Msila University ﬁﬁ Faculty of Mathematlcs and
S Computer Science
L 2 Mathematics Ser1(=:s noe 1. Module: Analyse 3
Numerical series
Remark 1 l
The exercise marked with (x) or additional will not be corrected in the session of TD.
Correction of exercise 1 }
: 2\, . , 2
@ The sequence with general term (§> is a geometric sequence with reason 3 then,
noooNk 2\ 1+l
5= L (3) —3<1— 5) )
therefore,
lim Sn - 3,
n—+oo
n
so the series ) (—) is convergent and it’s sum is
n>0 3
+oo 2\ "
s=Y (5) = lim s, =3,
— 3 n— 00
n=0
@ For all n € IN*, we have
1 1 " 1 1 1
n2—-1 2 2n—-1 2 2n+1’
by consequently,
1 1 k=n 1 1 1 k=n—1 1 k=n 1
on = 24k2—1252<2k—1_2k+1>:§[ 2%k+1 2k+1}
k>1 k=1 k=0 k=1
1 ( 1_ 1 )
2 2n+1/7
so we find it,
, 1
TS =5
Then the series ngl P is convergent.
@ For all n € IN*, we have
1 11 1
nn+1)(n+2) 2n n+1 2(n+2)
so we get,
i 1 = 1
Sn = =Y (-5 ).
" k_zlk(k+1)(k+2) k_zl 2k k+1  2(k+2)
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And yet,

»
|
S

k=n n n
1 1 1 1 1
ﬂ_zz(k+2) B E[ZE_Z +2]
k=1 k=1 k=1 k=1
= 1+1+k:n1+ L + !
2 4 Hkoo2n+1) 2(n+42)
and
k=n 1 k=7’l+11 1 k:n1 1
= ==+ -+
= k1 k:zk 2 k:3k n+1
As a result, we obtain
I U | k=n 1 1 1 1
S == S W S (R W .
! 2[,(Zzlk k;kjuz} k;k+2 4 2(n+1) 2(n+2)
Hence 1
A Sn =g

1
Then the series
,El nn+1)(n+2)

is convergent.

@ For all n € IN, we have

1
Vi+2+vn+1

Consequently, we obtain,

=Vn+2—-vn+1,

;\/k+2+\/k+1 k§]<\/k+2—\/k+1>=\/n—|—2—1.

Then, it follows that,
lim S, = +oo,
n—+00
so the series ) ! is divergent
a0 Vn+2+vn+1 gent
@ For any n > 3, we have
2
In (1 — E) In(n —2) — In(n),
then,
n 2 n n
S = Ym(1-2) =Y (In(k—2)—In(k)) = Zln — Y In(k)
k=3 k=3 k=3
n—1
= In2—In(n—1)—1Inn —an—In( " ),
hence,
Iim S, =1In2,
n—-—+too

2
so the series ) In (1 - —) is divergent.
n>3 n
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@ Knowing that, forallw, g €] — g, [, we have

SE

_ tan(a) — tan(p)
tan(Dé - ,3) 1 + tan(zx) tan(ﬁ).

Let’s put,
a = arctana and pB = arctanb,

where a, b € R, so we get

a J—
arctana — arctan b = arctan ( >
1+ab

Then, fora = k+ 1 and b = k we deduce that

1

arctan(k + 1) — arctan(k) = arctan (m

we find,

k=n 1

Passing to the limit, we obtain,

1
Hence, the series ) arctan <2—>
n>1 n-+n+1

) = Un+1 — ny

where vy = arctan(k) is the general term of the sequence (vg )x>1. Therefore, for all k € IN¥,

Sn = k21 arctan <m> = arctan(n + 1) — arctan(1) = arctan(n + 1) — .

. c0r . T
is convergent and it’s sum is

1
4

]

Correction of exercise 2 |

no1
In fact, S, = Y., —, then, for p = 2n and g = n, we have

k=1 k
|Sp_5q| = |SZn_Sn|
= L + L + +i
o n+1 n+2 77 2n
1 1 1 2 1
> — 4 — 4 — = — = -
- 2n  2n 2n 2n 2

1
It suffices to choose ¢ = 550 that (S,),>1 is not Cauchy sequence.

It suffices to show that the sequence of partial sums associated with (S, ),>1 is not Cauchy, i.e.,

Jde >0, Vng, dp, € N: p>qg>mnpgona |S,— 54| >e.
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Correction of exercise 3 }

@ This is a divergent Riemann series witha =1 < 1.

