2.1 Alphabet and Word

Let A be any set (finite or infinite). The elements of A are called letters, and A itself is called

an alphabet.
Definition 2.1. A word over the alphabet A is a finite sequence of elements from A:
U=UU,...U,

where n is the length of the word U.
The set of words over A is denoted by A*.
On A*, the concatenation operation is defined as follows:
A*x AY — A
(U VY UV =U-Uy.. Uy, Vy - Vo LV,

where U =U;... U, and V =V, ... V.
The length of a word defines a function:

[: A" — N

Uwr— [(U) = n = length of U

Concatenation is an associative operation and has the empty word ¢ as its neutral element:

=
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I
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I
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In other words, A* is a monoid.

Definition 2.2. We say that a € A has an occurrence in the word u if a is a letter of u, i.e.,

if w=wuqus ... u,, then 3k € {1,2,..., n} such that a = wuy.

Remark. There may be multiple occurrences of a in .

Example.

A={ab.. .z y =}
u = abaab
l(u)=5
The letter a has three occurrences in u, and b has two.

Properties 2.1.

o [(uv)=1(u)+I(v)
® UV = UW = U =W
® UV = VW = U =W

Definition 2.3. The word wu is a prefix of the word v if there exists a word w such that v = ww.

The word wu is a suffix of v if there exists a word w such that v = wu.

2.2 Syntax of Propositional Formulas

Definition 2.4. The propositional connectors are the symbaols:
= for negation (not)
A : for conjunction (and)
v for disjunction (or)
— : for implication
< : for equivalence
Let I? be a non-empty set of elementary or atomic propositions. The elements of P are

denoted by p,q.r,s.



Remark.
1- In elementary logic, a proposition is a statement that communicates facts, e.g., p =
"It is raining,” ¢ = "The weather is nice.”
2- P does not contain the connectors —, A, V, —, +—; we consider the following alpha-
bet: A=PU{- AV, —«—}U{(}
Let A* be the set of words over A:

(p—>q) €A

(pe A")
pe A
()e A"

(pgh) € A
Definition 2.5. The set F of propositional formulas is the smallest subset of A* that satisfies:
1- P C F (every elementary proposition is a formula).

2- It F e F, then =F € F.

3- If F.G € F, then (F «G) € F with x € {A, V. —, +—}.
Remark.

1- Formulas are sequences of svimbols without any inherent meaning. Assigning a mean-
ing, i.e., a truth value ("true” or "false”) to a formula constitutes its semantics.

2- The term "smallest” is to be understood in terms of set inclusion. F is therefore the
intersection of all subsects of A* that satisfy properties 1, 2, and 3. This intersection
is non-empty because A* itself satisfies these properties, so F = ()yc 4. ¥, where YV

satisfies properties 1, 2, and 3.
Examples.

e (—p —> q) is a formula.



(pAqAr)is not a formula.
o (—p — q) is a formula.
e pis a formula.
o (p—> qVr)isnot a formula.
Definition 2.6. The length of a formula F'is the number of letters in F: [(F') = # letters in F.
Example. '= (pAq), then [(F)=5. If F' = p, then [([) = 1.
Remark There is no formula of length 0.

e It is possible to give a more explicit description of the set F: we will define, by recursion,

a sequence (Fy,), oy of subsets of A*. We set Fy = P and for each n:
Fon=F,U{-F|FeF}U{(F«G)|F,Ge F,xc{AV,— +—}}
Note that the sequence (), oy is increasing, i.c., F, C© Foypq forn <m, so F, C Fo,.
Proposition 2.1. F =], Fn

Proof. Let Z =, . Fu:

Z is a subset of A* that satisfies properties 1, 2, and 3, so F C Z (because F is the

smallest subset of A* that satisfies properties 1, 2, and 3).

Is Z CF?

We show by induction that for every integer n, we have F,, C F.

