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Remark 1 l

The exercise marked with (x) or additional will not be corrected in the session of TD.

Correction of exercise 1 }

(1) Study of f,(x)

(@) The sequence (fy)n>o0 defined on R, for all n € IN. Therefore, we study the simple
convergence on R.
For x = 0, we have f,(0) = 0, so, 1_1&1 fn(0) =0.
n e}

_ 2nlx|
14 n2x?

. . 2|x
For x # 0, we have ngrfwfn(x) = nlirfm % =0.
So the sequence (f,),>0 simply converges to the zero function f on R, defined by
f(x)=0.
(b) Uniform convergence on R.
For x = 1 we have, lim f,(x) = lim _2nlx] = lim 2 1 # 0. Then
n’ " n=-+oo ntoo 14+ n2x2  noteo 141 ’

the convergence is not uniform on R.

We study uniform convergence on intervals of the form I =] — o0, a] U [a, +-oo for
1 : : .

a > . The function f, is even, so we need only study it on [a, +oo[. For all x > 0, we

have,
1 — n2x?
Foy
fn(x) = 2”(1T2xz)2/

and the table of variations is given by

x |0 ia +00
falx) + 9 -
1
fn (x) / \
0 0
2na

1 fulleo = Sup ()| = fula)

" 1+ n2a?’

Therefore, 1_1)111 || fnlleo = 0, which shows the uniform convergence of the sequence
n (o]

(fn)n>o0 on L.

(2) Study of f,(x) = !

1+nx’
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(@) We study the simple convergence of (fu),>0 on [0, 1].
For all n € IN, we have f,(0) = 1, therefore, 1_1)1}: fn(0) = 1.
n (e}
1

Pour x €]0,1], we have nl_lgrloof”(x) = nl—lgrloo T 0.

So the sequence (fy,),>0 simply converges to the function f defined on [0, 1] by

1 :x=0
f(x):{o . x €]0,1].

(b) Uniform convergence on [0, 1].
Since for all n € IN, the functions f,(x) are continuous on [0, 1] and the limit function
f is discontinuous on [0, 1], then convergence is not uniform on [0, 1].

(3) Study the converging of f,(x) = n(en —1) on I = R.

(@) The simple convergence of (fu)n>0on I = R.

. . X . 0 : x=0
For all n € IN, we have, ngr}rlwfn(x) = ngr}rlwn(en —-1) = ¥ tx20.
So the sequence ( f,),>0 simply converges to the function f defined on R by
0 : x=0
flx) = { x :x#0.
(b) Uniform convergence of (f;),>0 on R.
For x = n, we have nl_i}}goo |fn(xn) — f(xn)] = ngl}goon(e —1) = 400 # 0. Therefore,
convergence is not uniform on RR.
xi’l
@ If fu(x) = e Then we have,
(a) Simple convergence of (fu)n>0on I = R.
(1
- Dl >1
0 x| <1
Forall x € R, we get, lim f,(x) = 1 -
n——+00 . _
cx=1
1+a
[ nolimit : x= -1
So the sequence (fy),>0 simply converges to the function f defined on | — 1, 400 by
1
E x> 1
f(x)=40 P -l<x <
! cx=1
1+a =7

@ Uniform convergence on |1, +co|. Since the functions f,, for n > 0, are continuous
on |1, +o0o[ and the simple limit function is discontinuous on | — 1, +oc0| then conver-
gence is not uniform on |1, +-o0[.

@ Study the simple and uniform convergence of f,(x) = x"(1 —x), n € N,onI = [0,1].

(@) Simple convergence on [0, 1].
For x = 1and all n € IN, we have f,(1) = 0.

for x € [0,1] we have, lim f,(x) = lim (x" —x"*1) = 0. So the functions se-
n—+oo n—-+oo

quence (f,),>1 simply converges on [0, 1] to the null function.
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(b) Uniform convergence on [0, 1].
For all n € IN, the function f, is differentiable on ]0, 1] and we have,

fulx) = "1 — (n +1)x).

