Msila University Hﬁ Faculty of Mathematlcs and
e Computer Science
. iesn® : 4
L 2 Mathematics .Serles S ; Module: Analyse 3
Correction of Fourier series

Remark 1 l

The exercise marked with (x) or additional will not be corrected in the session of TD.

Correction of exercise 1 }

@ The function f is neither even nor odd, so the Fourier coefficients are,

®

(b) Forall n € N*, and by integration by parts, we have,

7T

/xcos(nx)dx

1
T

T T
171 . T 1 ) 1 .
= E[Exsm(nx)} — Eo/sm(nx)dx = —Eo/sm(nx)dx

a, = %/f(x)cos(nx)dx:

0
1 T 1
= [cos(nx)]o = [(—1)” - 1}
So, )
arr = O, if k 7& 0, and Aok = —m
1 7 17
b, = — /f(x) sin(nx)dx = —/xsin(nx)dx
7T 7T
—7T 0
_ 1[—13( (x)]n—i— 1 /ﬂ (x)dx——l [x (x)]n
= ncosn . nnocosn = cos(n .
(_1)11—1—1
— T'
Hence the Fourier series associated with f is,
T _ -1 (_1)n+1 .
F(f)(x) = =7t ;; ( cos(nx) + — sin(nx) |.

@ Since the function f is of class C! by parts ( pieces) and 27r—periodic, then according to
Dirichlet’s theorem, in particular at each point x where f is continuous, we have

_1\n+1
f(x) = Z < L cos(nx) + % sin(nx)) :
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The function f is continuous at 0, so,

T 2 (-1)"-1
f(0) = O_Z+1;1 o
o2 T 1
4 7= @2n+1)Y
Consequently,
Ji" 1 o
= en+1)2 8
Since,
+00 1 +o00 1 +00 1
i — P + e
Lw = Br Gy
+o00 1 400 1
— R _|_ —_,
n;l 4n? E (2n+1)2
So, we find,
3 +Z°;° 1 +Z°;° 1 on
4 =n> = (2n+1)>2 8
Hence the results,
JFZ":" I
= 8

Correction of exercise 2 }

@ The function f is odd, so the Fourier coefficients are,

@
1 7 17 17 7
aozﬁ/f(x)dxzﬂ/|x|dx:;/xdx:?
-7 —TT 0

@ For all n € IN*, and since the function x — x cos(nx) is odd, then, we have

s

S

Ay = 1 /f(x) cos(nx)dx = 1 x cos(nx)dx = 0.
T T
—7T —T7T
©
17 2 7
b, = p /f(x) sin(nx)dx = p /xsin(nx)dx
-7 0
T
1 T2 _2(=1)ntt
= %[— —xcos(nx)} + Eo/cos(nx)dx ==
Hence the Fourier series associated with f is,
(_1)n+1 ‘
F(fi(x)=2)_ Tsm(nx).

n>1
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@ For all n € IN, we have

: (n>_ 0 : n=2k (KeNN)
SUS) T (ki m=2k+ 1

@ The function f is of class C! by pieces and continuous on [—, 77, so according to Dirich-
let’s theorem, the Fourier series of f simply converges to f on [—, 7], hence for all
x € [—m, [, we have

+00 (_1)n+1
flx)=2)" sin(nx).
n=1
In the particular case where x = g, we obtain,
+oo ( 1)n+1

T 1)2k+1 oo (_1)k
i D e A DY
k=0 k=0
As a result, we will have
400 (_1)11 B E
=+l 47
By using Parceval’s equality,
27 T
ool 45 3 [Jaal? 4 1] = o [ 1700 P = o= [ 1700 e
R S ARy 2m '
-7t

So we get,

Therefore, it follows that,

Correction of exercise 3 }

@ The function f is even, so the Fourier coefficients are

@ For all n € IN, we have

b, = % /nf(x) sin(nx)dx = — /ﬂ |x| sin(nx)dx = 0.
o 0
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1 17
”OZE/ ;/xdx:
0

Let n € IN*, and since the function x +— |c|cos(nx) is even, and by integration by
parts, we find,

x cos(nx)dx

an = %/nf(x)cos(nx)dx:—

SENNY
S —

Thus, for all n € IN*, we have

0 . n =2k (KeN)
an: 4
S n=2k+1
@k+ 12 T A

Hence the Fourier series associated with f is,

@ For all n € IN, we have

Sin(ﬂg)_ 0 : n=2k (KeNN)
2) 7 (=DF i n=2k+1.

