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Remark 1 }

The exercise marked with (x) or additional will not be corrected in the session of TD.

Correction of exercise 1 }

—+o0
@ Study the convergence of [ ~*dx
0

The function x +— e~ is continuous on [0, +oo[, so we have a priori only a problem in
+o00. Let x > 0. Then,

X
X
/e_tdt: [—e‘t] =1—e* — 1.
0 X—>+00
0
+oc0 +o0

Therefore, the integral [ ~*dx is converged and [ ~*dx = 1.
0 0

(2) Convergence of f \/_

1—x

The function x — is continuous on [0, 1], so we have a priori only a problem in 1.

Let x € [0, 1]. Then,

ot
" 1—t

1

X
—\/1—t]0:2—\/1—x 0

x—1

Hence the convergence of f \/Txdx and f \/Tx =2.
o X
@ Study the convergence of bf mdx.
The function x — ﬁ is continuous on [0, +-00[, so a priori we only have a problem
in +oo. Let x > 0. then, we have
[t 17 2 1r 1 g
Ofm"” = iofm"“: oLl
1 1 1
T 20+ Tic o led

+o0 +oo 1
Consequently, the integral { ﬁdx is converged and gﬂ ﬁdx =71
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0
@ For the integral [ xe~**dx. We have the function x — xe ¥ is continuous on | —00,0],
—00

so we have a priori only a problem in —oco.
Let x €] — o0,0]. Then, we have,

0 0
1 2 1 210
tetdt = ——/—2t —t t:——[_t]
/e 5 ) (F2Hedt=—5]e ]
X X
1 p 1 R 1
T 2° T2xe 2
9 2 1
Thatis, [ xe ¥ dx converges to —5

—+00
@ Study of the convergence of [ xe *dx. We know that the function x — xe™* is continu-
0

ous on [0, 40|, so we have a priori only a problem in +oo.
Let x € [0, +o0[. By integration by parts, we find,

u(t) =t u'(t) =1
{ V() =et { o(t) = —e L.
Consequently,
X X X
/tetdt = [—te*f] +/e fdt
0
0 0
X
_ x ot
= xe ~ + [ e }0
= —xe Y—e*+1 — 1.
xX—>r+o00

—+o00
This means [ xe *%* converges to 1.
0

too 1
@ Convergence of [ sdx. It is clear that the function x —
o 1+x 14 x2
[0, +00[, so we have, a priori, only one problem in +oo.
Let x € [0, +oo[. As a result,

is continuous on

X

1 X T
/mdt = [arctan(t)} = arctan(x) — = 5
0

0 X—> 00

—+o00

T
Hence the convergence of [ dx to —
0

1
1+ x? 2"
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Correction of exercise 2 }

@ For all x > 0, we have,

is a differentiable function, then we have,

1
(1+e¥)(1+e¥)
So we get,
+o00
/ ! dx = lim
/ (1+e*)(1+e %) N e
= lim [
X— 00

@ Since the primitive of the functions x — u’(x)e**) is the function x — ¢**), such that u

—+o00 X
—\/x —Vt x
/ ¢ dx = Ilim ¢ dt = lim [—Ze*\ﬂ
Vx x—o0 V't X—>4-00 1
1
— 2 fim e VE= 2,
e X—+00 e
T
(3) We have for all x €]0, 5 [,
! Ccos 2x
4/ sin(2x = .
( ( )> \/sin 2x
So,
Z Ccos 2x i cos 2t i cos 2t
dx = lim dt + im | ——dt
0/ V/sin 2x x—>0x V/sin 2t x—3J /sin2t
s
z X
= lim [\/ sin2t] i + lim [\/ sin2t]
x—0 X x—=7 z
= lim [1 — \/sin2x} + lim [\/sian — 1} =0.
x—0 x—>%

+o0
@ For the integral bf ﬁdx, a >0, b > 0, by decomposing the fraction ﬁ, we
obtain
_t 1t g 1
x(x+b) b |x x+bl|
So, we find,
T 111 1 tn]
— = 1 - - ———|dt= lim - In(—
/x(x—l—b)dx x%lrﬂoo bx t t+b d x%lrfoobx [n<t b)
a a a
a 1 .. X a
= —hn <a+b> T m xIn <x+b> =-In (a+b)‘

er 1 9/
(1—1—@")2—[_14—6’5}'
X
1 et
dt = li S —;
1+ e)(1+e ) pﬂk0(1+¢y
_ 1 ]"_1_ im b1
1+e*lo 2 x=twl4er 2
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1
@ Since the function x — arctan x has as its derivative the function x — — 5/ and the