<1

N =

1
~ —. Then, it is a divergent Riemann series with a =

We h :
@ e have Vn € IN 1" 3

2

. . n°+2 e .. .

@ Since, llI_?:.’_l — =1 # 0. Then, the necessary condition is not satisfied, so the series
n——+4o00 n

does not converge.

We have Vn € N* : — =
@ v i

3 3 . . . :
—. This is the general term of a divergent Riemann series
2

witha =1 <1.

@ For all n € IN, we have
(4n+17° & L L
(5n2+1)3 53 nd

This is the general term of a convergent Riemann series with « = 3 > 1.

@ For all n € IN*, we have
(1= 2)" ~ enin=d) = gn(dlh) = g=1400) _, g1
n n—>-+oo

So the series diverges.

@ For all n € IN*, we have

ne%—n:n<e%—1> Nn(l—i—%—ko(l)—l) ~140(1) —1#0.

n n—->—+00

Therefore, the necessary condition is not satisfied and the series is divergent.

VYn € IN* : In (1 +e‘”> ~e = (%)n

Therefore, the series is geometrically convergent, because of reason in | — 1, 1].

Correction of exercise 4 }

@ For all n € IN, we have

2

n

u, = ( n > _ enzln(niﬂ) _ e—nzln(”T“) _ e—nzln(l—O—%)
n+1

2 1 1 1
~ e ( T2 TONR2) ) pnlHo(1) | pmnplto(l) e(l) .
e

This is a geometric series with a reason in | — 1, 1], and the series is convergent.

@ For all n € IN, we have

1 1
ncos-n n

1 : :
This is a series with positive terms greater than pr which is the general term of a divergent
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Riemann series with « =1 < 1. So the series diverges.

@ We have, Vn € IN* :

1 1
V= >~ —50<1.
" n(n) %S

According to Cauchy’s test, 0 < 1, means that the series is convergent.

Correction of exercise 5 }

. . : : n+1). e .
@ The sequence of partial sums associated with the series )’ (n+1) is positive, increasing

n>0 3"

no1
and bounded by 1,, so is convergent. Let’s put A, = ) 30 then we have:
k=0

" (k+1) 71 k
s Lo T hEthE
k=0 k=0 k=0
3 1\ntl ° Kk
= 30-G) )Lz
And yet,
Lok &k Hk+1l 1
P a-Lw- L - 3
=3 =3 Z¥t 3
Thus, we get,
3 1\ntl 1 1 9
S, = E(l - (5) ) +3Sm1= Hm Sy= lim A, +z lm S,q= lim Sp=_.
1 9
Consequently, the series ) % converges and it’s sum is T
n>0

@ From the partial sum of the previous series we have:

—(=1)k no(—
5 = L=t L

k=0 k=0 k=0
n —1\n+1
BRI

And yet,
koM ko k4101
DEEDIE S M o)
k=0 3k k=1 3k k=0 3k+1 3
Then, using the previous result, we obtain the following result,
. 3 —1\n+1 1 3 1 9
th = — lim —(1—<?> )"‘— lim Sn 1—_—+§XZ:O.

n——+o0 n——+oo 4 3 n—+o 4

Consequently, the series ) b, is convergent and it’s sum is 0.
n>0

@ We know that for all n € IN*, we have

PB4+ 4. +n=(142+...+n)
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Alors, pour tout n € IN*, on obtient

Do L4244k g 14244k g 2
k=1

n
S = Ck = — -
! k_zl ,(_2113+23+...+k3 El(l+2+...+k)2 k(k+1)

n
CE G )

Consequently, the series ) c, converges and has as sum the value 2.
n>1

@ For all n € IN, we have,

n n n 3
Si=Y u=y Fap oy KLy _ (DT,
k=0 k=0 k=0 nl n—reo

Consequently, the series ) uj converges and has a sum value of zero.

k=0
@ For all n € IN, we have
1 1 k 1 L 1 1
S - Uk — = — X —
! k;) k_zo(k2+k+1)(k2—k+1) 2 g(gcz_vk+1, \k2+vk+1l)
Xk Xk+1
1 1 1 1 1 1
- I E (o) = b ne = 3 (1 ) =}
- n o0