Itn =0, then P = F C F by definition. We assume (induction hypothesis) that F,, C F.

then F,,.1 € F according to the definition of F,, 11 and the stability properties of F.

Definition 2.7. The height of a formula F' € F is the smallest integer n such that F € F. It

is denoted A[F: h(F) =min{n | F € F,}.
Example.

e F'=p, then h(F)=0.



o ["=(pAq), then h(F) = 1.
e [7=—p, then h(F) = 1.

o F'=(-pAgq), then h(F)=2.

2.3 Principle of Indication on the Set of Formulas

Suppose we want to demonstrate that a certain proposition Q(F') holds for all ' € F. We can
do this by reasoning by induction (in the usual sense) on the height of I: we will then need
to show, first, that Q(I) is true for every formula F' belonging to Fy, and then that if Q(F) is

true for all I € F,, then Q(F) is also true for every I € F, 4 for all n € N.
Principle. If ) verifies:

1) Q(p) is true ¥p € P i, (Q(F) is true for F € F,).
2) Q(F) is true = Q(|F) is true.
3) Q(F) is true and Q(G) is true = Q(F * G) is true for x € {,, A, V, =, <=}, then Q(F)

is true VI € F.

Example. Q(F): "F has an equal number of opening and closing parentheses” i.c., Q(F) =
"O(F) = f(F)”. We show that Q(F) is true, YF' € F. For this, let us define: O(F) = 1
opening parentheses, f(F) = £ closing parentheses.

1) Let F=pe P, O(F) = f(F) =0, therefore Q(p) is true.
2) We assume that Q(F) is true = Q(|F) is true.
o) = f(F)
O(F)=0(F)=f(F)=f(|F) ie, O(|F) = f(]F) i.e., Q(|F) is true.

3) Let us assume that:

O(F) = f(F) and O(G) = f(G)

O((F+G)=0(F)+0(G)+1 ¢ = O((F+G)) = [((I'+G)) hence Q((F*G)) is true.

FUF *G)) = F(F) + F(G) +1



Its Formulas.

We define the set sf (/") of the subformulas of [ by:
o If F=p sf(F)={F}

o If F =G, sf(F)={sf(G)} U{F}.

o If F=(GxH), sf(F)={sf(G)}U{sf(H)}U{F}.

Example.
F=](p=4q A7) <:>.;,)
a

=G = ) =K
mmzﬁmgzmmuﬁ}
K = (G < I
SPK) = sf(G) U sf(H) U {K}

H = s, therefore: sf(H) = {s}

cr(@émA;>mmcg
Gl 2

sf(G) = sf(Gy N Gy) = sf(Gy) U sf(Gy) U {G}
sf(Gy) = {r}
Gi = (p = q) therefore, sf(Gy) = sf(p = q) = {p. ¢} U{p = ¢}

sfF) ={p.a.rs,(p=q),(p= QA1 ((p=q Ar) < s I}

2.4 The Interpretation of a Logical Formula

2.4.1 Decomposition Tree of a Formula

The tree Ap of the formula F' is defined by recursion on F'.

e oIf ' =p, then Ap = .



o o If FF=]|G, then Ap = qlc.

e« olf F=(G=xH), then Ap = /4;
Ao Ag

Where: * can be any of the logical operators: =, A, V, =, <

Example. F' =] ((p A q) V q)

Example. M = (((A A (|B=]4))A(|BV|C))= (C=]A))
Let us define: My = ((AA(|B=14))A(|BV]C)) and M, = (C =]A)
We first observe that M can be written as (My = M)
Next, define: My = (AA (|B=]A4)), My, = (|BV|C), My, = C, My; =]A
We write My = (Mo A M) and My = (Myy = Mi1) and proceed by successively
defining:
o Myp=A
o My = (]B =]A)
o Mno=|B
o My, =|C
o Myp=A
s Moo =|B
o Moo =|A
o Moo =B

o Mo1o=0C



e Myoro0 = B
o Moymio=A
So that:

Moo = (Moo A Mooy), Moy = (Myyo V Moy1), Myy =] M1, Moor = (Moo10 = Moor1),
Moio =] Mor00, Mo11 =] Mor10, Moo1o =]|Mooroo and Moo11 =] Moo110

h(M) =5 ie, M € Fi.