1+x
1
primitive of functions of the form f.f’ is 5 f2. Then, we have,
—+o00 X X
arctan x , arctan t , (arctan t)?
/ dx = lim / dt = lim |———
14 x2 x—+00 142 x— 00 2
0 0 0
2 2
—  lim (arctan x) _
X400 2 8
@ Integrating by parts, we find,
/ln_xdx: g e 1
X x x X X
Par suite,
—+o00 X
1 1 1 1
/n—xd —  lim /—dt:— T L
X x—>00 x—+oo | f t
1 1
= 1— lim (h‘—x 1) =1
X—+00 X X
Correction of exercise 3 }
We are studying the nature of the following integrals
—+00
(1) For the integral [ sin xdx. we have
0
—+o00 X
/ sinxdx = lim /sin xdx = lim <1 — Cos x) n’existe pas.
X—r—+00 X—r 400
0 0

Because 1irJrr1 cos x takes several of the values, so the generalized integral doesn’t exist.
X—+00

+oo
@ Study convergence of [ sin(x?)dx.}. By changing the variable, let’s assume u = x2, so,
1
u' = 2xdx, then

+o00 +oo | ( )
/sin(xz)dx = / SV .
1 1

2u
_ , . . Tsin(u)
Applying Abel’s theorem to the improper integral [ 0 du.
1
1 1
On the one hand, the function u — —— is decreasing on [1, +oo[, and lim — = 0.
2u x—+o00 2U
X
On the other hand, for all x € [1, +o0[, we have, | [ sin(t?)dt| = ‘ sin(2x) — sin(l)‘ <2
1
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so the improper integral

+00 g
sin(u) du converges

Hence the improper mtegral f o
1
+o0
[ sin(x?)dx converges
1
too
@ For the integral f e dx. We have x2 > x > 1 for all x > 1. From the growth of the
0
exponential function, we find,
e <e™*
+oo
As the improper integral | e *dx converges, because
1
— ¢!
X—>r+00

X
/e_tdt: [—e_tL —e 1l _¢X
1
+00
1

0

uous on the closed interval [0, 1]

@ We have the function x — ¢~* is even, therefore
0

—+00

2 2
/exdx:/exdx.
0 —00

—+o0

0
vergence of the integral [ e~ dx
—00

2
X dx.
1

X0+ x +

(5) Study the integral [
0
2x 2
3
X2

verge («
2x L
Vo +ax+1

—+00
1f Vxd+x+1
2x

dx converges. Knowing that f

Hence, according to the comparison theorem, the integral [ e —dx converges.

e
We know that the integral [ e dx also converges, since the function x — e

From the previous question, the improper integral [ e —dx converges, hence the con-
0

Since the improper Riemann integral

is continuous on [0, 1]. Therefore the integral [

$2 . .
1s contin-

T2
f_
1

o 2x ix

0 VxX+x+1

It is known that ———= ~
Vi x4 1+
= — > 1), then, by the function equivalence theorem, the improper integral
————dx isfinite, because the func-

tion x = —————1i
Vo +x+1
converges.
@ We have,
cos(x?) o1 1
14+x2 | = 1+ x2 +oo x2°
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—+00
Since the Riemann integral | —dx converges, then by the comparison theorem, the im-
1 x

oo 2 +oo 2
proper integral 1f Cloi(fcz) dx converges. Hence the improper integral bf Cloj—(fcz)

os(x?)

14 x2

dx con-

verges, because the function x —

is continuous on [0, 1], i.e. integrable on [0, 1].

@ For all x > ¢, we have

In x S 1 1
X+2 7 x+2 400 x
—+o0
Since the improper Riemann integral [ ;dx diverges, then according to the comparison

e
00 X

n
and equivalence theorems the improper integral [ n de diverges. Knowing that the
e
. CInx .. : . T Inx
integral [ dx is finite. Hence the divergence of the integral [ dx.
1 x+2 7 x+2
, t®cosx
We study the convergence of the integral f 2 dx. Then, we have,
0
+o0 1 +o00
cos x cos x cos x
[ Shax= [ S+ [ Slrax
x x x
0 0 1
. L cosx . . o
(@) For the integral I; = | 2 dx, we know that x — cos x is a positive function in the
0

neighborhood of 0, moreover,

2

x
cosx =1-— > +0(x?),
consequently, we have
1
lim o2 = lim —*— = lim =1
n—0 €OSX 50 17%+o(x2) n—01 — 2 +0(x2)
x2 x2
: : : L1 , tecosx .
Since the Riemann integral [ de. converges, then the integral | 2 dx is also
0 1

1

. . cos x
converged. Hence the improper integral [ ——dx converges.
O x
+00
. cos x
(b) For the integral I, = [ —~dx. We have
1 x
’ cos x ’ 1
2 | = 2

L1
Since the Riemann integral [ de converges, then by the Comparison theorem, the
0

1% 05

: co
integral [ —
T X

x
dx converges.
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—+o00
. . Cos x
Hence, the improper integral f 5
0

dx converges.