. 1
Consequently, the series ) v, converges and has for sum the value 5
n>1

@ For all n > 2, we have

n

Sy :kZZzZUk = kizzln (1— k1—2) =3 (1n(k+1)+1n(k—1) —21n(k))

k=2

— —1In2.
n—»-+00

n—|—1>

= —In2+In(n+1) —In(n) = —ln2+ln< ”

Consequently, the series ) w, converges and has for sum the value —In 2.
n>1

Correction of exercise 6 }

@ The function f is defined on R ; by:

1
= e+ vy

Then, we have

1
In(2 ! 2%
f/(x):_(n( +ﬁ))2:_ 2ﬁ 3<O.
(In(2 4 /x)) (In(2 4 V/x))
_1\n
So the sequence with general term u, = % is decreasing, tending towards O,
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according to the alternating series test (Leibniz’s Theorem), the series converges.

@ On the other hand, we have

1
il = T v’
and as,
I I nt
2 -
norteo 4al = nesto In(2+ /n) -

According to Riemann’s rules, the series with general term |u,| diverges,

1
" In(2+ V)

1 :
because (& = 5 < 1), which shows that the series ) u, does not converge absolutely.
n>0
This series is therefore semi-convergent.

Correction of exercise 7 ] |

@ Letv, = |uy| = — Then we have

Un+1_(1’l—|—1)3 1 .0
v, n n+1n—too’

According to D’Alembert’s criterion, the series of general term v,, converges, so the series
of general term u,, converges absolutely, so it converges.

(2) We put, v, = |u,| = == . Then we have

Upt1 1 .0
- 7 .
Un n+1n—+oc

According to D’Alembert’s criterion, the series of general term v,, converges, so the series
of general term u, converges absolutely, so it converges.

@ u, = na"1, a € C. We put, v, = |uy| = n|a]"~!. Then we have

=

> la] -
On n+1 n—-+oo

If |a| < 1, according to D’ Alembert’s criterion, the series with general term v, converges,
so the series with general term u,, converges absolutely, so it converges.
If |a| > 1, |uy| — +o00, then the series grossly divergent.

@ For all n € IN*, we have

n2

+1 ) T L (T
7'() = sin <n7‘(+ —> = (—1)"sin (—)
n n n
It is an alternating series because Vn € IN* : u, > 0, it is more or less obvious that is
decreasing and tends towards 0, according to the alternating series theorem, the series

2
. (N
Zsm(
>1

Note that this series is semi-convergent because, for all n > 1, we have

it | = ‘sin(nz:lrc)‘ = |(~1)"sin (%)| ~ %

—+o0

Uy, = sin<

7'[) converges.
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@ For all n € IN, we have,

1

up = (=1)"(vVn+1-+/n) = (—1)“m.

1
Since the series Y} a,, witha, = ——
ngo " ! vn+1+ \/ﬁ

0, according to the alternating series theorem, the series ) u, converges.

of positive terms, decreasing and tends to

>1
@ For all n > 1, we have:
(n+1)!
Upp1  (m+1)n+t ( n >”_ 1
U, n! S \n+1/) 1\"
z (1 + n)
therefore,
n+1 1 1

So, according to D’ Alembert’s criterion, the series ) u, converges.
n>1

Correction of exercise 8 }

@ According to Riemann’s rule, we have

n2
4 4
) n . n . n
lim 28 +1 _ Iim — = lim —— =0,
n——+oo l2 n——+oo 21 n—s+4oo ehIn2
n
. . 1 . n?
The Riemann series ), — converges, so the series ). is convergent.
n2 2n 41
n>1 n>0

@ For all n € IN, we have
2+ cos(n) PR
n3 = n3

. . 1. . .
the Riemann series }° — is convergent, so according to the Comparison Theorem, the
n>1 n

2
series ¥ 21 0s(n)

3 is convergent.
n>1 n

@ Applying Riemann’s rule again, we get

. ne " oond
lim T = im — =0,
n—foo - n—-+oo el
n

. . 1 . . . .
The Riemann series }, — is convergent, so according to Riemenn’s rule, the series
n>1 n

Y. ne” " is convergent.
n>0
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Correction of exercise 9 }

, cos(n)
The series ——
@ ngz n(n—1)
because it is absolutely convergent. Indeed, for all n > 2 we have

whose general term does not keep a constant sign is convergent

cos(n) 1
’n(n—l)‘ “nn—-1)

. . 1
Now, we have already established the convergence of the series ) nln—1) Based on
n>2 -
the comparison criterion combined with the absolute convergence criterion, we can de-

duce the absolute convergence of ), _cos(n)

, which immediately implies it’s conver-
ns2n(n—1)

gence.