@ The function f is of class C! by pieces and continuous on [—, 7t[, so according to Dirich-
let’s theorem, the Fourier series of f simply converges to f on [—r, 7], hence for all
x € [—m, [, we have

+00 (_1)n+1
flx)y=2) sin(nx).
n=1
In the particular case where x = —, we obtain
+0o (_1)n+1

T +o00 ( 1)2k+1( ) Jio (_1)k
S —1\)k =
4 = 2k +1 k:O2k+1
As a result, we have
*2‘” (" _ =«
—=o2n+1 4
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Using the following Parceval equality,

1+oo 1 27 1 T
2, 1 2 2] 1 2, L 2
ol +3 32 [l + 0] = 5 [1)Pax = 2 [ 1700 P
B 0 —7T
So we get,
1824 1 7
2 2
- = = d
Lo =g | St = o [ o
—7T
Therefore, it follows that,
S1 o
= n? 6

Correction of exercise 4 ]

@ The function f is odd, so the Fourier coefficients are,

@ For all n € IN, and since the function x — x — x3 is odd, then, we have,
1

1
ay = /f(x) cos(nmx)dx = /(x — %) cos(nmx)dx = 0.
-1

-1

1 1
b, = /f(x)sm nmnx)d /x—x sin(n7rx)dx
-1 0
, 1
- E()/(Bx — 1) cos(nmx)dx

_ 2 [(x —x°) cos(nﬂx)]

nrit 0

1 1
12 12 [_ xcos(nnx)] 12

= nz—nz/xsm(nnx)dx-l— o, o O—i— 3 /cos(nmc)dx
0 0
(_1)n+112
n3md

Hence the Fourier series associated with f is,

+o0 (_1)n+112

F(f)(x) = ZW

n=0

sin(nmx).

@ The function f is of class C! by pieces (parts) and continuous on [—1, 1], so according to
Dirichlet’s theorem, the Fourier series of f simply converges to f on [—1, 1], hence for all
x € [—1,1], we have

+oo (_1)n+1 12

33 sin(nrmx).
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From the above, we have

in(nz>— 0 : n=2k (KeNN)
SITZ) T (ks n=2k 1.
Hence,
+o0 2k+1 ~+o00 _ 1)k
§ — Z ( 1) ( 1) — Z ( 1)
8 = 2k +1 P (2k+1)
As a result, we have
+00 n 7.[3
; 2n + 1 T3
Correction of exercise 5 ] |

@ Indeed, for n # 0, the coefficients of the Fourier series are,

T 0 T
_ 1 —inx __ 1 —inx 1/ —inx
cn = E/f(x)e —E/f(x)e dx—l—z f(x)e ™ dx
-7 -7 0
1 T 1 27

_ —inx - _ inx
= 2n/f(x)e dx+7_[/f( x)e'" dx

0 0

T

1
= — / f(x) cos nxdx, (because f is even)

0
7 .
1 1 2(7w —
= —/cosnxdx—i——/ucosnxdx
s T T
0
- LI i A )
_ | sin(nx) N (7t — x) sin(nx) n / (7t — x) sin nxdy
nr nr? nrt? T

s
2 7

n272 - n272

o lzcos(nx)] T B 2<cos(7 — cos(nn)))O

NN

On the other hand, an immediate calculation shows that cp = —

We know that for all n € IN*, we have ¢, = ¢_,;, so, we find,
—+o0

F(f)(x) = Z—i— Z;ZCTZ cos(nx).

