
 

 

Chapter5 

Numerical Integration 

Newton-cotes method 

Is a numerical integration approach that approximates a function 𝑓(𝑥) using an interpolating polynomial 

then integrates the polynomial 

We divide the time interval [𝑎, 𝑏] into equal sub-intervals [𝑥𝑖 , 𝑥𝑖+1] where each subinterval has a length of 

ℎ =
𝑏−𝑎

𝑛
. The Lagrange interpolate of 𝑓 at the equidistant points 

 (𝑥0 = 𝑎, 𝑥𝑛 = 𝑏, 𝑥𝑖 = 𝑥0  + 𝑖ℎ, ∀𝑖 = 0, … , 𝑛) 

𝑃𝑛 𝑥 =  𝐿𝑖(𝑥)𝑓(𝑥𝑖)

𝑛

𝑖=0

, where  𝐿𝑖 𝑥 =  
𝑥 − 𝑥𝑗

𝑥𝑖 − 𝑥𝑗

𝑛

𝑗=0

 , 𝑗 ≠ 𝑖 

By putting  𝑥 = 𝑥0 + 𝑡ℎ we get 

 𝐿𝑖 𝑥 =  
𝑡 − 𝑗

𝑖 − 𝑗

𝑛

𝑗=0

= (−1)𝑛−𝑖
 (𝑡 − 𝑗)𝑛
𝑗=0

 𝑛 − 𝑖 ! 𝑖!
, 𝑗 ≠ 𝑖 

 𝑓 𝑥 𝑑𝑥 ≈

𝑏

𝑎

 𝑃𝑛 𝑥 𝑑𝑥 = ℎ 
(−1)𝑛−𝑖𝑓(𝑥𝑖)

 𝑛 − 𝑖 ! 𝑖!
  (𝑡 − 𝑗)

𝑛

𝑗=0

𝑑𝑡  and 𝑗 ≠ 𝑖

𝑛

0

𝑛

𝑖=0

𝑏

𝑎

 

This relationship is called Newton-cotes formula. 

Simple Trapezoidal Rule(n=1) 

The formula for the simple trapezoidal rule for a function 𝑓(𝑥) over the interval [𝑎, 𝑏] is given by: 

 𝑓 𝑥 𝑑𝑥 ≈

𝑏

𝑎

𝑏 − 𝑎

2
(𝑓(𝑎) + 𝑓(𝑏)) 

 If 𝑓 ∈ 𝐶2([𝑎, 𝑏])  the error  for the simple Trapezoidal Rule can be expressed as: 

𝑅𝑡 𝑓 = −
ℎ3

12
𝑓 2  𝑐 , 𝑐 ∈ [𝑎, 𝑏] 

Composite Trapezoidal Rule  

For the composite trapezoidal rule, we divide the interval [𝑎, 𝑏] into 𝑛 equal subintervals.The formula is: 

 𝑓 𝑥 𝑑𝑥 ≈

𝑏

𝑎

ℎ

2
 𝑓(𝑎) + 2 𝑓(𝑥𝑖)

𝑛−1

𝑖=1

+ 𝑓(𝑏)  

Where ℎ =
𝑏−𝑎

𝑛
 and 𝑥𝑖 = 𝑎 + 𝑖ℎ, ∀𝑖 = 1,… , 𝑛 − 1. 



 

 

 If 𝑓 ∈ 𝐶2([𝑎, 𝑏])  the error  for the Composite Trapezoidal Rule can be expressed as: 

𝑅𝑡 𝑓 = −
(𝑏 − 𝑎)3

12𝑛2
𝑓 2  𝑐 , 𝑐 ∈ [𝑎, 𝑏] 

 

Example 

We will approximate the following integral: 

 𝑒−𝑥
2
𝑑𝑥

1

0

 

using both the simple trapezoidal rule and the composite trapezoidal rule (with 𝑛 = 2), and then estimate the 

integration error for each method. 