@ For all n > 0, we have

arctan( 1 > 1
2n2) +oo 212’

. . 1. . .
the Riemann series ) 52 18 convergent, so according to the comparison theorem, the
n>1 n

: 1y.
series ) arctan | -— ) is convergent.
2n?

n>1

@ For all n > 0, we have
. ( 1 ) 1
sin(—) ~ —,
n/ +en
1
and the Riemann series - is divergent, so according to the comparison theorem, the
n>1

. oIy L
series )_ sin (—) is divergent.
n>1 n

Correction of exercise 10 }

We know that for all a, b > 0, we have

ab < %(a2 +1?).

We can therefore use the following comparisons

1 UpOp Un
) < ) <= d — < v,
max(uy, vy) < ty + vy Z\/unvn < 2<u” +v,) an e to. _H)nvn < vy,

By comparing series with positive terms we can then conclude.

Correction of exercise 11 }

@ If & > 1, then we use the Riemann rule with g €]1, ],

nﬁln(n) _ In(n) o<1

n« n”‘_.B n—->—400

This shows that the series with general term 1, converges because g > 1.
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@ If & < 1, then we use Riemann’s rule with B €]a, 1],

nﬁln(—n) = nP%In(n) — 4.
n* n—s+00

This shows that the series with general term 1, converges because p < 1.

@ When o = 1, it’s more complicated, Riemann’s rules don’t work. Itis a series with positive
terms. we can apply the comparison to an integral of the function

Inx

X —.
f X

f is continuous on |0, +o0[, so is integrable and we have

A
Inx . 1 2 A
frtae ! 10

) e ) . Inx .
Ce qui montre que l'intégrale est divergente, la fonction x — — est clairement

) e . In(n) ..
décroissante et tend vers 0 en I'infini, donc la série de terme général u, = # diverge.
n

Correction of exercise 12 }

@ For all n € IN, we have

. u ) 3
lim 2 — lim
n—+oo Uy n—+oon+1

=0<1.

So, according to D’ Alembert’s criterion, the series ) u, is convergent.

n>1
@ For all n € IN, we have
1
lim 2L — gim 21+ =
n—+oo Uy n—-+oo 21 + 2

So D’Alembert’s criterion gives no information about the nature of the series ) u,. But
n>1
Up1

we can give a limited development of in the neighbourhood of of +co,

Un
1

5 1
un+1 :1+;+0<_>’
Uy n n

hence, according to Duhamel’s criterion, the series ) u, is divergent.
n>1

@ lim Yu, = lim (14—%)_”:6_“.

n—r—o0 n—+00

@ If a > 1 the series }_ u, converges.
n>1

(b) Ifa < 1the series Y. u, diverges.

n>1

@ If a =1, u, =1and the series ) u, converges.
n>1
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. . n .
@ ngrfoo Yu, = nl_l)I}_loo (2—n> = 0 < 1. So the series n§1 U, converges.
@ We have the limit

. Un+1
lim - —1q,
n—+oo Uy

d’Alembert’s criterion does not allow us to conclude it’s nature, so let’s apply the Raabe-

Duhamel rule. s
>: lim n( +2n>:2>1,
n—-+oo n

. Uy
lim n
n——+oo uﬂ+1

which proves the convergence of the series.

@ For all n € IN, we have

lim Untl M)z —1

n—+oo Uy n%1+oo ((31’1 + 3)

Which is a doubtful case, so we calculate the limit,

i (1) (Y1)

= limn< 4 + 4 >—4>1
~ note \3n+4+1 0 (Bn+1)2) 37 7

Hence, according to the Raabe-Duhamel rule, the series ) u, converge.
n>1

32— 32—
@ lim ¢u, = lim (— — lim TR = 9 > 1. So the series Y u,
e

n——4-00 n—-4o00 1’!2 + 1)% n——+o0o n>0
converges.