+oo 1
(9) For the integral bf x:l—ix

dx. So, we have

1 1 ! Pl !
/ nx x—/ nx / nx dx:—/_nxdx+/ nx .
J x+e* x—l—ex x +e* / x + e / x +e*

I “Inx

@ Let11:0fx+ex

dx, then we have,

—Inx

1
lim xtet _ lim =1
n—0 —Inx x—0 X + e¥

1
Comme l'intégrale — [ In xdx. converges, because,
0

1
/lnxdx— —hm Intdt = lim (1—tlnt> =1.

x—0
x

1

—Inx
Then, according to the equivalence theorem, the integral I; = | o
0

dx converges.

+o0
@ For the integral I, = f " tx dx, it is clear that,
01
In x
In2 +In(% 2
hm x_gex: im x+—(2)><x—l:0
n——+oo 4 X—r+00 e? <ix 4 1) ez
x2 e2
—+00

As the Riemann integral [ —dx converges, then according to the comparison the-
X
1
T Inx
orem, the integral I, = [
1 x+te*

dx converges.

Therefore, the improper integral To Inx
¢ prop & o x+e*

Ona

dx converges.

= Lh+DbL+ I3+ 14
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Since,
1
2
1 1
/ xrzl(_x)ldx ¥ NG (converges).
0
2]
Then, I; = | x?(x) dx converges.
5 a2 —
For the integrals, I and I3, we have
In(x)
2
lim 2= = i X i Lo
x—1 1 —1x—1 x—1 X
x+1
exist (finite), then by the equivalence theorem

Llnx 2 Inx
Since the two integrals [ —— and 1l 1
T x+1 1T x+1
2
the two improper integrals I and I3 are convergent

+o0
ln(_) dx. We note that,

For the integral Iy = [
2
(intégrale de Riemann, donc converg)

=
T

1 oo

—+00

/ 11;1(x) dx ~
x —_—

2

Therefore the integral 14 converges. We result that I the sum of I, I, I3 and I is con-

verged.

Correction of exercise 4 |
—+o00
sin(x
J .

Study of the convergence of the integral f
@ Simple convergence. Using Abel’s theorem, it is easy to see that for all « > 0, the integral
1
dx is convergent. Indeed, the function x — P decreasing on [1, +-oo[ and
= ) sinx —

f sin(t

T®sin(x)

J

S
lim — = 0. On the other hand for all x € [1,+oo[, we have,

x—1=00 X
sin(l)‘ <2
+o0
- n( )dx is converged.

Hence the improper integral [
1

@ Study absolute convergence. We have for all a > 0
+oo | +oo
/ sin(x) dx| < / ldx
xt x4
1 1

So, we distinguish two cases
Dr: D. Bouafia
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+% 1
(@) If & > 1, the Riemann integral [ gdx converges, therefore the improper integral

1
+oo o
f wdx est converge.
S
- T sin(x)|
(b) If 0 < a < 1. We must study the convergence of the integral [ ————*
1
We know that for x € [0,1] we have x > x? and therefore, for all t € [1, 4o0]

dx.

xﬂé

| sin(x)| > sin?(x).
Hence, for any t > 1, we find,

-2 .
0 < S0 t_ ]smt\.
e

Since,
sin?t 1 ~ cos(2t)
e 2% 7

® | sin(x)|

and the generalized integral ?w tladt diverges, so the integral :f [s oy dx is diver-
gent.
1 X%
@ b[ mdx is an improper integral in 0.
-
}}E}) ln(il)ﬁ —1 e = x* N /ala'
i nP(x+1) 0 x

Then, the two integrals of the same nature.
1

1
Now, the Riemann integral [ ﬂdx is convergent if and only if  —a < 1.
0 X

Correction of exercise 5 }

+o00
We study the nature of Bertrand’s integral [
5 x%InP(x)
parameters a and . Four cases can be distinguished.

dx, according to the values of the real

@ If « > 1 we choose a real 7y so that 1 < v < &, we find,

1
1B (x) 1
lim = hi ) _ Iim — =0,
x—teo L X500 Y0 lnﬁ(x)

