j [w Université Mohamed BOUDIAF M’Sila
gt Faculty of Mathematics and Computer

]
|
.= = Science

iyl = wilgi 3020 Azl

Université Mohamed Boudiaf - Msila

Department of Mathematics, 3rd Year Applied Mathematics,
Semester 6

Module: Software Simulation and Practice

Module Coordinator:
Dr. BOUHADJAR El Mountasar Billah

Chapter 2: Sample Generation
According to Different Probability Laws



Table of Contents

(1 Sample Generation According to Different Probability Laws|
1.1 Intr 70 21
1.2 The Inverse Transform hodl . .. ... ... L
1.3 RejectionMethod| . . . . ... ... ... ... .. . . . .. .




Chapter 1

Sample Generation According to
Different Probability Laws

1.1 Introduction

In this chapter, we will explore methods for generating random samples from
different probability distributions. These techniques are essential in simulation and
modeling, as they allow us to reproduce random behavior in complex systems.

We will discuss three main methods:

e The inverse transform method: This method, applicable to both discrete and
continuous cases, uses the cumulative distribution function to generate samples
from a given probability distribution.

e The rejection method: This approach generates samples by “rejecting” values
that do not satisfy certain conditions, while ensuring that the accepted samples
follow the desired distribution.

e The composition method: This method combines several probability distribu-
tions to generate more complex samples.

By the end of this chapter, you will be able to choose and apply the most appropriate
method for generating samples from a given probability distribution, a key skill in
simulation and statistical analysis.

1.2 The Inverse Transform Method

Cumulative distribution function: Let X be a discrete or continuous random vari-
able. The cumulative distribution function (CDF) of X is the function F such that, for



alln € R:
F(n) = P(X <n)

= f W f(t)dt.

which satisfies:

e F(n) €[0,1],Vn e R

e Fisnon-decreasing on R

e lim,, . F(n)=0, lim,,,.Fn)=1
e Fis right-continuous.

Expl: Let X ~ Ula, b], then

b
f(n) = {0’ = et

+, nelabl b-a

0, X
F(x)=47=, a<x<b
1, >b

Example 1.2.1. Let T ~ U[0, 1]

0, t¢[0,1]
t)=1 t) =
f(6) = 1) {1, L]
0, t<0
F(t)=1t, 0<t<1
1, t>1

Remark 1. If X ~ Ula,b], then T = % follows U[0,1]. Conversely, if T ~ U[0,1], then
X =a+ (b-a)T follows Ula, b].

Example 1.2.2. If X ~ N(0, 1), then the density of X is:
fx) = ——=e?, xeR,
the cumulative distribution function F is:

F(x) = f J{OY!

F has no closed-form expression (i.e., it cannot be written in terms of elementary functions).
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2.1 Principle of the Method

Let X be a real-valued random variable with cumulative distribution function F.
Recall that F is non-decreasing (and therefore has at most a finite or countable number
of discontinuity points). Moreover, it is right-continuous and has left limits at every
point. In general, however, it is not bijective. We can nevertheless introduce the
following notion.

Definition 1.2.3. The generalized inverse function or quantile function F~ of F is defined by
F(u)=inflxe R : F(x)>u}, ue€l0,1].
This function coincides with F~! when F is bijective.
Lemma 1.2.4. Forall x € Rand u € [0, 1], we have the equivalence
u<Fkx) < F(u)<x
In particular, F o F~(u) > u, with equality if and only if u € F(R).
Example 1.2.5. Let F be defined as follows:

: ifxe[0,1]
F(x) = L+ z:fxe[1,2]
1 ifx>2
0 ifx<0
Then:
3t ifte|0,1
F'(h =41 iftels,?

3t—1 iftel3,1
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Figure 1.1: Graphs of F(x) and F~'(f)

Simulation by inversion of the cumulative distribution function
R program:

finv<-function(u)
{
if (u<1/3)
{z=3*u}
else if (u<2/3)
{z=1]
else
{ z=3%*u-1}
return(z)
/
u=runif(1,0,1) # simulation of a uniform random variable (in [0,1])
# Print the result of applying finv to u
cat(”Simulated value of u:”, u, "\n" ) # The random uniform value
cat(”Simulated value of F=VY(w):”, fino(u), "\n") # The result

Matlab program:



u = rand(); % Generate a random uniform variable
fprintf(’Simulated value of u: %f\n’, u);
% Compute finv
ifu<1/3
z=3%u;
elseif u < 2/3
z=1;
else
z=3%u-1;
end

% Display the result
fprintf(’Simulated value of F=Y(u): %A\n’, z);

Proposition 1.2.6 (Inversion Method for Discrete Random Variables). Let U be a random
variable following the uniform distribution on [0,1] and X be a discrete random variable with
cumulative distribution function Fx. Let X(Q) = {x1, X2, x3,...} withx; < x, <x3 < .... Then
forall k > 2:

® Py = ]P(X = xl) = ]P(U < Fx(xl))
o pr:=P(X =x) = P(Fx(xx-1) < U < Fx(xx))

Proof 1. Since for every k, Fx(xx) € [0, 1], then from the cumulative distribution function of
the uniform distribution we have

P (U < Fx(x1)) = Fx(xq).
Since p1 = Fx(x1), it follows that
p1 =P U < Fx(x1)).
Moreover, for all k > 2, since
P(X = xi) = Fx(xx) — Fx(xk-1),
we also obtain
P(X =xx) = P(U < Fx(x¢)) — P (U < Fx(x¢-1)) = P (Fx(xx-1) < U < Fx(x¢)) .