X 0 nL—i-l 1
falx) + 9 -

1
Fu(x) f(n—l—l)

From the previous table of variations we can deduce that,

| . 1 o 1 1 _
s U011 = i (i) = i (e (0 ) ) =0

Hence the uniform convergence of the sequence (f,),>1 on [0, 1] to the zero function.

(6) Let fy(x) = nx?e™, I = [0, +oo].

(a) Simple convergence on [0, +co].
Simple convergence onn € N, f,(0) = 0.
For x > 0,and we have lim nx?e ™ = 0. So the functions sequence ( f;),>0 simply

n—r+00
converges on [0, +oco] to the null function f = 0.

() uniform Converges on [0, +oco|.
For all n € IN, the function f, is differentiable on ]0, +co[ and we have

fr(x) = (2 — nx)ne "

X 0 % +o00
fulx) + 0 -
4e=2

fu(x) n
0 — T 0

From the previous table of variations we can deduce that,

o2
lim sup|fu(x) — f(x)| < lim f(z> = lim e _ 0.

n——4o0 >0 n— 400 n n—+oo mn

Hence the uniform convergence of the sequence (f;),>1 on [0, 400 towards the zero
function.
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Correction of exercise 2 }

@ Study the uniform convergence of the sequence (ﬁ) . on RR.

If x =0, and for all n € IN, we have f,,(0) = 0. Therefore, EIE fn(0) =0.
n o0

If x €]0,1], we have
i (x) = i X i 1 0
n—1>I—Ikloofn X) = n—1>I-Ikloo n2x2 nl}r_{lw n2x

Then (fy)n>0 simply converges on [0, 1] to the null function.
For all n € IN, the function f, is differentiable on [0, 1] and we have,

1 — n?x?
/ = —-—memmsma
fn(x) (1+ n2x2)2’

Therefore, it’s table of variations on [0, 1] is given by,

x | o 1 1
4 (x) + 0 -
1
2n
fn(x) / \ :
0 W1

As a result, . .
sup |fu(x) = f(0] = ful ) = 5= =0

x€[0,1]
(fn)n>1 converges uniformly on [0, 1] to a function f which is differentiable with f’

@ Let’s study the uniform convergence of the sequence of derivative functions f;,(x)
1 — n?x?

(14 n2x2)?
If x = 0, and for all n € N*, we have f,,(0) = 1. Therefore, EIE f(0) =1.
n (0]

If x €]0,1], we have,

2,2

. . —nx . -1
lim fy(x) = lim ——— = lim ——0 =0.

n—+oo nix n—-+co nix

n—-+oo

So the sequence (f},),>1 simply converges on [0, 1] to the function & defined by.

1 :x=0
M”:{O:zaau

It is therefore obvious that f' # h

Correction of exercise 3 }

We deduce from this exercise is therefore to highlight the importance of the hypotheses in the

Dr: D. Bouafia
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theorem of differentiability of a functions sequence, that is to say, we do not generally have,

lim i(fn(x)> 75%( lim fu(x ))

n—+oo dx n—+00

Correction of exercise 4 }

Study of the simple and uniform convergence of the sequence (f,;),>1 on [0, 1], we have,
(1) (@) Simple convergence on [0, 1]. For all x € [0, 1], we find,

. ne*+xe ne*
lim f,(x) = lim —— = lim — =e¢".
n——+oo n—+oco X4 n n—+co 1

So the sequence ( f),>1, converges simply on [0, 1] to a function f defined by,
f(x) =¢* x€]0,1].

(b) The uniform convergence of (fy),>1 on [0,1]. Then, for all x € [0, 1], we have,

—X X

1+e
n

— xe
n-+x

= 0.

lim sup |fu(x)— f(x)] = lim sup

‘ xe
n= e 0,1 nH efo,]

< lim sup
’H+°°xe[0,1}

This shows that convergence is uniform on [0, 1].