—+o0

1
forall B € R, thatis ———— = o (—) Since the Riemann integral [ —dx is conver-
x* Inf (x) x7 y X7
+00
gent because v > 1, we deduce that the integral [

dx is convergent.
5 x*Inf(x) &
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@ If & < 1, then if we take a real number so that 0 < v < &, we find,

1
= 1
lim xf = lim IR 0,
e x% lnﬁ(X) et n (x)
.1 1 . . . e o
forallp € R,ie. — =0 (—) Since the Riemann integral [ —dx is divergent
XY X« lnﬁ(x) 5 X7

+0o0
because v < 1, we deduce that the integral [

dx is divergent.
5 x%Inf(x) &

@ If « =1and B = 1. We know that for all x > 2, we have

<ln(ln x)) = xli(x) .

+oo 1 X 1 X
/ dx = lim / —_dt= lim |In(nt)
) xIn(x) e tIn(t) x=+o0 ,

= —In(In2) + lim In(lnx) = +oo.

X—r+400

Hence the divergence of the Bertrand integral in this case.

@ If « =1 and B # 1. We have that for all x > 2,

LT TR EY.V /: L
1-5(1 U) xInf(x)

nl—A(2 1 :
_ ) lim 1n1ﬁ<x>={o+°° gii

So, we conclude from this study that,

oy a>1
/ —ﬁdx converges < ¢ or
x*In”(x) x=7T1and g < 1.

Correction of exercise 6 }

—+o0
@ The integral I, is a Bertrand integral [ . dx which converges if and only if n > 2.
1 X'in X
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t®Inx
@ To calculate it in this case, let’s integrate by parts [ x—ndx. We thus find,
1

—n+1 —n —n+1 —n
/lnxdx: X lnx—/ X dx = X Inx — X

X" -n+1 —n+1 —n+1 (—n+1)%
Then, it follows that,
() —+o00
L J] lnxd | ad Iy — x" B 1
”_1 xt T —n+1 (—n+1) (-n+1)
Correction of exercise 7 ]
X 2
Let be the integral F(x) = [ ——— In(1 + ! )
1
@ By integration by parts, and so let’s pose,
1
_ 1 - _
/ t —_ u(t) = -
o(t) = In(1+ £) o) = o5

So we obtain,

F(x) = [ 11 (14 1%)

2[5

1

1
= —;ln(l + x?) 4 In2 + 2arctan x — arctan 1

1
= —;ln(l + x?) 4 2arctanx +1In2 — %

@ Since,

1
lim ~In(14+x?)=0and lim arctanx = —
x—+o0 X x— 00 2

Therefore, F(x) has a finite limit, which means that the integral I is convergent and

[= lim F(x)= lim [—iln(1+x2)+2arctanx+ln2—E] —n24+ =

x—+oo x—+oo 2 2°

Correction of exercise 8 ]

@ We make the change of variable, so let us pose, u = v/1+ 2 so, t = vu? — 1 and

2udu  udu
V2 =1 Vuz =1

dt =

As a consequence,
t=1=u= \/E
t=x=u=vx2+1.
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Therefore, we have,

X VaZ+1 x2+1
E(x) = / 1 gf — / 1 " udu B / du
/ 2+ 1 b ViZ—1 VuZ-1 b uz—1
2 2

We know that we can develop the fraction ——— as follows,
u J—

— N[ =
—_

1
uz_lzixu—l_iu—i—l
So we have
(2) .

Fa) - \/x/2+1 1 x/2+1 i 1\//

a Viz —1 2[ V-1 2 Vi+1
2 2 V2
1 Vx2+1

— 5[1 nju—1|— 1n|u+1|]
_ Lp 1V V211 ~1
- E[“‘ H ‘\/TH‘ “‘ﬁH"

@ @ Foroc:§> 1, we have

X——+00 1+ tZ -

1
Therefore, the integral I = S —
& “[ tVit2 +1
(b) Note that t = v/1 + x2 and tends to +co when x tends to +oo, hence

dt converges.

‘ 1

lim F(x):——l \/_+1‘+t£+oo%1n’:_—1‘:—Eln‘\/z_’__l‘.

X—>+00

Correction of exercise 9 }

Let’s show the semi-convergence of the following integrals.

+o0 1
@ For 7{ cc\)/s; dx. Applying Abel’s criterion. The function x 7 is decreasing and tends

to 0 at infinity, moreover for all x, x’ > 7, we have,

xl

/ cos tdt

X

= ‘sinx'—sinx < 2.

