Chapter3

Polynomial Interpolation

The Concept of Interpolation:
Interpolation is a mathematical method used to find an approximate value of an unknown function at a
certain point using a set of known values of the function at specific points.
The goal of interpolation is to construct an approximate function (called the interpolation function) that
passes through all the known points and is used to estimate unknown function values within the given range.
Let f be an unknown function whose images vy, y1, V2, ..., ¥, are known at the points x, x, x5, ..., x,,
If the interpolation function is a polynomial p(x) , then:

p(x)=y, i=012,...n
Theorem : Polynomial Interpolation
Given n + 1 distinct points x,, x, x5, ..., X, and corresponding values vy, y1, ¥, ..., ¥, there exists a unique
polynomial p of degree less than or equal to n such that P(x;) = y,; fori =0, ..., n.
Lagrange Formula:
Theorem :
Given n + 1 distinct points x,, x, x, ..., x, and corresponding values yq, y1, y2, -.., ¥, there exists a unique

polynomial B, such that B,(x;) = y;. This polynomial can be written in the form:

n

o X — x]- . .
B, (x) = ZLi(x)yi,where Li(x) = 1_[ JER
i=0

=0 X; — x]'
This relation is called the Lagrange interpolation formula, and the polynomials L; are the characteristic

polynomials (of Lagrange).
L;(x) have the property that

1ifj = i
L(%):{Oﬁjii

Example

Estimate the value of f(3.3) using the Lagrange interpolation formula based on the following data table:
Xo Xy Xz X3

x |0 | 1 |3 4
fix) | -1 | 0o | 8 | 15




(x—x)(x—x)(x—x3)  (x-DEx-3Nx-4) -x* 2x* 19%

Lo(x) = = =t ——+1
0 = T ) CDEHH 12 T3 12
(x—x)(x—x)(x—x3) x(x—3)(x—4) x> 7x?
(1 = x0) (1 — x2) (1 — x3) (D (=2)(-3) 6 6
(x —x0)(x —x)(x—2x3) x(x—1)(x—4) —x> 5x* 2
(%2 — x0) (2 — x1) (2 — x3) ©)IGaN) 6 6 3
L) (x—x)(x—x)(x—2x) x(x—1Dx-3) x3 x2+x
X) = = - —
’ (=% —x)(3—x) (HAD) 12 3 4
p(x) = Lo(x)yo + L1 (0)y1 + Lo (x)y, + L3 (x)ys3
p(x) =x*-1
£(3.3) =~ p(3.3) = 9.89
Newton's method
Let (x;,y;) fori =0,1,2,...,n beasetof n + 1 distinct points.
e The divided difference of order 1 is defined as:
(1) = f(x)
f[xi'xi+1] - Xj41—X;
o The divided difference of order 2 is defined as:
_ [, xi2] = flx xi44]
flx, X1, Xig2] = —
Xi42—X;
o The divided difference of order n is defined as:
_ f[xlle’ ""xn] B f[X(),xl, ""xn—l]
flxo, X1, %2, oo, X ] = —
Xn Xo
The divided differences can be calculated by arranging them in a table as follows:
iox | oy flaenxl fla-zxenx] o flxesxez, -, x] fIxi-, Xi-a, Xi-2, %1, X4
0 xp Yo
1 x| nm flxg, x1]
2 x| ¥y flx,xe] flxo, x1, x2]
3 x| »m flaxl flxy, x3, xq] flxg, x1, X2, x3]
4 xy | flxa, x4] flx2,x3, x4] flx1, x2, x3, x4] [lxo, x1,x2, X3, X4]




e Theorem: Newton's Formula
Let (x;,y;) for i =0,1,2,...,n beasetofn+ 1 distinct points. The interpolation polynomial in the

form of Newton’s is given by:
PO = FO0) + Y g, 10,z e, 2] (0 = 20) (6 = 1) oo (X = 210)
i=0

Where

Example:
To find the Newton interpolation polynomial for the function f passing through the points
(0,1),(1,2),(2,9),and (3,28), we construct the divided difference table and use it to form the.
Estimate the value of f(2.3).
p(x) =x3+1
f(2.3) = p(2.3) = 13.167

Step 1: Divided Difference Table

T Flzi] flzo, 21] Sxo, 1, 24 flzo, 21, 29, 4]
0 1

1 2 1

2 9 7 3

3 28 12 4] 1

Explanation:

o fleg,zy] = H =1 o fle, x| = 2 f =7 o fleg,aq] = 9: ; =19

o fleg,z,20] = 2—,11 =3 o flrey, @o, @3] = 1;1_1. =6 o flag,zy, 2o, 4] = r1| =1

=

Step 2: Construct the Newton Polynomial

Using the divided differences, the Mewton interpolation polynomial is:
P(x) = flen) + fleo. z1](x — xp) + fleg, 21, 23] — x9) (2 — 21) + fleg, @1, 20, 24) (2 — 25) (2 — 1) (2 — 22).
Substitute the values:

Pla)=1+1z—0)+3(xz—-0)(z—1)+ Lz — 0}z — 1){z — 2).

Final Polynomial

FPlz) =14+ (z) + 3z){z — 1) + (z){x — 1){z — 2).

p3(x) =x3+1
f(2.3) =13.1670



Theorem: Error of interpolation

Suppose xg, X1, ..., X, are distinct numbers in the interval [a, b] and f € C"*![a, b]. Then,
for each x in [a, b], a number ¢ (generally unknown) between xg, x4, ..., x,,, and hence

in ]a, b[, exists with

00 @

T (x — x0)(x — x9) eeen. (x — x)

En(x) =f (x) = P(x) =

where B, (x) is the interpolating polynomial.

Consequences: If £ 1) is continuous on [a, b] then:

|, (0] = |f(n+rg,)| H( - ‘_( e ﬂ(x
Where
M, ., = xrerfﬁ,’é]l FOHD ()]
Example:

Find the polynomial that fits the function y=1/x defined by the following table
Then, find the approximate value for f(3) and calculate the error incurred

X 2 254
y=f(x) | 0.5 0.4 | 0.25

xi | fOq) | flxixival | fxo, X1, %2]
2 |05
\‘_0 ,
25 0.4< > 0.05
01
4 [025”

p(x) =0.5—-0.2(x —2) + 0.05(x — 2)(x — 2.5)
p(x) = 0.05x% — 0.425x + 1.15

f(3) = p(@3) =0.325
Estimate the error

P = f =5 [P0 =
6 6 3

3) _ = _

max |[fP)] = max 5 =77=¢

1_[(3 )| < :

®3)
|f (f)| 2 13-2)(3-25B-4)| = 2—2:0.03125
i=0

1B, (3)] = <5