Example 1.2.7. We want to simulate the random variable X following a Bernoulli distribution

with parameter p € (0, 1).
Solution. According to the previous proposition, if U is a random variable following the
uniform distribution on [0, 1], we have

P(X=1)=P(Fx(0)<U<Fx(1)=PA-p<U<1)=PU>1-p).
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The probability of the event [X = 1] is therefore the same as that of the event [U > 1 — p].
Thus, we can propose the following simulation:

Matlab Program

% Ask the user to enter the value of p
p = input(’Enter the value of p (0 <p <1):°);

% Simulate the Bernoulli random variable X
ifrand(1,1) >1-p
X=1;
else
X=0
end

% Display the result
disp(['The value of X is: ’, num2str(X)]);
R Program
p <- as.numeric(readline(prompt = "Enter the value of p (0 <p <1): "))
if (runif(1,0,1) >1-p){
X<-1
Jelse {
X<-0
/
cat("The value of X is:”, X, "\n")

Exercise 1.2.8. Use the inversion method to simulate a random variable X following a geometric
distribution with parameter p € (0, 1).

Solution
For a geometric distribution, the cumulative distribution function is given by

k k-1
Ex)=) qd7p=p) q=1-01-pf
i=1 i=0

According to the previous proposition, if U is a random variable following the
uniform distribution on [0, 1], we have for k:

pe=P(Fx(k-1) <U<Fx(k)=P(1-¢" <U<1-4.
We obtain the same formula for k = 1,
p=PO<U<F1)=P(1-¢"'<U<1-q").

Thus, the event [X = k] occurs if and only if k is the smallest integer such that U is
less than or equal to 1 — g*. As long as U exceeds 1 — ¢*, we increase k by 1.
We can therefore propose the following pseudo-code:
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1. Ask the user to enter the value of p.
2. Initialize k « 1 and generate U ~ U([0, 1]).
3. While U > 1 — (1 — p)¥, increment k.

4. Display the final value of k, which corresponds to X.

In MATLAB, this program can be written as follows:

p input (’Enter the value of p (0 < p < 1): ’);
k = 1;
u = rand(1l, 1);
while u > 1 - (1 - p)Ak
k =k + 1;
end
disp([’The value of X is: ’, num2str(k)]);

Remark 2 (Another way to simulate the geometric distribution). We can continue the
calculations, which gives for k € IN*

P(X=k=P(1-4"<U<1-¢)

=P (qk_l >1-U2> qk)
=P ((k—1)In(q) > In(1 - U) > kIn(q))

=Plk-1< In( =) sk) since In(g) <0
In(q)
_p {m(l —~ u>| e 1)
In(q)
In(1 - U)| )
=P({|————=|+1=k
{ In(q)
We can therefore propose the following simulation:
In Matlab:
p = input(Enter the value of p (0 < p < 1): ’);
X = floor(log(l - rand(l, 1)) / log(l - p)) + 1;
disp([’The value of X is: ’, num2str(X)]);

In R:

p <- as.numeric(readline(prompt="Enter the value of p (0 < p < 1):"))
X <- floor(log(l - runif(1)) / log(l - p)) + 1
cat("The value of X is :", X, "\n")



Proposition 1.2.9. If F is continuous and strictly increasing on R and satisfies

lim F(x) =0, lim F(x)=1,

X——00 X—+00
and if U ~ U0, 1], then X = F~Y(U) has density f.
Proof 2. Let a < b € R. Since F is strictly increasing,

fa <X <b)={a<F'(U) <b)={F@a) < U < Fb)}.
Therefore

1 b
lP(a <X < b) = f 1{F(a)<u§p(b)}d1/l = F(b) - F(a) = f f(y)dy
0 a
This means that X has density f.

Example 1.2.10. The Cauchy distribution with parameter a > 0 has density

fy) =

The associated cumulative distribution function is

_ [ L1 dy
F(X)_[wf(y)dy_nfm (y/a)2+1 a

171 1 . )
= ; f_w T szz = E[arctan(Z)]i{i = ; arctan(x/a) + E

a

r ey YR

To invert the cumulative distribution function, let u € (0, 1) and find x such that F(x) = u:

F(x) = u & x = atan(n(u — 3)).
Consequently, if U ~ U[0,1],
X = atan(n(U - 3)) ~ C(a).