I=

ya ™~
M, I—:& —'M
|

|——A—| Mm 11

Mgo My, l

A Mgy0 My1q M4
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Myoo —
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Definition 2.8. The height of a tree is the maximum number of leaf nodes from the root to

one end of the tree; in Example 1, A(F) = 3.



Each node n determines a subtree A, corresponding to a subformula F. Conversely,

the tree of each subformula is a subtree of the tree of the formula. Thus:

Subformulas of F' = Subtrees of Ap

2.4.2 Substitution in a Formula

Let F' be a formula, and let py, po, . .., pp be elementary propositions. The notation Flpy, pa, ..., pn)

means that the propositional variables in F' are among the p;, where i =1,2,...,n.
Example. If F'= (p < (p A q)). we write F[p,q].

Definition 2.9. We denote Fa, ¢; ¢, as the formula obtained by substituting (+; in place

P P2 " Pn
of p;.
Alternative Notation. Fa, ¢, = F[G1,...,G,]
P17 P

Example. If F' = (p <= (pAq)) and G = (¢ = p), then Fe = F(G,q) = ((¢ = p) =

(p=q)Aq))

Proposition. The expression Fe, ¢, is also a formula.
P17 Pn

Proof. We proceed by induction on the formula F"

o« If F=np:
— If F'=pg, then Fe, o, = Gk
= -
-l F=p#pi,pa,....,0n, then Fe, ¢, = F
P17 pn

o If F =G, assume G g, is a formula. Then Feo, ¢, = "Gea, ¢, is also a
P "Pn

P Pn

formula.



o If F=(Gx H), where % is A, V, =, < the reasoning is similar.

Theorem 2.1 (Substitution and Evaluations). Let v be a valuation, F, Gy, Ga, ..., G, be
formulas, and py, ps, ..., p, be elementary propositions. Define v" as follows:
e it
/(p) =

0(Gy) ifp=p;for 1 <i<n.

Then v(Fo, ¢,)=v(F).

Proof. « If F=p

— Ifp#p;, then Fo, ¢, = Fand 0(Fa, ¢,)=0(F)=v(F)=v(F)=v(F).
-

— If p=p, then Fe, ¢, = G; and 0(Fe, a,) = 0(Gi) = V'(p:) = '(F) =
P1

T rn P17 P
o' (F).
e If F =G and 0(Ge, ) = v'(G), then 9(Fe;, ) = 9(~Gay ) = 1+
PL " Pn P Pn P17 Pn
0(Gey  ay) =1+V(G) =v(=G) =v'(F).
P1 " Pn

o If FF'=(G* H) with % being A, V, =, <, similar reasoning applies.

Corollary. If F'is a tautology, then Fa, ¢, is also a tautology.
P17 P

Proof. For any valuation v, we have o(Fe, ¢,) = v'(Fg,

Theorem 2.2. Let I be a formula, G a sub-formula of I, and H a formula equivalent to G.

Then F' = F n is logically equivalent to I,
Proof. By induction on formulas:

o If F=pand G =F, then F' = H, and hence F’ ~ F'.

o If "= =F), then G = F, and hence H = F’, and F ~ F'. If G is a sub-formula of
Fy, then F| = Fig ~ Fy, s0 F'==F ~F.

o If FF=F) % Fy, where x = AV, =, <, there are three possibilities:

—IfGd=Fand I"=H, then IV ~ F.



