*x If FF=-G

S Flag,...,an_1] & SE Glag, ..., ay_1]

*x If F=(GAH), then
SEFeSEGand SEH

*x If ' = (G = H), then
SEF&eSEGo SEH

*x If ' = (G V H), then
SEFeSEGo SEH

* It I'= (G < H), then
SEFs (SEGand SEH)or (SEGand S =H)

*x If F = VoG (where © # z;), then



* If ' =Vur;GG, then

Remark If F' is closed (without free variables), we write S = F'; F is satisfied in S.

Example Let ) = {H f c} be the structure, and S = R, Ry =<, fs = cos, & = 7.
2

* = Rex (= Rtltg)
S | Fla] & tis, tas € Rs
& te < tas
S rLa
Thus: S |= Fla]l < a € |7, 4+00]

* F="frg=c"=cfrg
S| Fla] & ¢, = fro, & m=cosa

Thus: Va € R, S ¥ Fla]
dry fry = xp, free variable xg.
~
G
S = Flag) & S | Glag, a;] for some ay
< day/ cosay = ag

< Qg & [—1 1]

* Va1 Rarg fry, free variable xy
S’
a
S Flagl © S = Glag, a1|/Nay
< Vag Jag < cosay

= E} — OO—”



* Vrydrg(Rryzo A f1g = x4), free variable zq
A ~ -

G

S | Flag] < Va;3ay/S = Glag, ay, as]
& Vai/3az/a; < az and ag = cos ay

< Qg € [—1, H

* rodry fry = 1o closed formula
—_——

G

Vag,da,/ cosas =ag S = F

* dr\Vro R frsxy closed formula
G

Jda, [Vag,cosay < a; SEF

Proposition 3.4 Let t = t[xg,...,2,_1] be a term and ' = Flz 20, ..., Zn_1,Y0,- - Ym—1)
a formula such that no occurrence of z is within the scope of ¥Ya; or dz;. Then, for any

structure S and Vag. ..., an_1.bo, ..., bm_1 € S, we have:

S Filao, ... an-1,bo, ... .bn_1] & S| Flls a0, ... .an-1,bo, ..., bm_1]

Proof By induction on the formula F'

* F = Rtltg .. fk t;' = ti[:,l’?o, e Tp_1. Yoy e ym—l}

z i i
SEF.< (r,,..., ") € R,
Let C; = t;s[lf. ag, . - -, Gn_l,bo, .. ybm—l]
Then 75, = ¢;, 50 S E Fr & (ti[ts. aoy....an_1, bo,....bm_1]) € Re,i=1,...k & S E

F[fs Qg ey Ap—1, bU: "':bm-—l]

Consequence and Universal Equivalence

Let A be a first-order alphabet:

* A closed formula [ is universally valid if S |= F' for every A-structure S. We denote this by



= F.
* A closed formula F'is contradictory if and only if =F" is universally valid.
* A formula F with free variables is universally valid if its universal closure is.
* Fis universally equivalent to G (denoted F' ~ G) if and only if (F' < G) is universally valid.
* A theory T over A is a set of closed formulas.
* The structure S is a model of the theory T'if and only it S = F for all F' € T (we also say
that S and T satisty S |=1T)).
* A theory T is consistent if it has at least one model; otherwise, it is contradictory.
* A theory is finitely consistent if every finite subset is consistent.
* A closed formula F' is a consequence of T if every model of T satisfies F'. We denote this by
T'E=F.
(If F'is not closed, consider its universal closure.)
* 17 is equivalent to T3 if and only if every model of T is a model of T5 and vice versa.
Proposition 3.5
1) If F~ F and G ~ G, then =F ~ =F' (FaG) ~ (F'aG'), where a is A, V, =, &
Vo P~ Vr b’
e F ~ 3z F'
2) Let F' be a formula, G a subformula of ', and G' ~ G. Then F' = F o~ F.
Proof.
1) Consider the closed formula V. We need to show that the closure of (Vo F' < Va F') is
satisfied in any structure S. Write
F=Flzrg, ..o, 7]
F' = F'lro, ooy 7p 1, 7]

Let 2 — a
S EVYr Flag,...,a,_1] & VYa S |= Flag, ..., a,_4. d]

& Va S = Fllao, ..., an-1, al
& S EVr Flag, ... ap1]
& SE Nz F s Ve B



2) By induction on the formula F.
Example.
—Vr I~ dr=F
Ve(FAG) ~ (Ve F AV G)
dx(FVGE)~ (2 FVdrG)
Equivalent formulas
Fr(F=G)~ (Ve F=3drG)
VaeVy F ~VyVr F

dedy '~ dydz F

dz2(FAG)= (dr F A 32 G)
(Vo FVVrG) = Va(F v G) ¢ Universally valid formulas
deVy F = Vydz F
If > is not free in F', we have: Vo ' ~ Jdx ' ~ F'.

Corollary. Every first-order formula is equivalent to a formula using only —, A, V.

Proof. {—,V} is complete for logical connectives, and 3 can be expressed in terms of — and V.