Which means,

4 P cos(2n+1)x 2 +°°cos4n—|—2)
F
(f)x 7'(22 (2n+1)? nzz (2n+1)2

Note that the Fourier series of f is normally convergent, so the continuity of f shows that
for all x €] — 7, 7],

) 4 +Z°°c052n—|—1 2 Ji"cos4n+2)
T 2n+12 2 (2n+1)2
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In the special case, taking x = 0, we obtain

+o00 1

n;o(znﬂ)z -

E
g
@ Note also that g(x) =1 — f(x — «) for all x €] — 7, 77]. Then, Vx €] — 7, 7], we have,

2(x) = 1_(_ 42’i°cos 2n+1)(7§— jzgcos 4n+2)() ))

= (2n+1) 2n+1)2
B 4 Ji"cos (2n+1)x _ifcos (4n +2)x
a n2 (2n +1)2 (2n +1)2

Correction of exercise 6 }

@ Since the function f is odd, a, = 0 for all n € IN. Then for n > 1, we have,

7T
b = L [sngreyan = [ )7 _20-C1)
27 n 0 nrt

0

4

— : nisodd
nri
0 : niseven

The trigonometric Fourier series of f is therefore given by

+0oo 4 .
F(f)(x) = IE) i sin(2k 4+ 1)x.

@ The function f satisfies the assumptions of Dirichlet’s theorem, and the series F(f) con-

verges in all x to,
f(x+) —;f(x_) — f(x)

The convergence cannot be uniform because the limit f is not continuous.

@ For x = g, we have,

sin(2k + 1)% — sin (% + kn) — (—1),

We deduce
—+o00

0 4(-1)k (-DF 7w
Z:(211+1) _f< > :>k§')(2n+l)zz

Since f is odd, Parseval’s equality gives,

1 7 2 1+°° g to F I T
L dx — ‘b‘ _°y_ - - Tt
n/‘f(x)‘ ' k nz,g(zn+1)2 % 20(2n~|—1)2 8
_7'[ - -
Next, we have
+Z°;° 1 _+Z°;° 1 ++§ 1 ol o q
= n? (2k + 1) (2k) 8 4 = n?
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So, we find,

3+Z°:° 1 _7(:>+°° 1 _4 7 _n
4=n 8  =mn? 3 8 6
Finally, from the above, we have,
Jio(—l)”_l_i_io 1 Ji" 1 —Eandf( N
= n? = (22 = (@2n+1)2 87 = n? 8 46 12

Correction of exercise 7 }

@ Note that f is even, so that b, = 0 for all n. Furthermore,

17 272
ay = ;/(x—n)zdxz -5

0

For all n > 1, and integrations by parts, we have

1 27
a, = ;/(x—n)zcos(nx)dx
0
7T T
_1\n
= l/tzcos(nt—i—nn)dt:( D /tzcos(nt)dt
T T
—7T —7T
(-1)" 4 4
= = X ﬁ(—l)n = F

Hence, the Fourier series of f is written as,

7T

paa |
F(f)(x) = 3 T4 ;mcos(nx).

@ The function f is of class C!(R), Dirichlet’s theorem leads to the conclusion that for all
x € R, we have

1
F(f)(x) = flx) = 5 +4 ) —5 cos(nx).
n=1
@ From the previous question,
+o00 400 n
2 T 1 B _ (_1)
s —f(O)_§+4ZF and O—f(ﬂ)_—+42 -,
n=1 n=1
We deduce that,
+o00 1 7.(2 400 (_1)n 7'(2
n:1ﬁ? = and 1;1 ——=-1

S. W: https:// elearning.univ-msila.dz/moodle 8|12 Dr: D. Bouafia



Correction of exercise 8 }

@ Posons,

flx) = [12—0 + f(an cos(nx) + by sin(nx)), and y(x) = — i (an cos(nx) + B sin(nx)),
n=1 n=1

and, deriving term by term,

y'(x) = Jio(nﬁn cos(nx) — na, sin(nx)).
n=1
So we have,
y'(x) + Ay(x MCO + Jio ( nBn + Aay] cos(nx) + [ABn — nay| sm(nx))

If we identify the coefficients, we obtain

ag

xo = X/
an = [nPn+ Aay], = an = n2 A2
bn — [Aﬁn — 7’106,7], . Tllln + )\bn
o=

@ The proposed function f is continuously differentiable on R. Let’s compute its Fourier
coefficients. We have

o=t fofrased [la-gre g

Furthermore, we note that the function f — ¢12_0 is odd, so that a, = 0 for n > 1. Finally,

2

7T
dx = =
=5

7T

27
2
b= L e Dcosmoae s e T4 7 s
0 T
_ 1= (=1)" i(x _ E)z (nx)dx + z /” in(nx)dx
= - J 5" cos 5 /s
1= (=1 T