— If G is a sub-formula of 7, then by induction hypothesis, the formula ], result-
ing from substituting A for G in F}, is logically equivalent to F;. The formula
F" is then (F]* [5), which is logically equivalent to [, because for any valuation
v, 0(F') = o(F]) - 9(Fy) = ©(Fy) - 9(F3) = o(F). Similar reasoning applies to

other cases: x = V, =, &

2.5 Semantics

Definition 2.10. A truth value distribution or valuation v is a function: v : P — {0,1}
where P is the set of elementary propositions. We say that v defines a model M of
propositional calculus. The values 0 and 1 represent "true” and “false” and can also be
denoted by v and F', where 1 = v and 0 = F. If P has a cardinality n . the number

of different truth values is exactly 2" = 267,

Example. Let P = {p, q}, then 2* = 4
11
10
01
00

v P — {0, 1} vy P — {0, 1}
p— 1 p — 1
qg — 1 g — 0

vy » P — {0, 1} vy P — {0, 1}
p— 0 p— 0
q — 1 qg — 0

The goal of semantics is to assign truth values to the formulas of propositional calculus

for the different valuations defined on the elementary propositions.
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Theorem 2.3. For any valuation v : P — {0, 1}, there exists a unique extension o :
F — {0, 1} (i.e. © = v on P) such that:
1)
2)

~F) = 1 < (F) = 0.

(FAG) =1

o

o )

3)o(FVG) =0

Do((F = G
o

)
53(F & Q) =1

Proof. Let #; and @y be two extensions of v, and let Q(F) be the proposition
“D1(F) = va(F)". We need to show that Q(F) is true for all F' € F
o[fF =p: w(F) = 0a(F) = v(F) then Q(F) is true.



o[fF = -Gand )Q(G) is true, then:

0(F) =1 <= 5(G) =0
= 01(F) = 0a(F)
'ITI(F) =0 <= lTl(G) =1

Hence, Q(F) is also true.

e The same holds for F' = (G« H), * = A, V, =, & .

Remark. If we define + and x in £ = {0, 1} by

7
0+0=0 0x0=0
0+1=1 0x1=0
1+0=1 1x0=0
1+1=0 1x1=1

the conditions 1) and 5) become:
o(=F) =1+ o(F).
= 0(F)o(G).

)
)

Ho((F = G)) =1+ o) + o(F)o(G).
) =1+ o(F) + 0(G).

These conditions are often written in truth table form for the connectives —, A, V, =, & .

171 1
110 0
011 0




F|G|(Fva)
11 1
1o 1
011 1
010 0

Fla| = o)
1|1 1
1|0 0
011 1
010 1

FlG|(Feao
1|1 1
10 0
011 0
010 1

Example. I' =[(((p < q) V(p=q) N(r & s)) = (p=q)

Assume that P = {p, ¢, r, s}
v: P — {0, 1}
p — 1
g — 1

r — 0

Compute v(F), hence: v(F) = 0



0 .
1 =
AN . &
v 1 p q
r 3 1 1
= 1 = 0 0

2.6 Tautologies and Logical Equivalences

Let v be a truth value defining a model M of propositional logic, and let @ be its extension

to formulas.
Definition 2.11.

1) The formula F' is said to be satisfied in the model M if #(F) = 1, and we denote
this as M = F. Otherwise, it is said to be unsatisfied v(F") = 0, and we denote

this as M ¥ F.
2) F is a tautology if for every model M, we have M | F, denoted as F F.

Example. F = (p V =p), P = {p}. The truth value %,(#) = 1. F is an anti-tautology if
for every model M, we have M F F, denoted as F F.

Example. F = (p A =q), P = {p},v1 : p — L, 5(F) =0
, v 1 p — 0, 5a(F) = 0.

- A tautology is therefore a formula that is always true (V valuation).



- An anti-tautology is a formula that is always false.
3) I is logically equivalent to G if ( F' <= G) is a tautology, denoted as F' ~ G. In other

words, ©(F) = v(G) for every valuation v.
Example. F' = p, F ~ G, because (p < ——p) is a tautology G = ——p.

Remark.