So the integral converges.
To show that it does not converge absolutely, we can use the inequality

1 — cos2x

Vx € [, +oo[: |cosx| > cos?x = 5
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So,

:1\

Zl—cosZt :Z_\/— / osZt it (1)

X

lim Lalt = lim [vx — /7] = +o0.

xX——+o0o 2\/¥ x— 400
T

But,

On the other hand, by setting u = 2t, we obtain

X 2x
/ CcoSs 2t 1 cosu

i 2\/§2n Vi

According to the above, this expression has a finite limit when x tends to 400, so the
member of right of the inequality (1) tends to 400, and it follows that the left one has the

du.

i)/}x dx diverges.

(2) Since the function that at x ~— cos(x?) is Continuous on [—1,+oo], the integral

same limit. Consequently, the integral [

cos dx converges if and only if the inte ral cos( 2)dx converges.
& y g &

NG
Similarly the integral TO\ cos(x?)|dx converges if and only if the integral To| cos(x?)|dx
converges. By making tLe change of variable x> = u, we obtain, r
b +oocos(u)
/ cos(x?)dx = / NG du,

NG T

—+00 —|—oo’CO (u)’

2 o S
/\cos(x )|dx = / N du
N T

T cos(u)

According to the result of question (a), the integral [
x 2/u

—+00 —+o0
therefore the integral [ cos(x?)dx is also semi-convergent. Therefore [ cos(x?)dx is

NG -1

and also,

du is semi-convergent, and

semi-convergent.

@ We make the change of variable u = x%. The integral becomes,

—+o00
/xzsm( Ydx = = 1 / smlu du.
Ve o

1 .
The situation is identical to that in question (a). Such that the function u i is de-
u
creasing and tends to 0 at infinity. Moreover, for all x, ' > 7%, we have

x/

/sin udu

X

= ‘cosu'—cosu‘ < 2.
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+00 o1
Therefore, Abel’s criterion allows us to conclude that the integral f sin(u)

U
To show that it does not converge absolutely, we can use the inequality,

du converges.

W=

1 — cos2x

Vx € [m*, 4oo[: |sinx| > sin®x = o

and conclude as in question (a).

@ Making the change of variable u = \/x. The integral becomes,
—+o00 1 \/» in
/ dx =2 / —du
We then apply the same method as in question (a) to the real and imaginary parts

e 2
/ COS u d / Sln 1/[
JE

400 zf
Which shows that these two integrals converge, so f

dx converges. On the other

; <1
hand, since |¢/V*| = 1, and the integral f ;dx diverges, the proposed integral is not
7T

absolutely convergent.

Correction of exercise 10 }

. sinx . :
@ We write tan x = , so we have immediately,
Cos X

/
/tanxdx = —/ (cos x) dx = —In(cosx)+¢, c € R.

COs X
Consequently,
2 X N
/tan xdx = lim [ tantdt = lim [— In(cos t)]
" x—7Z 5 x—Z 0

= lim [—ln(cosx)] = +o0.

7T
x—>7

S|

So, the integral [ tan xdx diverges.
0

. . .. T . 7T
@ The tangent function has a discontinuity at o We return to 0 by setting u = > X Then,

1

tanu’
But in the neighborhood of 0, we have, tan(u) ~ u, therefore,

7T
tanx = tan (E — u) = cotanu =

1
tanx ~ —.
u
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7T

d 7
! diverges, it follows that the integral [ tan xdx also diverges.

Since the integral — [ —
u 0

ST

Correction of exercise 11 |

]

T®sin(5x) —sin(3x) . ,
exists, we can write as follows

(1) Forall x €]0, +oo|, if the integral [ -
0 X3

705111(59() - sin(3x)dx.

X3

too . . L. .
/ sin(5x) — sm(3x)dx _ / sin(5x) - s1n(3x)dx N
0 X 0 3 1

We'll use the equivalence criterion. The function to be integrated is continuous on |0, +0o0]
and therefore locally integrable on this interval. The integral is automatically improper

in +oc0. The study must be done in 0.

@ At point 0. we have,
sin(3x) = 3x 4+ o(x) and sin(5x) = 5x + o(x).

So,
sin(5x) — sin(3x) ¥ 2x.

Then we find,
sin(5x) —sin(3x) 2
We therefore have that the functions are of constant sign in the neighbourhood of 0.
We can therefore use the criterion on equivalents,

sin(5x) —sin(3x) 2

5
X3

2
x3

1 g _si 12
I sin(5x) — sin(3x) dx and [ — dx are of the same nature.
0

5 2
X3 0 Xx3

So,

L2

Since the integral [ —dx converges, then the improper integral
0 Xx3

1 . o

i sin(5x) - Sm(3x)dx converges.

