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Exercise 1

Study the simple and uniform convergence of a functions sequence on the given domain.

1 fn(x) =
1

1 + nx
, I = [0, 1].

2 fn(x) = n(e
x
n − 1), I = R (?).

3 fn(x) = xn(1− x), I = [0, 1].

4 fn(x) = nx2e−nx, I = [0,+∞[ (?).

Exercise 2

Let be the functions sequence defined on R for all n ∈N∗, by fn(x) =
x

1 + n2x2 .

1 Show that the sequence ( fn) converges uniformly to a function f on [0, 1].

2 Show that we have f ′(x) = lim
x→+∞

f ′n(x) everywhere except at x = 0. What can we deduce

Exercise 3

Let ( fn)n≥1 be a functions sequence defined on [0, 1] by fn(x) =
nex + xe−x

x + n
.

1 Study the simple and uniform convergence of the series ( fn)n≥1 on [0, 1].

2 Calculate lim
n→+∞

1∫
0
(x3 + 1) fn(x)dx.

Exercise 4

Let be the functions sequence defined on [0,+∞[ for all n ∈N∗, by fn(x) =

{ 1
n

: x ∈ [0, n]
0 : x > n.

1 Show that the sequence ( fn) converges uniformly to a function f on [0,+∞[.

2 Compute lim
n→+∞

+∞∫
0

fn(x)dx et
+∞∫
0

lim
n→+∞

fn(x)dx. What can we deduce ?

Exercise 5

Let the series defined on the interval I = [1,+∞[ be ∑
n≥1

(−1)n

n + x
.

1 Show that the series converges to a continuous limit S on I.
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2 Show that S is derivable on I and calculate it’s derivative S′ and deduce that S is increas-
ing on I.

3 Then calculate lim
x→−1

S(x) and lim
x→+∞

S(x).

Exercise 6

Let ( fn) be the functions sequence defined on R+ by, fn(x) = (−1)n e−nx

n + 1
.

1 Show that the functions serie ∑
n≥0

fn simply converges to a function on R+.

2 Show that the functions serie ∑
n≥0

fn converges normally on [a,+∞[, a > 0. Does this

result hold true on [0,+∞[ or on ]0,+∞[.

3 Show that the series ∑
n≥0

fn converges uniformly on R+.

Exercise 7

Let the functions series ∑
n=0

fn be defined on the interval ]0,+∞[ such that, fn(x) =
(−1)n

n + x
.

1 Show that the series ∑
n≥0

fn simply converges to a function f .

2 Show that ∀x ∈]0,+∞[: f ′(x) =
∞
∑

n=0

(−1)n+1

(n + x)2 .

Supplementary exercise 1

Let the function f be defined on R∗+ for all n ∈N∗, by f (x) =
+∞
∑

n=1

(−1)n

n + ln(1 + nx)
.

1 Justify that f is defined and continuous on R∗+.

2 Determine the limit lim
x→+∞

f (x).

3 Establish that f is of class C1 on R∗+ and determine f ′.

Supplementary exercise 2

Let be the functions sequence ( fn)n≥0, defined by fn(x) =
√

1− x2 + e−nx2
sin(nx).

1 Show that the sequence ( fn)n≥0, converges simply on [−1, 1] to a function to be deter-
mined.

2 Show that the sequence ( fn)n≥0, converges uniformly to a function f on any interval [a, 1]
where a > 0.

3 Show that the sequence ( fn)n≥0, does not converge uniformly to f on [0, 1].

S. W: https:// elearning.univ-msila.dz/moodle 2 | 2 Dr. D. Bouafia