1) In terms of truth tables, a tautology is a formula that has 1 evervwhere in its last
column.
- An anti-tautology has 0 everywhere in its last column.

- Two logically equivalent formulas have the same truth tables.

2) ~ defines an equivalence relation on F, with the quotient set
F
— ={[F,F € F}, [F|] = {G € F/F ~ G} being the equivalence classes of
F. When comparing two formulas "for logical equivalence,” it means comparing the

corresponding classes in —.

~

Flis a tautology <= Vv, 0(F) =1
= F~G

G'is a tautology <= Vv, 0(G) = 1
Thus, all tautologies are logically equivalent and form the class 1.
Similarly, all anti-tautologies are logically equivalent and form the class 0.

3)) =G =TF ~G.

F~G» F =G
F~ G = [F] =][G]

Example. Here are some tautologies in the form of equivalences:

1) Idempotency of conjunction and disjunction
((pAp)ep)
((pVp)ep)
2) Commutativity of conjunction, disjunction, and equivalence:

(pAge (gAp), (Ve (@Vp) (pe e (¢ep)



3) Associativity of conjunction, disjunction, equivalence:
(pVvagVvr)e (@Vigvn), ((pAgAr)s (pAlgAT)),
(peqger)epeldsn))

4) Distributivity of disjunction/conjunction and vice versa:

(pVigAr) e (Vg nlpVvr), pAlgVr) e ((pAqgVipAr)

5) Absorption:

(pApVa)ep), (pVIpAg) = Dp)

6) De Morgan’s Laws:

(=(p V) & (=pA=g), (=pAg) e (mpV g

7) Contrapositive:

(p = q) & (=g = —»))
8) (=—mp < p). (p=9 < (=pVaq)
Here are non-equivalent formulas:
(p A p)and (g A q) (takinguv(p) =1 and v(q))
(p = p)andp (takingv(p) = 0)
(p < q)and (p = q) (takingov(p) =0, v(q) = 1)

(p = (p = p)and((p = p) = p) (takingv(p) = 0))

Remark. Thanks to the associativity of A and vV the following notations can be used: The
formula ((F' A G) A H) will be denoted as (F A G A H).
The formula ((F' Vv G) v H) will be denoted as (F' VvV G v H). More generally, for any

natural number k if Fy, Fy, ..., Fi are formulas, we will represent them as:

(FLAF A AF) = FyA(Fy A (o A Fr.ll)

~ def
/\,k_Fi
(A V Vo V) = BV (2 V (V)
V:Fi
i=1

In the list below, formulas on the same line are pairwise logically equivalent:

1) (A= B),(~AV B). (AAB) & A), (AV B) & B).



2) 2(A= B),(AAN-B).
3) (A< B),((AANB)V (mAA=B)), ((mFAV B)A (=B V A)).
4) (A< B), (A= B)AN(B=A)),(~A < -B), (B A).
5) (A< B),((AV B)= (AAB)).
6) (A< B). (A< —-B).(~A < B).
7 A AANT),(AVT),(AsT) (T = A).
8) “A (A= —-A) (A= B)A (A= -B)).
9) A, (A=1)(Asl)
10) L, (AN L), (A e —A).
11) 7. (AVT), (A=T), (L= A).
12) (A= (BAC)), (A= B)A (A= ().
13) (A= (BVv (), (A= B)VvV (A= 0).
14) (AANB)=0), (A= C)Vv (B = C).
15) (AVv B)=0),(A=C)A(B=C)).
Note. From lines 12) to 15) it can be observed that there is no distributivity of implication
with respect to conjunction or disjunction. However, distributivity is present on the left

side in 12) and 13), i.e., when the “A* or “V* is on the right side of the =. In cases

14) and 15), there is a sort of false distributivity where “A* (or V) is transformed into

“VE (or A).
Theorem 2.4 (Substitutions and Evaluation) Let v be an evaluation, F, G1, Ga, ..., G,
be formulas, and pq, pa, ..., p, be elementary propositions.