0 X3

(b) In +oo. For all x € [1, +oo[, we have,
2

sin(5x) — sin(3x)
5 5°
3

X3

X

<2
As the Riemann improper integral | —dx converges, so the improper integral
3

.—\\‘l‘

X

+%gin(5x) — sin(3
1f sin( x)xgsm( x)dx absolutely converges.

T®sin(5x) — sin(3x)
/ ;
0 x3

We conclude from (a) and (b) that the integral dx converges.
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@ The function to be integrated is continuous on |0, +oo[ and therefore locally integrable on
this interval. We also note according to Chasle’s relation (if the integral exists)

+o0 1 +o00
X X X
/ex—ldx_/ex—ldx+/ex—1dx'
0 0 1
(@) Atpoint 0. we have
T~
e*—1o0

Therefore, the function x —

exx_ 1 is extendable by continuity at 0. So the integral

1

at 0 is a Riemann integral, i.e. [ dx is finite.
0

e —1

@ In +o0. the Riemann criterion should work well. So we have,

3
2 X X 1 3 . 1
X X = — X =x’e :
ex—1 ¥ 1—e* 1—e*
2 3,—X 2 X 3, x_ 1 :
We know that lim x°e™* = 0, so, x* X = x°e — ~ 0. The Riemann
x—0 e —1 1—e% +oo
+o0
criterion allows us to conclude that [ dx converges.
+00
Hence, according to (a) and (b) the improper integral [ = 1dx is converged.
o X —

Correction of exercise 12 }

@ f is none other than the square of a primitive function of t — e~ which is continuous on
X
IR, therefore f is of class C! on R, and f’(x) = 2 < 1l et2dt> e~*". We have,
0

e—x2(1+t2)

(@) the application (x,t) e

®

is defined and continuous on R x [0, 1].

b e—x2(1+t2)
ox 1412

exists and is continuous on R x [0, 1], so according to Leibniz’s theorem g is of class
C! on R, and we have,

= —Dxe *(1+),

1
g'(x) = —Z/xe_xz(th)dt.
0

(¢) By changing the variable u = xt, we get

1

¢'(x) = —2/ex2”2du = —f(x).

0
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Thus, for all x € R, we have

@ We have for everything x € R,

IN

1 1
X
1
0< _xz/e dt < —x2/
< g(x) e Trpitse 1—|—t2dt
0

Consequently,
: T 2
0§1§§g(x)§2§hme =0.

Therefore, for all x € R, we find,
T
Flx) +g) = 7.

Since,

+o00 +o0
Or [ e~ dt > 0. Hence, i e Pdt = \/77_1
0

0

(3) The application h(x) = f(x) + g(x) is constant on R and h(0) = 0+ [ 7 dt = %

400
| 0/ eat] = lim \Jf(x) = lim \/r(0)+g(x) = \E

Correction of supplementary exercise 1

3n>1,ie,n> 1
@ Using factorization, we find,
BHl=(x+1)(x*—x+1).

Then, the rational fraction

3 +1
form,
1 1>< 1 +1>< —x+2
¥+1 3 x+1 37 x2—x+17

which can still be written
1 1 1 1 2x —1 1 1

—— = o X —— N LR R S —
Bl 3%%31 6 ¥ _x+1 3 @ _x+1

For x > 0, we then obtain a primitive,

x3+1

— %ln <—xej_—xl_|_1> + % arctan <%>

1
@ We have, I, = f 3 T 1) fzo o Therefore, the integral I, converges if and only if

can be can be decomposed into simple elements in the

1 1 1. ., 1 2x
/—dx = gln(x—l—l)—gln(x —x—l—l)—l—ﬁarctan(

~1
)
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Then,

@ If n > 1, the integral I, is convergent, and we can integrate by parts. We find

Iy = 3”(171 - n+1)/

from which we deduce
I _ 3n—1 I
n+1 - 3n n-

Consequently, we obtain,

_ 3n—43n-7 _3n—43n-7 2273

2
I, = i =
" 31 -33n—-6"3' 3m-331—-6"3 9

X 400 +o00
I, = lim P +/%dx—/3n—xgdx
e (t3_|_1)n . ) (x3+1)n+1 - / (x3+1)n+1 ’
But,
+00 3 too 4 +00
3nx dx — x’+1 J 1 Jr— T — ]
/(x3+1)”+1 e / B+ 1) / (3 D)1t T T e
0 0 0
So,

+oo X
1 . 1 t+1 1 2t —1
dx = 1 —In(— —— arct
0/x3-|—1x x_lgloo[gn<‘/t2_t+1>+\/§arcan< \/§> .
1 1 1 x+1 1 2x—1
= ——arctan ( — li —In(———— —— arct
\/garcan< 3>+x$Tm 3n<\/m>+\/§arcan< )]
1 /m = 21tV 3
= (2T V3,
V3\2 6 9
Because, lim arctan(u) = T and arctan (L) — "' Hence the convergence of the
7 U= oo - 2/ \/§ - 6 g
—+o0
improper integral of N 1dx.

