Chapter4

Numerical Differentiation

Approximations of the first derivative

We use the Taylor formula at x; = x, + h we have:

. h?*
f(xo+h) =f(xy) +hf (x0)+7f (¢),c € [xg,x9 + h]

Hence:

h h
f(o)_f(xo+ })l f(xo)__f ©

By substituting h with —h we get:

f () = f(xo —h

f (xo) = —f (0), ¢ € [x0 = R, xo]
Xo+h X
f (x0) = f(x f)l f&o) , This formula is known as the forward — difference formula

E=-— Ef” (c¢), Thisisthe error made

f(xo) = f(xo — )

' (x) = . , This formula is known as the backward — difference formula

E = Ef” (c¢), Thisisthe error made

The Central-difference Formulas
A centered formula for f(x,) is obtained by expanding about x = x, atbothx = xq +h

and x = x, — h, obtaining

, h% h®> .
f(xo+h) = f(xo) +hf (xo) +7f (x) + Ef (¢1),¢1 € [x0,x0 + h]

, h? R .,
f(xo —h) = f(xo) = hf (xo) + ?f (x) —gf (c2),¢2 € [xg — h, xo]
Then subtracting the second from the first of these two expressions and solving for f(x,)
yields

' h) — —h) h® m
ey = LB T T B ey 1 e € o — o

then there exists ¢ € [xq — h, xy + h] such that

') + £ (c2)
2

=

This permits us to rewrite Equation in its final form



f(x0+h)—f(x0—h)_h_3

f (x()) = h, 6 f (C)r
(f (xo) = f( 0 ) n f( 0 ), This formula is known as the centered — difference formula
{ h3 nr
( E=-— 3 f (c), ThetermE is called the truncation error

Approximations of the second derivative

We will use Taylor expansion to derive the 2nd-order derivative approximation. Note that

: h? h3 .. h*
f(xo+h) =f(x) +hf (xp) + 7f (x) + Zf (x0) +ﬁf(4)(c1) ,€1 € [xg,x9 + h]

, h? h3 .. h*
f(xo—h) = f(xo) —hf (xp) + 7f (x) — Zf (x0) +ﬁf(4)(cz) ,C2 € [xg — h, xo]

Adding these two equations we obtain

" h*
f(xo +h) + f(xg —h) = 2f (xp) + R*f (x) + ﬁ(f(‘”(cz) + D (ey))
we obtain

£ )_f(xo+h)—Zf(xo)+f(xo—h)_h_4
= n2 24

Suppose ™ is continuous on [x, — h,x, + A]

(fF®e) + fB(cr)

the Intermediate VValue Theorem implies that a number c exists between c; and c,, and hence in[x, —
h,xy + h], with

F@ () + FD(cr)
2

f®) =
This permits us to rewrite Equation in its final form
f(xo+h)—2f(xo)+f(xo—h)_h_4

n — (4)
f x) = o ) f}EZ 0) + /(%o ), centered — difference formula
h4
\ E=- E f®(c), the truncation error

Example
f (x) = xe* approximate f"(0.2), h = 0.1
Solution

fO2+1) —2f(02) + f(0.2—h) _ £(0.3) —2£(0.2) + (0.1

%) 012 = 2.69

£(0.2) =