Let " be the evaluation defined by:
. v(p)iftp # p1. pas ooy P
(G it p=p; (1 <i<n)

Then: #(Fe,



Proof. We proceed by induction on formulas:

« If ' = p,
-If p # p; then F%% = F and f(F%%) = o(F) = v(F) = J(F) =
v'(F). l 1
-If p = p; then F%l%l = (G, and T(F%L%m) = 0(G;) = V'(p;) = V(F) =
V' (F). | l
« If | = =G
0(Ger en) = V(G)
PL " Pn

r1 " Pn P17 Pn P17 Pn

0(Ge, @a,) = v(G) and v(He, ¢,) = v'(H)

Pl P Pl P
0(Fo ) = 0((Gey eu) A (Hoy c,)) = 0(G)-0(H) = 0(G)-v'(H) = V(G A
H) = v'(F)

x Similar reasoning applies to other cases.

Corollary. If F' is a tautology, then the formula Fe, ¢, is also a tautology.
P17 Pn

Proof: For any evaluation v we have: 9(Fa, e,) = v'(F) = 1.
P17 Pn

2.6.1 Normal Forms

2.7 Complete Systems of Connectors

Definition 2.12.

1) For any n-tuple (cq. 9, ..., en) € {0.1}", we denote by V, ., .. the valuation
defined by 1/’:;(3 ijf_%gn for all i € {1.2....,n}
2) For each propositional variable p and each element ¢ € {0, 1}, we denote by ¢, the

formula:

pife =1

f?;
Il

—pife =0



3) For any formula F we denote by A(F) = {v € {0, 1} |0(F) = 1} the set of
valuations such that the formula F' defines a function:
@r {0, 1}* — {0, 1}
(€1, €2, oy En) = Vey,ep,.en (F)
@ is compatible with the logical equivalence relation. In other words, F' ~ G <

@p = @g. Thus, @p defines, by quotienting, a function:

. L {0, 13"

~J

where [F] is the equivalence class of the formula F' with respect to the relation ~ .
Theorem 2.5 @ is a bijection.

Proof.

1)@ Injectivity: Let [F], [G] be two classes of formulas

2([]) = 2([G]) = oFr = G & F' ~ G & [F] = [G].
Thus: @ is injective.

2) @ Surjectivity: Let @ : {0, 1}" — {0, 1}. We need to find if there exists an

F e F such that @ = @g?

x If @ takes only the value 0, then any anti-tautology [’ satisfies @ = @p, for
example, F' = (p1 A —py)

x Otherwise, theset # = @71({1}) = {(c1, €2, .ncn) € {0,1}"| B (51, £2,..0y60) =

1} is non-empty.

Let Fy = V(El,EQ,...,a‘n)EX (Alggn 5z-p2-),then AlL) = {V(El.é‘g,....é‘n)EX' (1,29, ...,6n) €
X} @®ie, U ey enly) =1 & @(eg,69,...,5,) = 1, thus: @ = @,

for, @ for all (1,22, ....50). A (A Sk pr) = V(EI_EL___:E“)BC, A (V(EI,E‘Q....,Sn)ECE (A, & pq:)) =
{Verc00ens (61,62, 080) € 2}, 0(Apckpr) = 1 & 0(Aparpe) = 1 & v(pr) =

Vey,ea,..c6m (Pk)

Corollary. If £p = n then there are exactly 22" classes of formulas, each corresponding to a

function @ : {0, 1}* — {0, 1}



Definition 2.12. A function @ : {0, 1}" — {0, 1} is called a propositional connector with

n places.
Example. We have already seen the connector

1) According to the previous definition, it corresponds to the 2-place connectors.
@ {0,1}* — {0, 1}
(0,0) — 0
0,1) — 0
(1,0) — 0

(1,1) —s 1

Or equivalently, to the class of the formula p; A pa.