1
(2) Let's calculate the limit 1—1>I4Ir1 [(x® +1) fu(x)dx. Since convergence is uniform on [0, 1],
n (]

0
then,
1 1 1
s _ X
nLHEOO (o +1) fulx /x +1) nngf”( —/x +1)e*dx.
0 0 0
By integration by parts we obtain,
1 1
3 x _ 5 _
/(x +1) lim_fu(x)d / +1)efdx =5 —e.
0 0

Correction of exercise 5 }

(1) Let us show that (f,),>1 converges uniformly to f on [0, +co].

(2) (@) Simple convergence of (fu),>0. Let x € [0, +-o0[. Then, there exists g € IN such that

1
for all n > ny > x, we have f,(x) = o consequently, we find,

lim f,(x) = lim 1:O.

n—-+oo n—-+oo n

S. W: https:// elearning.univ-msila.dz/moodle 5 |?? Dr: D. Bouafia



(b) Study of uniform convergence of (fy),>1. For any x € [0, +oo[ we have,

lim sup |fu(x)—f(x)]= lm sup 1_ lim l:O.

n—r+00 xe[O,—i—oo[ n—r+00 xe[O,—i—OO[ n n—-+oo 1

Therefore, the sequence ( f,),>1 converges uniformly on [0, +oo|.

@ We have,

n

1 17 qn
lim /fn )dx = lim /—dx: tim - [x]" = lim 1=
n—-+oo n——4o00 n n—-+oo n 0 n——4o00

0

But we have

“+o00 a a
/ lim £, (x)dx = agrfw/ng%fn( Jax = lim [ 0.dx =0,
0 0 0

We note that

nglfm/f”(x dx # /ngrfmfn

This does not allow us to use the integration theorem to invert the limit and the integral
on an unbounded interval.

Correction of exercise 6 }

_ o= . . < 1 )
@ If x =0, fu(0) = P This is an alternating series, so the sequence 1) w0 tends
—1)"
to 0 and decreasing, so the numerical series of general term % converges.
Ifx >0, )
n e—nx
n1—1>]:—]&f—loon |fn( )‘ o n1—1>Tw n+1 =0.

The numerical series of the general term f,(x) converges absolutely, so it converges, in
other words the functions series of the general term simply converges on [0, +-o[.

@ If x >a>0,wehaveforalln € N,

e—nx e—na
pu— < p— .
fu(x) n+1 " n+1 fn
As a result, we find
n2€—na
lim n%a, = lim =0.
n——+oo n—+oo n+1

Using Riemann’s rules with a > 1, this shows that the numerical series of general term
w, converges, so the function series of general term f,, converges normally on [a, +oo].

@ @ Pour x € [a,+oo[, we find,

e X 1
su x)| = su = .
legvn( )| legn—{—l n+1
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1
Or Y ~ = is the general term of a divergent Riemann series witha =1 < 1, so

the functions series of general term f,, does not converge normally on [0, +o0].

@ Six > 0, we'll have
e X 1
sup | fu(3)] = sup -— = ——.

x>0 x>0

It makes no difference if you open the interval.
@ We will use the rest increase of the theorem of alternating sequences

e—(n+1)x 1
R < = < .
Ru(0)| < furr ()] = — -5 < .=

So,

—oup|Ru)] £ T
= sup Ry ()| < 571, 2.

N
sup Z falx Zofn(x

x>0 n=

The functions series of general term converges uniformly on [0, +oo].

