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We study the nature of the following numerical series :

0.5 1 We put un =
(

1 +
1
n

)n

. Since lim
n→+∞

un = e ̸= 0. Then according to the necessary

0.5 conditions, the numerical series
∑

n≥1
un is not convergent.

0.5×3 2 According to the indication, we have ∀n ∈ N : un = ln
(

1 +
1
n

)
= ln(1 + n) − ln n.

So its partial sums is Sn =
k=n∑
k=1

(
ln(k + 1) − ln(k)

)
= ln(n + 1) −→

n−→+∞
+∞.

0.5 Therefore, the series
∑

n≥1
un is divergent.

0.5 3 For the series
∑

n≥0

e−n

n + 1
, we put : ∀n ∈ N : un = e−n, and vn =

1
n + 1

.

0.5 a Since, the partial sums Sn of the series
∑

n≥0
un is bounded, because

∀n ∈ N : |Sn| =
∣∣∣∣ k=n∑

k=0
uk

∣∣∣∣ = ∣∣∣∣1 − e−n−1

1 − e−1

∣∣∣∣ ≤
1

1 − e−1 = M > 0.

0.5 b On the other hand, the sequence (vn)n is decreasing and tends to zero.

0.5 Thus, according to Abel’s theorem, the series
∑

n≥0
unvn is convergent.

Remark :

1 For question 2, we can apply the equivalence theorem, so, lim
n→+∞

un

1
n

= 1.

Then, the series
∑

n≥1

1
n

, and
∑

n≥1
un have the same nature. Since the harmonic series is divegent.

Consequently, the series
∑

n≥1
un is divergent.

2 For question 3, we put un =
e−n

n + 1
. Then by applying the D’Alembert criterion, we have,

lim
n→+∞

un+1

un
= e−1 < 1. Thus, the series

∑
n≥0

un is convergent.
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I Let the sequence of functions (fn)n≥0 be defined on R+ by fn(x) = e−n(x+1).

1 The simple convergence of (fn)n≥0.

1 Since for all x ∈ R+, we have x + 1 > 0, So, lim
x→+∞

fn(x) = 0.

2×0.5 Then, the sequence (fn)n≥0 is simply converges to the null function f = 0 on [0, +∞[.

2 The uniform convergence of (fn)n≥0.
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0.5 On [0, +∞[ the functions fn, (n ∈ N) are positive and decreasing, therefore,

1 sup
x∈[0,+∞[

∣∣∣∣fn(x) − f(x)
∣∣∣∣ = e−n −→

n→+∞
0.

0.5 This means that (fn)n≥0 is uniformly convergent to the nul function on [0, +∞[.

II Let the function series
∑

n≥0
e−n(x+1) and S its sum on R+.

1 1 We apply the Weierstrass theorem. Indeed : ∀n ∈ N : sup
x≥0

∣∣∣∣e−n(x+1)
∣∣∣∣ ≤ e−n. Since the

1 geometric series
∑
x≥0

e−n is convergent. Then, the series
∑

n≥0
e−n(x+1) is normally convergent on R+.

1 2 As the series
∑

n≥0
e−n(x+1) is geometric with reason q = e−(x+1), then, we have :

1 S(x) =
+∞∑
n=0

e−n(x+1) =
1

1 − e−(x+1) .

Scale Exercise correction 3 7pts

Let be the integer series
∑

n≥0

1
n + 1

xn and S its sum.

1 a According to Hadamard’s rule, we have :

0.5 an =
1

n + 1
and the radius R = lim

n→+∞

an

an+1
= lim

n→+∞

n + 2
n + 1

= 1.

In other words, the series converges for all |x| < 1.

b To determine the domain D, we need to examine the case |x| = 1.

0.5 Therefore, for x = 1, we have the series
∑

n≥0

1
n + 1

diverges, because
1

n + 1
∼
+∞

1
n

, and the

0.5 harmonic series
∑

n≥1

1
n

is divergent.

0.5 If x = −1, the series
∑

n≥0

(−1)n

n + 1
is converges according to Leibniz theorem, because

0.5 the sequence
( 1

n + 1

)
n≥0

is decreasing to zero. Hence, D = [−1, 1[.

0.5 2 Let’s calculate the sum S. Firstly for all x ∈ D, we have, S(x) =
+∞∑
n=0

1
n + 1

xn.

0.5 a If x = 0, we have S(0) = 0.

b If x ̸= 0, according to integral theorem, we obtain

0.5 S =
+∞∑
n=0

1
n + 1

xn =
1
x

+∞∑
n=0

1
n + 1

xn+1 =
1
x

+∞∑
n=0

x∫
0

tndt =
1
x

x∫
0

( +∞∑
n=0

tn
)

dt

0.5 =
1
x

x∫
0

1
1 − t

dt = −
1
x

x∫
0

−1
1 − t

dt = −
1
x

ln(1 − x).
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0.5 Hence, S(x) =


0 : x = 0

−
1
x

ln(1 − x) : x ̸= 0

0.5 3 Since
∑

n≥0

(−1)n

n + 1
is convergent, then according to Abel’s continuity theorem we have,

0.5 lim
x→

>
−1

S(x) = lim
x→

>
−1

+∞∑
n=0

1
(n + 1)

xn =
+∞∑
n=0

1
(n + 1)

lim
x→

>
−1

xn =
+∞∑
n=0

(−1)n

(n + 1)
.

0.5 On the other hand, we have lim
x→

>
−1

S(x) = lim
x→

>
−1

[
−

1
x

ln(1 − x)
]
= ln 2.

0.5 Consequently,
+∞∑
n=0

(−1)n

(n + 1)
= ln 2.
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