2) An example of a l-place connector is:
@ :{0,1} — {0, 1}
0—1

1+—0

It corresponds to the class of —p; and is thus the usual connector —.

3) The following 2-place connector is called the "NAND” connector:
o :{0,1} — {0, 1}
(0,0) — 1
(0,1) — 0
(1,0) — 0
(1,1) = 0

which corresponds to the formula —(p; A pa).

2.7.1 Normal Forms

Definition 2.13. A formula F is said to be in canonical disjunctive normal form (CDNF) if

there exists a non-empty subset X C {0, 1}" such that F' = V (N zip)
(1,582,080 )€ X 150



[t is said to be in disjunctive normal form (DNF) if there exist:

* An integer m > 1

x Integers ki,....kn > 1

# For 1 < i < m, variables p;,, piy. ... pi, and k; elements =, ....gg from {0, 1} such
that:

F = ('51:1 Piy A Zis Piy A oA 'Cﬂihp-ikf)

1<i<m
Similarly, conjunctive normal forms (CNF) and canonical conjunctive normal forms (CCNF)

are defined (by swapping the symbols for disjunction and conjunction).

Remark. A CDNF is a DNF. Similarly, a CCNF is a CNF

(n = ki, Yi,pi; = pj)

Theorem 2.6 Every formula F is logically equivalent to a CNF and a DNF. The NAND

connector: “or” |(p; V p2) = (py V pz2) V : NAND connector “or”.

ppe | I
11170
170700
0] 110
0101

or : {0,132 — {0, 1}
{0, 1} = {(0,0), (0.1), (1,0), (1,1)}
(0,0) — 1, (0,1) — 0

F =1(p1 A p2) o (p1 p2)

A : NAND connector “and”

@ =op:{0,1}* — {0, 1}
(0,0) — 1

(0,1) — 1



An n-place connector is a function @{0, 1}" — {0, 1}.

pr|p2| [(p1 A p2)
111 0
110 1
0] 1 1
010 1

Example. I = ((py A p3) = ps)
z{0.1¥® — {0, 1}
(0,0,0) — 1
(0,0,1) —» 1
(1,1,0) — 0

@ is a 3-place connector.

Theorem 2.7 (Normal Form) Every formula F'is logically equivalent to at least one formula

in disjunctive normal form (DNF) and at least one formula in conjunctive normal form

(CNT).

Proof. = If F'is a tautology, it is logically equivalent to p; A | p; which is both a DNF and a
CNFE. = If F'is neither a tautology nor an anti-tautology, then by the previous theorem,
there exists » # @,/ @p = @p,, v € {0, 1}*ie: F ~ F, which is a CDNF and hence
also a DNF. For | F, there also exists 2'/] F ~ Fp. so: F =]]F ~](V(A)) = A(V) ~

CCNF (according to De Morgan’s law).

Example. G = (A = ((BAJA)V(|CANA)) & (AV(A=1B))) Let H = (BA]A), I =
(lcni),J=A=|B),K=(HVI),L=(AvJ and M = (K < L). Then

we have G = (A = M). The truth table for G is:



A|/B|C||A|B||C|H|I|J|K|L|M
T{1]1] 0 0 0O 10100701 1]0
L{1]0] 0 0 rjof1rjo1 1711
1{o}]1] 0 1 O 10j0y1j0]1]0
100} 0 1 1 11711111
017171 0 O 11100 1T 1)1
017071 0 1 11701 1]11}1
0107171 1 0O J0j0y1j0]1]0
0107071 1 T o011 1111

According to the truth table, (¢ is satisfied by the valuations

(0,0,0), (0,0,1), (0,1,1), (1,0,0), (1,1,0), while | G issatisfied by (1,0,1) and (1,1,1).

We derive the CDNF of (G

(1AA]B

Next, the CDNF of |G
Finally, the CCNF of G:

T.