By integrating by parts twice, we calculate the integral I;, which we find,

# 2
h= [ (r= 2P eos(m)x = (1- (~1)[ 1 - %]
0
Thus,
27
I = /sin(nx)dx = (_DT_l

7T
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Hence,
4((=1)"-1)
bn == —3.
n

2
We obtain oy = % and, for all k € IN*, apr = B =0,

8
Yk ok 122k —1)2 1]

-8
72k —1)3[(2k —1)2 +1]°

and Bor1 =

Finally, it is easy to see that the series
—+00
Y (nBn cos(nx) — nay sin(nx)).

n=1

is uniformly convergent, and therefore the series,

Xo 2 1
5 + ;(cxn cos(nx) + By sin(nx)),

which is also uniformly convergent, has as it’s sum a function y(x) continuously derivable
on R, which is a solution of the given differential equation (??).

Remark 2 l

Let f and g be two 27— periodic functions defined on R. Then, the convolution product of f
and g is given by

VxeR: (fxg)(x)= ) cn(f).cn(g)e™ ™,

nez

Correction of supplementary exercise 1

@ (@) We assume that a € C\ iZ, and we write f, to designate the 277—periodic function
that verifies f,(x) = ¢** on | — 7, 7|. Note that,

- —inx _ _~_ ax ,—inx j.. _ _— (a—in)x
Cn 2ﬂ/f(x)e Zn/e e "dx Zn/e dx
—7T —7T —7T
B gla=imx 17" (=1 " sh(ar)

| 27(a—in) Ca—in T
(=1)"(a+in) sh(amn)

Then, the Fourier series of f; is,

F(fa)(x) _ Sh(IZTT.) + ZSh(lZﬂ') ( JFZ_O? i;_li_)i;g cos — 32 Jio sm ﬂx))

art s

According to Dirichlet’s theorem, the series F( f,;) converges for all x and in particu-
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lar we have,

AN

Vx €] —m, mf: " =

shiam) | ,sh(am) (f (—1)"a 2 2 (—1)"
7T

p 212 cos(nx) — ) L7y g2 sin(nx))

o

n=1

@ On the other hand, the 271 —periodic function g,, which coincides with x +— chax on

LD+ falx)

| — 7, mt], verifies that, g,(x) . Then we have,

2
_ (=1)"a _ sh(am)
R, S O—
and the Fourier series of g; is,
_sh(ar) | sh(am) & (—1)"2a
F(ga)(x) = e ) 24 cos(nx).

n=1

The Fourier series of g, is normally convergent and g, is continuous on IR, then,

arit

—_

n—=

Vx € [—m, ] gu(x) = ch(ax) = sh{ar) (1 - sh(;;n) io (11—21-’)_”512251 cos(nx)).

In the special case, we obtain for any x € [—, 7],

sh(am)  sh(am) &2 (—1)"2a

ch(ax) = v + = ’; 2 cos(nx)
_ shé;zrn) B Zshéfrn) N sh(;ﬂ) :Z_OZ (n—zlj)L”;za cos(nx)
— %(—1—}—2%@“1@@). (1)
@ Substituting x for 0 in equation (1) we get,
o) "2~ D o

In particular, if 4 = 1, we have

7T

o
2sh(7) T3 :nzzonz-l—l'

| =

On the other hand, if we replace x with 7 in the equation (1), we get

T 1 2 g

2th(ar) T = n?4a%

Since the Fourier series of g, * ¢, is normally convergent and its coefficients cg, ¢, defined

by
a2 sh?ar

= X
n2+a? 72

Cga*ga = (Cga)2
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Then the sum of g, * g, is given by,
2
Qa* Qa(x) = sh (an (1 +2 Z Cos(nx)>.
On en déduit en prenant x = 0,

sh2(arm = a*
gtl*ga(o) = az(n2)<_1+22(2—2>'

= (n?+ a?)

1 N sh(2arr)
2 4art

And also, g, * £2(0) = , which gives,

T 1 sy a?
2 + t55 = Z 2 . 2\2
4sh?(arr) = 4ath(ar) 242 = (n®+a?)
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