Correction of supplementary exercise 2

(1) Since f is decreasing on [a, +oo|, then for all t € [x,2x] C [a, +oo[, we have,

f(t) = f(2x).
So,

7f(t)dt > 7f(2x)dt = f(2x) 7dt = xf(2x)

Replacing in the inequality (2), x by g if x > 2a, we therefore have,

0 <xf(x) §2/f(t)dt.

()
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As the integral converges, there exists, according to the Cauchy criterion, a number A,
such that the inequalities A < u < v imply

/U F(b)dt

<€
5

Then if x > 2A, we have A < — < x, and

N &R

0< xf(x) < Z/f(t)dt <e

We deduce that lim xf(x) = 0.

X—r 400

@ For the function f defined on the interval [2, 00| by f(x) = p” 111

we can easily check that it is decreasing. On the other hand, the integral of f diverges,
because,

- since x1—1>I—r|—100 xf(x)=0.

—+o00 1 X 1 X
/ dx = lim /—dt = lim |In(Int)
xInx x—+o0 ) tint X—o00 )

2 2
= —In(In2) + lim In(lnx) = +oo.
X——+00
+o0

dx, i.e. the inverse of the impli-

Hence the convergence of the improper integral [ “Inx
2

cation is false.

Correction of supplementary exercise 3

@ If x is in the neighbourhood of 0, we have

sin(xt) ¥ xt.

So (xt)
sin(xt) _
t——+o0 f e ! — O/
) . . sin(xt) _, .
then the function extends by continuity into 0. Thus the function x — —, ¢ iscon-
tinuous on [0, 4-o0[ and we have for t > 1,
sin(xt
()| o
t
e . . .. Tesin(xt) . .
| e~'dt is convergent, then according to the comparison criterion [ ——~e~'dt is con-
1 1
vergent.
sin(xt of . .
@ Let’s assume, for x € R and t > 0, that f(x,t) = E )e_t. Then, % is defined on
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R x]0, +oo[ and

d
" (x,t) = cos(xt)e ™.
It is therefore a continuous function on R x]0, +oo[. Moreover, for all x € R and all ¢ €
0, +-o9],
d
Y flx, t) <e!
—+o0

Since, [ e~'dtis convergent. We deduce, by the theorem of derivation of integrals with
1
parameters, that F is of class C! on R and

+00
F(x) = /cos(xt)e_tdt.
1

(3) We can calculate this last integral by writing cos(xt) as Re(e™*!), we therefore have,

o
F'(x) = Re /e(ix_l)tdx
L0
1 1
= R =
‘ 1—ix] 1+ 22

@ By integrating F’ between 0 and x, we find that
X
X
/F'(t)dt = [F(t)}o = arctan(x) — arctan(0).
0

Therefore,
F(x) = arctan(x).

Correction of supplementary exercise 4

1
@ Forall t > 0 and x € R, let f(t,x) = FE+1) It is immediate that the integral
1 +o0
b[ mdt converges if x < 1 and 1f mdt converges if x > 0. Therefore, the

—+o00
integral [ f(t x)dt converges if and only if x €]0,1[. Then, the definition set of F is ]0, 1[.
0

+oo q 1 oo 1
@ Note that f —dt= lim | — —= =,
1 X+ X—+00
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and by changing the variable t = %, we get

—+00

1 1
1 u* t*
—dt:/ d :/ dt.
/tX+1(t+1) S utl ! / F+1
1

So, we obtain,
—+o00 —+o00

1 1 1
1

- /txt+1 +/txt+1 /tx+1

0
1 T
- O/tx(t+1)dt_1/tx+1(t+1)dt
1 #
_ O/—tx(t+1)dt_o o

We conclude that for all x €]0,1],
1

1
1 1
O0<F(x)—=< —dt =
- (x) x_o/ t+1 O/X

So, lim xF(x) = 1, namely F(x) ¥

x—0
>

R =

@ The change of variable t = 1, gives us that F(x) = F(1 — x) for x €]0, 1[. Then the graph

1
of f is symmetrical with respect to the line with equation x = 5
n
(4) Let’s put F,(x 1ftx dt foralln € N* and x €]0,1][.