Example.
(r=9 = (pVa
(reqg<(lpVva

A C) v

I(pVa) = (IpAlg)
IpVvae < (lpvig
Therefore:

v

(AA]B A C)
(JAABATC) A

(JAATBAC) vV

A (g Vp)

(JAABAC)V

(ANTBATC)
V(AABAQ).
(JAA]BATC).

F=1((lp = q) =1(q < p)) We use the equivalences:

F~1(1(lp = q) Vg & p)

~1(0Te vV @ VI(lg vV p) A

~1(1(p vV @)V1((lq V p)

We then use De Morgan’s laws:

F~Tlp Vv gnTl(le v p) A
(Ip VvV q)

(Ip VvV q)

~ (pVaq) A

~ (pVaq) A

(Tqg v p) A

(Tqg v p) A

(Ip V)

(Ip Vv a))

A(lpVa))

V (AABA]C

)



2.8 Complete Systems of Connectives

Definition 2.14.

1) Let aq, g, ..., ap be a set of connectives of arbitrary arity. The set «q, ag, ..., ag is
a complete system if and only if: for any formula /7 € F. there exists a formula G

based on the alphabet P U {ayq, ..., a.} U {(,)} such that F' ~ G.

2) ay, ag, ..., g is a minimal complete system if no subset A % {ovg, .. oy} is a com-
plete system.
Example: {], Vv, A} is a complete system of connectives,
Proposition:
1) The system {], V, A} is not minimal.
2) The system {], V} is minimally complete.

3) The system {]. A} is minimally complete.

Proof.

1) (p Aq) ~1(]pV]g), hence (p A q) can be expressed in terms of | and V.

2) Suppose V can be expressed in terms of |. Then, every formula is ~]....] p and

therefore either p or | p, which is not the case for (p A q).

2.8.1 Theories

Definition 2.15. A theory Z of propositional calculus is a set of formulas T C F .
Let M be a model defined by the valuation v. We say that:
1) T is satisfied in m if M F F forall }' € T". We write M F T.
2) T is consistent or non-contradictory or satisfiable if there exists a model M F T.

3) T is finitely satisfiable if and only if every finite sub-theory T C T is satisfiable (this

definition is of interest only for infinite 7).

4) T is contradictory if and only if it is not satisfiable, i.e., it has no model.



5) The formula [ is a consequence of 1" if and only if every model of 7" is a model of F
e, MET = ME F. Wedenote thisas T & F or (T ¥ F).

6) T and 1" are two equivalent theories if and only if they have exactly the same models
(or every formula in 7" is a consequence of 77 and every formula in 77 is a consequence

of T).

Examples. Consider distinet propositional variables p, ¢, p1, p2, ... pm ...: theset {p, ¢, (]pV
q)} is satisfiable; {p, | ¢} is contradictory; the empty set is satisfied by any valuation.
{p.a} E(pAaq){p, (p = @} F q, theset {p, q} and {(p A ¢)} are equivalent, as well
as {p1. po. .o, Pm, -} and {p1 A pa A pm AT

Lemma. For any theories T and T", integers p > 1, formulas G, H, Fy, F5. ...F,,, and
G, Gy, .G, the following properties are verified:

*1"F G if and only if T'U {] G} is contradictory.

% If T is satisfiable and 77 C T, then 7" is satisfiable.

« If T is satisfiable, then T is finitely satisfiable.

* If T is contradictory and 7" C T, then T" is contradictory.

* If TEGand T'C T, then T" E G.

«T'U{G}F H ifandonlyif T F (G = H).
«T'EF(GAH)ifandonlyif T E Gand T F H.

«{F, F5, ... Fp} E G ifandonlyif E((F1 A Fo A LA Fy) = G).
# (7 18 a tautology if and only if G is a consequence of the empty set.
x (& is a tautology if and only if & is a consequence of any set of formulas.
%G is contradictory if and only if T F (GA]G).

= (7 is contradictory if and only if every anti-tautology is a consequence.