Simple Trapezoidal Rule 

The formula for the simple trapezoidal rule for a function 𝑓(𝑥) over the interval [𝑎, 𝑏] is given by: 

 𝑓 𝑥 𝑑𝑥 ≈

𝑏

𝑎

𝑏 − 𝑎

2
(𝑓(𝑎) + 𝑓(𝑏)) 

In our case 𝑓𝑥) = 𝑒−𝑥
2
, 𝑎 = 0, 𝑏 = 1 

 𝑒−𝑥
2
𝑑𝑥

1

0

≈
1

2
 1 +

1

𝑒
 ≈ 0.683939 

Composite Trapezoidal Rule (n = 2) 

ℎ =
𝑏 − 𝑎

2
= 0.5 

𝑥0 = 0, 𝑥1 = 0.5, 𝑥2 = 1 

 𝑓 𝑥 𝑑𝑥 ≈

𝑏

𝑎

ℎ

2
(𝑓(𝑎) + 2𝑓(𝑥1) + 𝑓(𝑏)) 

 𝑒−𝑥
2
𝑑𝑥 ≈

𝑏

𝑎

1

4
(1 + 2𝑒−0.25 + 𝑒−1) ≈ 0.73137 

Error for the Simple Trapezoidal Rule: 

𝑅𝑡 𝑓 = −
ℎ3

12
𝑓 2  𝑐 , 𝑐 ∈ [0,1] 

𝑓 2  𝑥 = (4𝑥2 − 2)𝑒−𝑥
2
 



 

 

 𝑅𝑡 𝑓  =
1

12
 𝑓 2  𝑐  ≤

1

12
max

0≤𝑥≤1
 𝑓 2  𝑥  =

1

6𝑒
 

Error for the Composite Trapezoidal Rule (n = 2): 

𝑅𝑡 𝑓 = −
(𝑏 − 𝑎)3

12𝑛2
𝑓 2  𝑐  

 𝑅𝑡 𝑓  =
1

48
 𝑓 2  𝑐  ≤

1

48
max

0≤𝑥≤1
 𝑓 2  𝑥  =

1

24𝑒
 

Simple Simpson's Rule(n=2) 

Approximates f(𝑥) with a quadratic polynomial. 

The Simpson's Rule is a special case of the Newton-Cotes formula where 𝑛 = 2, we obtain 

 𝑓 𝑥 𝑑𝑥 ≈

𝑏

𝑎

ℎ

3
 𝑓(𝑎) + 4𝑓(

𝑎 + 𝑏

2
) + 𝑓(𝑏)  

using ℎ =
𝑏−𝑎

2
  (the step size for two subintervals) 

 If 𝑓 ∈ 𝐶4([𝑎, 𝑏]), the error for the Simple Simpson's Rule is given by: 

𝑅𝑠(𝑓) = −
 𝑏 − 𝑎 5

180
𝑓 4 (𝑐) 

Where  

 𝑅𝑠(𝑓) is the approximation error of the integral. 

 𝑓 4 (𝑐) is the fourth derivative of 𝑓, evaluated at some point 𝑐 in the interval [𝑎, 𝑏]. 

Composite Simpson's Rule Formula: 

If the interval [𝑎, 𝑏] is divided into 𝑛 = 2𝑘 equal subintervals, the Composite Simpson's Rule is given by: 

 𝑓 𝑥 𝑑𝑥 ≈

𝑏

𝑎

ℎ

3
 𝑓(𝑎) + 4  𝑓(𝑥𝑖)

𝑛−1

𝑖=1(𝑖 odd)

+ 2  𝑓(𝑥𝑖)

𝑛−2

𝑖=2(𝑖 even)

+ 𝑓(𝑏)  

ℎ =
𝑏−𝑎

𝑛
   is the width of each subinterval, and 𝑥𝑖 = 𝑎 + 𝑖ℎ, ∀𝑖 = 1,… , 𝑛 − 1. 

 If 𝑓 ∈ 𝐶4([𝑎, 𝑏]), the error for the composite Simpson's Rule is given by: 

𝑅𝑠(𝑓) = −
 𝑏 − 𝑎 5

180𝑛4
𝑓 4 (𝑐) 

 

 

 