Since n(U — 3) ~ U [—g, %] and the tangent function is periodic with period T, for any

bounded function f : R — R,

1 0 1 /2
E(f(tan(re(U — % ) = - f(tan(m + x))dx + - f f(tan x)dx
0

—-1t/2
= %Ln f(tanx)dx = [E(f(tan(rtU))).
Thus
tan(r(U - 3)) £ tan(nl)
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and therefore

X = atan(ntl) ~ C(a).

Exercise 1.2.11. Use the inversion method to simulate a random variable following an expo-
nential distribution with parameter A > 0, whose density is given by

/\e_AZ].{Do}.

Solution
The associated cumulative distribution function is

X
F(x) = f )\e_Azl{po}dz = 1{x>0} (1 - e_Ax) .

[o¢]

For u € (0,1), we have

Fx)=u&=x= —%ln(l — u).
We deduce that if U ~ U]0, 1], then
1
3 In(1 - U) ~ EA).

We can simplify further by noticing that 1 — U U (that is, 1 — U has the same
distribution as U). This implies that

115

1 1
5 In(1 — ) £ — In(WD),

which allows us to conclude that

S= —% In(U) ~ &E(A).
Matlab Program

function Y = rexp(m, n, lambda)
% Generate an m*n matrix of exponential random variables
Y = -log(rand(m, n)) / lambda;

end

R Program

rexp_matrix <- function(m, n, lambda) {
# Generate an m x n matrix of exponential random variables
Y <- -log(matrix(runif(m * n), nrow = m, ncol = n)) / lambda
return(Y)

}

result <- rexp_matrix(3, 4, 2)
print(result)
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1.3 Rejection Method

We want to simulate a random variable with density f (on D), and we assume that
there exists a distribution with density g, which is easy to simulate, such that

YxeD, f(x)<kg(x)
where k is a constant. Let us define a(x) = kf (( )) on the set {x : g(x) > 0}.

Proposition 1.3.1. Let (X, Uy,),s, be a sequence of i.i.d. random variables such that for every
n, X, has density g and is independent of U,, where U, follows the uniform distribution on
[0,1].
Let
T=inf{n: U, <a(X,)}

(T is a random integer). Let X = Xr.
Then the random variable X simulated in this way has density f.

Proof 3. Note that a (X,,) is defined for almost every w. Indeed,
P (X, € {x:g(x)=0})=0.

Let ¢ € C; (D) (the set of bounded positive continuous functions). We have

¢ (X) =) @ (X)Lt
n=1

(for every w, this sum contains at most one non—zero term).

E(@(X)) = ) E (¢ (X)) Ler)
n=1

+0o0

:Z]E

n=1

+00 n-1
= Y E (@ (X) Tuzacx) | [ E Qisacy)
n=1 i=1

n—1
§0 (Xl’l) H 1u,'>0£(Xi) X 1U;1SQ(XH)]
i=1

The last step follows from the independence of the pairs (X;, U;).
Let us compute, for every n,

E (¢ (Xu) 1u,<a(x,) = ( f 1u3a(x)du) P(x)g(x)dx
xelD uel0,1]

= i} kf(( )(p(x)g(x)dx

@(x) f(x)dx.

xeD
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We deduce that for every n,

]E (1un>a(xn)) = 1 - ]E (1un§a(xn))

1
=1-1.

Note that the inequality f < kg implies

fD fx)dx <k fD g(x)dx,

B0 =Y, [ ot (1-3)
n=1

1 1
= L P(x) f (x)dx X % X m

hence k > 1. Therefore

= f () f ().
D

Hence the result.

Example 1.3.2. Let
x3

£ = 1

Z = f e dx
1

(the constant Z is unknown, but we will not need it).
Let

with

1
8(x) = ;13(21-

The functions f and g are probability densities. It is easy to simulate from the density g
using the inversion method for the cumulative distribution function.
We start by studying the function

A3
h:x>10 x%e .

We have ,
W (x) = (2x = 3xHe™ <0

for every x > 1.
Therefore, for every x > 1,
h(x) < h(1) = e

We deduce (for x > 1)
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f@) < ().

Let us set

1
k=—.
e/

Then

a(x) = kfg( (xx)) = x2e7H,

Although we do not know Z, we can compute a(x) for every x > 1. Therefore, we can use
the rejection sampling algorithm to simulate from the density f.

R Program

Method 1

b <-0
while (b == 0) {
u <- runif(i, 0, 1)
v <- runif(1l, 0, 1)
y<-1/ -V
if (u <= y*2 * exp(-y*3) * exp(1)) {
b <1
}
}
print(y)

Using inversion of the cumulative distribution function:
forx>1,

G(x) = fl () = [_%L _q,-1

X
foru e[0,1]

1
_1 _
G = 7.

Method 2

while (TRUE) {
u <- runif(1l)
v <- runif(l)
y<-1/ -V
if (u <= y*2 * exp(-y*3) * exp(l)) {
break
ks
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}
print(y)
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