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Scale Exercise : 1

Study the nature of the following numerical series :

3x1 @Z( 1). @Z*

n>0 T + 1 n + 2 n>1 "1 n>1 "

Scale Exercise : 2

—1)"
Let the alternating series of functions be defined on Ry by Z L

S+t
. (="
2.5 @ Show that the series Z —
n>1 ™ + nx

does not normally converges on R .

2.5 @ Study the uniform convergence of this series on R4.

+ o0 —1)"
1 (33 (a) Show that the function S is continuous on R4, where S(x) = ngl n(—l—n),Zsc

0.5 X 2 (b) Calculate wﬂToo S(x) and lim S(x).

Scale Exercise : 3

Let f be a 2w — periodic function defined on [—, «], by f(z) = x2.
1.5 {13 Draw the graph of f on the interval [—2m, 27[.
2.5 @ Calculate the trigonometric Fourier coefficients of f.
1 @ Give the Fourier series associated with f.
T (=" =1

1+1 @ Deduct the sums of the series Z 2 and 2
n=1

Scale Exercise : 4

Study the convergence of the following generalized integrals
+oo

+oo
1 Inx
15x2 | @nL = 0/ Crenas ™ L= [ —5ds
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Indication : Vo € R4 : (1t e2)(1+ ) = 1+ ez
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Correction of exercise : 1

Scale
@ We study the nature of the following numerical series :
0.5 We put (1 1>B'th tial sums, Sp = S up = 1—
. e put uy, = — . using the partial sums = up =1—
(a) We put up, 1 ngz) Byusingthep (Sn= 2wk "
0.5 Since, lim S, = 1. Then, the numerical series Z u,, is convergent.
n—-+o0o
n>0
n!
1 @ Here u,, = — We apply the D’Alembert criterion, we obtain,
n
. Ungl . (n+1)! n" . no\"
0.5 lim — = lim —— X — = lim ( )
n—+oo wu, n—+oo (n+1)"t1  n!  notoo\n+41
1 1
0.5 = 1l — = - < 1.
n—l>r—{r—loo <1 n 1>n o <
n
Therefore, the series Z U, is convergent.
n>1
0.5 (c) For the series ) ! h Vn € N* ! !
. or the series ———, we have : Vn : = —.
a1 VN nym  np3
1 4
0.5 Since, the Riemann series Z —5 converges, because a = — > 1. Thus, according to
n>1 ns3 3
the comparison theorem, the series Z u,, is convergent.
n>1
Remark :
. . . . un
0 @ For question 1, we can apply the equivalence theorem directly, so, lim —— = 1.
n——+4oo 2
1
Then, the series Z —> and Z u, have the same nature. Since the Riemann’s series is
n>1 n n>1
convegent. Consequently, the series Z Uy, is convergent.
n>1
. . . . un
@ For question 3, we can apply the equivalence theorem directly, so, lim —— = 1.
n—-+oo -
n3
1
@ Then, the series Z —, and Z u,, have the same nature.
n>1 M3 n>1
Consequently, the series Z u,, is convergent.
n>1
Scale Correction of exercise : 2

1"
Let the alternating series of functions be defined on R4 by Z !
asint n2x

—1)"
@ We study the normal convergencethat of the series Z Q
s n+nx




(=" 1
1.5 We have : sup |fn(z)| = sup | ——| = —
TER4 zeRy N + nx n
. . o 1o . (=1~
0.5 X 2 | The Riemann series (harmonic series) »  — is divergent, so the series » ————— does not
n>1 M n>1 M + nex
converge normally on R .
@ We study the uniform convergence of this series on R.
0.5 For all z € R4, we put up(x) = (—1)" and vp(x) = ————, (n € IN¥), so we have
n + n2x
1 @ Since, the partial sums Sy, of the series Y un () is bounded, because
n>1
k=n B
Vn € N: |S,| = Zuk‘§1>0.
k=0
0.5 (b) On the other hand, the sequence (vy,(z))n is decreasing and uniformly converges to zero,
1 1
because, sup ——m < — — 0,
z€R, M + n2xe n nN—o©
0.5 d for all x € IN* (x) ! > ! (x)
. and for all x : vp(x) = = T
" n+n2x ~ (n+1)+ (n+1)2z n I
This means that (vn(;v)) is decreasing.
0.5 Thus, according to Abel’s theorem, the series »  up(2)vy () is uniformly convergent.
n>1
. : (-~ :
1 @ @ From question 2, the series Z ——— s uniformly convergent, and the functions
n>1 M + nex
fn, m € N are continuous on R4. Then, According to continuity theorem, its sum
S(x) = is continuous on R
( ) ngl n + nzw +
@ As the function S is continuous. So, we have,
—+o00 (_1)n
05x2 | lim S(z)= > Ilim ——— =0.
r—+o0 ne1 x—+oo n + n2x
+ oo —1)" + o0 —1)" —+ oo -1 n—1
1 andlimS(a:):Zlim(L: GO S EDT
z—0 el z—0n + n<x ne1 n ne1 n
Scale Correction of exercise : 3
Let f be a 2w — periodic function defined on [—, «], by f(z) = x2.
1.5

@ We draw the graph of f on the interval [—2m, 27[.

-




0.5 @ (a) Since f is even, then Vn € N : b, = 0.
17 2 7 2 T 272
0.5 ao=— [ f(a)de == [a%d =[3} ==
@ 0 ™ f(@)dx 73 var 3w v 0 3
- 0
1 ™ ™
1.5 (¢) For all n € IN*, we have : ap = — / f(x) cos(nz)dr = 2/:82 cos(nz)dzx.
3
- 0
. : ) 4(—-1)"
Using the integral by parts twice, we find a,, = —
n
1 @ The Fourier series associated with f is
n
F(f)(z) = — -|-4 Z ) cos(nx).
2 @ f is C1 piecewise and continuous on R, so according to Dirichlet’s Theorem,
the Fourier series of f simply converges to f on RR.
So at any point & where the function f is continuous, we have :
T +oo (—
f(x) = 3 +4 Z cos(nx).
T (="
1 (a) In particular, for = 0, we have : f(0) =0 = — + 4 Z_: 2
( 1)77, 71.2
hence, = ——.
Z 12
o _ . _ 2 _ (— )" 2
1 @Slmllaﬂyform—ﬂ'we have : f(m) == ——+4z (—=1)%,
—+o00 1 71.2
Thus, 72 = —
n=1"7 6
Scale Correction of exercise : 4
For all € Ry, we h ! i
or all we have
® + A+endte)  (Lte)t
1
0.5 We know that the primitive of the function x —2 is the function € — ———F+—
(1+ u(z)) 1+ u(w)
and, as a result (here u(x) = €”), so, we obtain
1 700 : da / lim { e
) (1+e®)(1+e?) = (1+ew)2 T totoo |1+ emlo
1 1 1
= 3~ t—léinoo m = > Consquently I is convergent.
Inx Inx dx Inx 1
0.5 @ Integrating by parts, we find / —d:c =4 | 53=—-- Then
oo . T T T T
Inz . In . Inz 17t . Int 1
1 Izz/—dazz lim —dw: lim [——} =1— lim (—{—):1
x2 t=>oo x2 t—+o0 x xl1 t——+oo \ ¢t t
Thus, I3 is convergent.
End 8 juin 2025 Good luck