Correction of exercise 13 }

@ For n > 2, we have

B 1 1

24 (=) oo n2’

So the series Y. |uy| is convergent, according to what we know about Riemann series, so
n>2

that the alternating series ) u, is absolutely convergent
n>2

|t |

@ For n > 1, we have
1 1
Vit e i
So the series Y |uy| is divergent (equivalent to the Riemann series with « < 1). But
n>2

un| =

. . . 1 . .
according to Leibniz’s rule, the sequence with general term b, = N is decreasing and
n
tends towards 0. Then the alternating series ), u, is semi-convergent.
n>2

(=1)"

F > 2 weh —
@ orn > 2, we have u, ot (1)

= (—1)"vy, such that v, = —. Since the

1
n+(-1)
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sequence (vy),>2 is not decreasing, we cannot apply the Leibnitz criterion. But using
limited development we find,

= f— 1
P G x (14

(1" (o Yy ey

n

12

Because (1 +t)* ~ 1+ at in the neighbourhood of 0. Knowing that the two series of

—1)" 1 . o . .
general terms - ) and — converge according to Leibnitz and Riemann, then the series
n
Y. u, converges.
n>2
1 1
For n > 2, we have |u,| = ——~— = (-1)"v, ~ —. So the series ) u, semi-
n+(—=1)" +oo 1 n=2
converges.

@ For all n € IN*, we have

2 +sin(an
= [EH35)  §
n?
Hence the series ). |u,| converges (equivalent to the R1emann series with & > 2). Con-
n>2
sequently, the series ) u, converges.
n>2

Correction of supplementary exercise 1

@ @ We show the direct implication. If the series with general term u, converges, then

lim u, = 0, so we have
n—-+oo

1
lim M _ lim =1
n——+00 Uy n—+oo 1+ 1y,

So, u, ~ vy, i.e. the two series are of the same nature.

(b) Conversely, if the series with general term v, converges, then lim v, = 0, so we
n—-—+too
have u .
Oy = u <~ Uy = 1 .

We also have v,, ~ uy, so the series are of the same type.

. u
(2) (@) If ¥ uy converges and is of sum S then v, ~ ?” and we can conclude.
n>1

@ If } uy, diverges, then,

n>1

n
Zln(l—vn):ln< h >—>—oo.
—1 UL +Up+ ...+ Uy/ n—+oo

If v, - 0, In(1 —v,) ~ —ovy, therefore Y v, diverges because the series have a
n>1
constant sign.

If v, — 0, the series ) v, grossly divergent
n>1
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Correction of supplementary exercise 2

Study of the Bertrand series
1

Swnf P

We pose u, = . First we give a table which shows the limit of the general term u,
n*1nP (n)

according to the real values of &, B.

a>1 a=20 a <1
g>1]| lim u,=0 lim u, =0 lim u, = +o0
n——+o0 n—+00 n—+00
=0 Iim wu, =0 Iim u, =1 lim wu, = +o
n——4o0 n— 400 n— oo
<1 Iim u, =0 im u, = +o lim u,, = +o
n——+00 n—400 n——o0

From the previous table, it is clear that for « < 0 or (x = 0 and B < 0), Bertrand’s series

is divergent.
n>2 n%InP (n) &

@ For a« =0, B > 0, the Bertrand series is divergent because
1

lim 2 = lim — 0,
n——+o0 n—+oo n n—-4oo

Inf n

In® n

so the series ) — is divergent. is divergent, so according to Riemann’s rule the series
n>1 n

Yy is divergent. Hence the series )

is divergent for any 8 € R.
n>1 Infn n>1 Infn

@ For alpha = 0, B > 0, the Bertrand series is divergent because,

1

lim % = lim — 0,
n——+oo n—-+oo n n—-+4oo
In" n

Inf n

is

[ . . .
so the ), — series is divergent, so according to Riemann’s rule, the series }, 3
n>1n n>11n"n

divergent. Hence the series )|

is divergent for all B € IR.
n=11InP n

@ Fora > 1, B > 0, we have,

1
lim 24n°n Inf 1 =0
n——+o0 1 ’
v

. 1. . . ) 1
so the series Y, — is convergent, or according to Riemann’s rule, the series ) TP
n>1n n>1n" Infn
is convergent.
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@ For 0 < a <1, we have,

! B
W |
lim n = lim L §
n—+00 1 n——+oo pl—a
n1nf n

. . 1. . . .
and since the series )  — is convergent, so according to Riemann’s rule, the series
n>1 n

)3

i1 1" InPn

is divergent.