Correction of exercise 7 }

tends towards 0 and de-

1
@ This is an alternating series, for any x > 0, |f,(x)| = -

creasing, so according to the alternating series theorem, the numerical series with general
term f,,(x) converges, in other words, the function series with general term f,(x) simply

converges.
, (_1)n+1
@ For all x > 0, we have fn(X) = m, SO,
, 1 1
= < —,
)| = s < 72

1. . . . .
7 s the general term of a convergent Riemann series with « = 2 > 1 so the functions

serie of general term f;, converges normally on ]0, +o0[, so uniformly on ]0, +o0/, since the
functions f, are derivable, the series derivation theorem implies that the sum is derivable

and that
, +oo / +oo n+1
X) = =
= E= £ G
Correction of supplementary exercise 1
(1) Let's put fu(x) = (1) = ay(x)by(x), such that a, = (—=1)" and b, =
n+In(1 + nx) ’
1 . . " . .
I ) For x fixed, (b,(x)),>1 is positive, decreasing and nEToo ig}g by (x)| =
lim 1 =0.
n—-+oo n
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Moreover the partial sum of (a,),>1 is bounded. In fact

|Sn‘ =

Consequently, according to Leibniz’s theorem (alternating series theorem), the functions
o (L
series

Z n+In(1 + nx)
contmuous on |0, +oo[ for all n > 1. Then, the continuity theorem guarantees the conti-
nuity of the function f on |0, 4-o0|.

converge uniformément sur |0, +-oo[ and since the function f,, is

(2) Let's calculate the limit lim f(x).

X—+00

Since the series Z fn(x) converges uniformly on ]0, +-oo[ and f is continuous, then

lim f(x) = lim an Z lim f,(x)

xX— 400 xX— 400 X——+00

_ ( 1)” _
N Z:x—>+oon—|—ln(1—i—nx) B

@ Let’s show that f is of class C! on ]0, +oo].
We have f, € C!(]0,+oo[) for all n > 1. Let’s put f,(x) = a,(x)Bn(x) with a,(x) =

_1\n+1 = .
(=1)""" and B(x) (14 nx)(n+In(1+ nx))
creasing and

5. For x fixed, (B, (x))n>1 is positive, de-

1

nEIEWig}o) [Bn(x)| = lim (I+nx)(n+In(l+nx))2 0

Moreover, the partial sum of (a,),>1 is bounded. Because,

k=n

Z(_l)nJrl

k=1

|Sn‘ — <1.

Therefore, according to Leibniz’s theorem ( alternating series theorem ), the functions se-

+o00 +o0
ries Y f;(x) converges uniformly on |0, +co[ and since the series Y. f,(x) is continuous
n= n=1
on |0, +oo| for all n > 1. Then, the derivative theorem is given the result f € C1(]0, +o0[),
and we obtain,

e
Vx €]0, +oof: f,(x) = E (14 nx)(n+In(1 4 nx))%

Correction of supplementary exercise 2

Let (fn)n>0, be the functions sequence defined by f,(x) = V1 — x? + e~ sin(nx).

@ For all n € N the function f, is defined for x € [—1,1], so the domain definition of f,

is Dy, = [~1,1]. Forall x € [-1,1], as Lur e~ = 0 and the function n — sin(nx)
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bounded, then, we have

lim fy(x) = lim (\/1 T2 e sin(nx)) = V11—

n—r+4o00 n—r+o00

Consequently, the sequence (f,),>0 simply converges on [—1,1] to a function f defined

by,
Vx € [-1,1] : f(x) = V1—x2

@ Let’s show that, for any a > 0, the sequence (f,;),>0 converges uniformly to f on [a,1].
Then, for all x € [4,1], and as | sin(nx)| < 1, we have

na® sin(nx)| < lim sup e = .

e x€[0a,1]

lim sup |fu(x)— f(x)] = lim sup |e”

e x€lal] e x€lal]

This shows that convergence is uniform on [a, 1].

@ Let’s show that the sequence (f,),>0 does not converge uniformly to f on [0, 1].

1
Pour x,, = —, then,
n

Hm |fu(xn) — f(xa)| = Lim |e #sin(1)| = sin(1) # 0.

n——+o0 n—+oo

Therefore, convergence is not uniform on [0, 1].
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