1
It is immediate that (¢, x) — is continuous on | L [%]0,1]. Then, for n € IN* the

;

(t+1)
1

function F, is continuous on |0, 1[. On the other hand, let ¢ €]0, E[ Forall x € [¢,1 —¢],

we have

F@) = hulx) = /tx(t+1 dt+/md

H +00
1 1
< /t—xdt+/tx+1dt
0 n

1 1 11 2
<

<

T—xnl=* " xn* = ent
It follows that the sequence F, converges uniformly to F on [¢, 1 — ¢] the function F is then

1
continuous on [¢,1 — ¢| for all € €]0, > [. We conclude that F is continuous on |0, 1].
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@ Note that

11 a T d
1— u
F(x) :/<t_x+t1x>—t—|—1 = /(ex”—l—e( X)M>1_|_eu'
0

0
1
By a simple study shows that the function x — e 4 e(1=%)" is decreasing on |0, E[ for all
1
u > 0. Then F is decreasing on |0, = [, and using the symmetry of F and that according to

2
1
question (3). So, the function F is increasing on ]E' 1[. We conclude that

inf F(x) = F<1> - .

Correction of supplementary exercise 5

@ For all x € R, we define the function
In(x? + t2)
S e
So it is continuous and therefore locally integrable. If x # 0, then }in(} px(t) = In(x?),
%

on the other hand, if x = 0 then in the neighbourhood of 0 we have ¢ (f) ¥ 21In(t). On

2In(t
the other hand, in the neighbourhood of +co and ¢« (t) I ?2( ) . This boundary study
gives the existence of the integral,
+oo
In(x? + t2)
F(x) = | ————=dt.
) / 1412 at
0
F is obviously even.
Let’s introduce the functions sequence as follows,
F,:]0,400] — R
n
In(x? + %)
x = Fix)= / Wdt’
0
and
hy: [0,n]%x]0,+00[ — R
In(x? + #2)
(t,X) — hn(t,X) = Wdt

It is immediate that,
oh,, 2x

o ) = Er e ey

oh
so, h, and B_xn are continuous on [0, 1] x]0, +oo[, which proves that F, is of class C! on
]0 + oo, with

n

, 2x
Fnlx) = 0/ SV C
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+oo 2x
Let us introduce the convergent integral ¢(x) = dt. It is immediate
g gral g(x) of (t2+1)(x2—{—t2)

that,
—+o00
2x

“”_Im”::/(ﬂ+1xﬂ+¢%“'

n

hence, using 2xt < x? + 2, we have,

RIS Ry
gL tﬂ+1 = oz

This shows that the sequence (F},),>1 converges uniformly on |0 + oo[ to g and that F is
of class C! on |0 + oo with F/ = g.

@ For x # 1, we have

2x . 2x 1 1
(24+1)(x2+12)  22—-1\2+1 22+442)

hence,

—+o00
Fl(x) = 2x 1 1 gf — 2x [(m m) _ =«
Cox2—1 2241 x24t2 Cox2—1\2 2x)  x41
0

The continuity of F’ at 1 allows us to write, for all x > 0,

F(x) = i and F(x) = wtin(x+1) +¢,

x+1
with c a constant. N
1
We have seen the existence of F(0) = [ 1n§_ )dt Then, for all x > 0, we have,
0

CIn(x2 + £2) — In(£2)

14 2 at

0 < F(x)— F(0) =

—+o00 2
In(x? + t?) — In(#?) ‘ / In(1+ %)dt
1+ ¢2 1+1¢2
1

Jr
©dt

(ln(x2 +12) — ln(t2)>dt + x? / 2O+ 2)
1
1

—2+/ﬁﬂﬁ+¢%ﬂ.
0

<

()Jl RN O\»—\ O\.—\ O\‘i‘

An integration by parts shows that,

1
1
/ln(x2 + t2)dt = In(x* + 1) — 2 + 2x arctan (;),
0
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SO,

2 1 4
Vx>0: 0<F(x)—F(0) < %+ln(x2+l) + 2x arctan (;) < 7Tx+§x2.

As a result, lim F(x) = F(0) and F is continuous on R, (due to the parity of F). Finally,

x—0
>

1
the change of variable t = " in F(0) shows us that,

Consequently, lir% F(x) = F(0) = 0.. This shows that ¢ = 0 and that F(x) = mwln(x 4+ 1),
x—

for all x > 0, then, F(x) = tIn(|x| + 1), forall x € R.
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