@ @ For « = 1, the function x P is positive, continuous and decreasing on
xIn” x

—+o00
2, +o0], therefore the integral [ dx and the series Y
5 xInPx n=2 nlnfn

are of the same
nature. Now if B # 1 we have,

+00 +o0 t

t
/ 1 dx = /u’gdu: lim uPdu = lim [ 1 ul_ﬁ}
X" lnﬁx t—+oo f—+-o00 1—‘5 In2
In2 In2
1 1
_ﬁ .
_ T ﬁ(an) :p>1
+00 : p<L

So in that case,

(b) If B > 1 the series ¥

is convergent.

n>2 1 Inf n
(o) If B < 1theseries ) is divergent.
n>2n Infn
(@) If B = 1 the series Y. and the integral defined on [2,+00|, and the function
n>2 nlnn
X — are of the same nature, so it is divergent. Indeed,
xInP x
o] t t
o , 1 , 1 , f
/ dx = lim = lim —du = lim [ln u} = +o0.
xInx t—>—|—<>02 xlnx to+o ) u t—+oco In2
In2

Soifa > 1ora =1and B > 1, the Bertrand series )

5 is convergent.
n>2 n*InP n

. . . 1 o
@ For « > 0 and B = 0, the Bertrand series becomes a Riemann series v which is
n>2

convergent if and only if B > 1.

@ @ Fora > 0 and B < 0, then, for all ¢ > 0, we find,

1
1
lim m = lim =0.
n—-+4oo n—400 p€ 1nﬁ n
nDé—S
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It is clear that for « —e > 1, (i.e. « > 1+ ¢), the Riemann series ) o is conver-
n>2
gent.
a—1
(b) If & > 1 then there exists a ¢ > 0 (for example ¢’ = 5 ) such that &« > 1+ ¢/,
therefore the series ) is convergent.
n>2 nk Inf n
(o) Ifa <1we get
! p
P In” n
lim —%— = lim — 0,
n——+4oo 1 n——+oo n n—-> —+oo
n*Inf n

. . . 1 . .
Since the Riemann series ) — is convergent, because « < 1, then according to
n>2 n

Riemann’s rule, the series ), ———n is divergent.
n>2 h% In

So, from this study we conclude that

(i) If & > 1 the series ).

converges for all g € R.
n>2 n%1InP n

(ii) If « < 1 the series Y.

converges for all f € R.
n=2 n®Inf n

(iii) If &« = 1 the series ).

converges if and only if g > 1.
n=2 n®Inf n

Correction of supplementary exercise 3

1
@ Foralln > 1let u, = a,b,, where the sequence a,, = — is positive and decreasing to zero,
n

and the sequence of partial sums associated with the sequence b, = sinn is bounded. In
fact, for all n > 1, we have,

n
|Sn| = ’k_zlbk’ =

i sink’ = ‘ i Im(eik))
k=1 k=1

n " n " n—1 " 11 — el
= |Im el<‘ el =1e" ) e =|¢ ‘
e < | Ee = E - e
2 1
< = —. =M.
V2—2cos1l sin(3)
. PR . sinn ,
Then, according to Abel’s criterion, the series )| is convergent.
n>1
1. s .
@ For all n > 1, let uy, = a,b,, where the sequence a, = — is positive and decreasing

towards zero, and the sequence of partial sums associated with the sequence b, = cosn
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is bounded. In fact, for all # > 1, we have,

n n )
Sal = | Y tu| = :’ZRe(elk)‘
k=1 =
‘ i ik i ik Z ik 1| 1— e
= |Re e §‘ e e ,
k=1 k=1 I—¢
- 2 N S

V2 —2cos1 sin(})

) S . cosn
Then, according to Abel’s criterion, the series )
n>1

is convergent.

Correction of supplementary exercise 4

(1) Foralla €]0,1], i.e. |a| < 1, then the geometric series . a®" converges (absolutely con-
n>0
vergent). Then we have,

(Z) = (Z) (L) = & ¥ oot

n>0 n>0 n>0 n>0k=0
SIPIPLUEES WS oD s
n>0k= n>0 k=0 n>0

@ For all n € IN*, we have,

n—1 n”_1;
= Lt = ()" L e

Wy
n—1 1 1
Since the terms of the sum A, = ), ————— are all greater than ——, we have,
k=1 \/k(n —k) 2n

n—1 1 1
= —_— > NnN— — —.
PNV TR T
From this we deduce that the series (A;),>1 does not converge to 0, and consequently

lim w, # 0. Therefore the series Z wy, is roughly divergent.

. : -1)" .
Note that the product series diverges despite the fact that the series ) (=1) is conver-

n>1 \/ﬁ

gent, but is not absolutely convergent.
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