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1 We study the nature of the following numerical series :

1 a We put un =
( 1

n + 1
−

1
n + 2

)
. By using the partial sums, Sn =

k=n∑
k=0

uk = 1 −
1

n + 2
.

0.5 Since, lim
n→+∞

Sn = 1. Then, the numerical series
∑

n≥0
un is convergent.

1 b Here un =
n!
nn

. We apply the D’Alembert criterion, we obtain,

lim
n→+∞

un+1

un
= lim

n→+∞

(n + 1)!
(n + 1)n+1 ×

nn

n!
= lim

n→+∞

( n

n + 1

)n

0.5 = lim
n→+∞

1(
1 +

1
n

)n =
1
e

< 1.

Therefore, the series
∑

n≥1
un is convergent.

0.5 c For the series
∑

n≥1

1
n 3√n

, we have : ∀n ∈ N∗ :
1

n 3√n
=

1
n

4
3

.

0.5 Since, the Riemann series
∑

n≥1

1
n

4
3

converges, because α =
4
3

> 1. Thus, according to

the comparison theorem, the series
∑

n≥1
un is convergent.

Remark :

0 1 For question 1, we can apply the equivalence theorem directly, so, lim
n→+∞

un

1
n2

= 1.

Then, the series
∑

n≥1

1
n2 , and

∑
n≥1

un have the same nature. Since the Riemann’s series is

convegent. Consequently, the series
∑

n≥1
un is convergent.

2 For question 3, we can apply the equivalence theorem directly, so, lim
n→+∞

un

1
n

4
3

= 1.

3 Then, the series
∑

n≥1

1
n

4
3

, and
∑

n≥1
un have the same nature.

Consequently, the series
∑

n≥1
un is convergent.
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Let the sequence of functions (fn)n≥0 be defined on R+ by fn(x) = e−nx.

1 Let us show that the series
∑

n≥0
fn converges simply on R+.

0.5 a For x = 0, we have fn(0) = 1. So, lim
n→+∞

fn(0) = 1.



1 b For x ̸= 0 we have : lim
n→+∞

fn(x) = lim
n→+∞

e−nx = 0.

0.5 Then, the sequence of functions (fn)n≥0 simply converges on R+ to the function f such that,

f(x) =


1 : x = 0

0 : x > 0

2 Uniform convergence of the series of functions
∑

n≥0
fn.

1 Since |fn(x) − f(x)| =


0 : x = 0

e−nx : x > 0

0.5 So, lim
n→+∞

sup
x∈[0,+∞[

|fn(x) − f(x)| = lim
n→+∞

sup
x∈[0,+∞[

e−nx = lim
n→+∞

1 = 1 ̸= 0.

0.5 Therefore, (fn)n≥0 does not uniformly convergent to f on R+.

Remark :

We can see that the sequence of functions (fn)n≥0 simply converges to a discontinuous function f

on R+, thus, the sequence of functions does not converge uniformly on R+.
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