Formal Specification and Verification
Chapter 02: Logical Notations and Set Theory basics
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- Basic logical notations

Basic

Relations

{mall-comﬁ

| Symbol | Signification | Definition \
A logical and
- negation
v logical or avb® —(-a A -b)
= implication a=b=-avb
< equivalence | a< b * a—bAb=a
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Basic

Relations
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Quantifiers

mall-corn

Symbole | Signification Syntaxe Définition
v pour tout V Idliste - (Prédicat)
3 il existe 3Idliste - (Prédicat) | 3x-(P) L A (=P)
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Sets Predicates

Basic
Relations
Symbole Signification Définition
€ appartient a
; . s def
¢ n’appartient pas a z¢s = -(z€s)
. def
C est inclus dans sCt = seP(t)
, : def
74 n’est pas inclus dans ¢t = = (8Ct)
. 2 def
C est strictement inclus dans sCt = (sCt A s#t)
s . . def
o n'est pas strictement inclus dans | s ¢t = —(sCt)
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Basic
Relations

Sets Expressions

mall-corn

Signification

Définition

€] union
al intersection

différence d’ensembles

s1 U so

s1Ms2

51 — S2

{z|zet AN (z€s1 V z€s9)}
{z|zet AN (x€s1 AN x€s2)}

{z|zet A (zest A z¢s)}

Dr. Hichem Debbi

Formal Specification and Verification

February 23, 2026

5/20



Basic

Relations

PI’Oper’[IeS {mall-cornﬁ

sCs (réflexivité)
sCtALtCu=sCu (transitivité)
s CH I B C 58 2rs=1 (anti-symétrie)
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Basic

Relations

Relations

m they represent a set of couples
m Relations are useful in specifying invariants, properties...

{mall-comﬁ

Symbole

Signification

Définition

relation entre deux ensembles | Ej < Ey = P(E; x E»)

def
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Relations
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Relations
Condition Expression Définition
re€ b« By dom(r) {r|z€E1 ANJy-(yeEx A (z—y)er)}
r€ B« Ey ran(r) {ylyeEs A Jz-(z€E1 A (z—y)er)}
reE; « Ey r[F] {ylye Ea Adz-(x€F A (z—y)er)}
et F Q El
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Basic

Relations

Re|atI0nS - Examp|e {mall-cornﬁ

E1 E2
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- Relations - Example M

Relations

m R1:E1< E2 R1={(a A),(aB),(b,B)} ={a—
A a— B b— B}

mR2:E2 & E3R2 = {(A,x), (A, y),(B,y),(C, 2)}

m dom(R1) = {a,b} ran(R1) = {A, B}codomain(R1) =
{A,B,C} R1ilb,c]={B}

= R1;R2 = {(a x),(ay) (b,y)}

m R1~'={(A a),(B,a),(B,b)}
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Basic

Relations

Operations on Relations

Condition Expression Définition
dE) |{oyl @y eEXE A z=y)
reset rt {y,z| (y—2z)€txs A (x—y)er}
rneEteu T ;T {z,z|z,z€t XV A
etro Eue v Jy-(yeu A (z—y)er A (y—z)€ry)}
reEteu L ®Ty {z,(,2) | z,(y,2) €t x (uxv) A
etrp €t v (x—y)er A (z—2) €rg}
rneteu ry || 2 {(z,2),(y,a) | (,2),(y,0) € (t xv) X (uxw) A
etry €V o w (z—y)ery A (z—a) era}
prjy(E,F) | {z,y,2 | z,y,2€ EXxXFXE A z=xz}
Prio(E, F) | {z,y,2 | 2,y,2€ ExFxF A 2=y}
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Basic

Relations
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Restrictions
Condition Expression Définition
re€ b« By dom(r) {r|z€E1 ANJy-(yeEx A (z—y)er)}
r€ B« Ey ran(r) {ylye Ba AN 3z-(z € E1 A (x—y)€Er)}
reE; « Ey r[F] {ylye Ea Adz-(x€F A (z—y)er)}
et F Q El
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Basic

Relations

Re|atI0nS - Examp|e {mall-cornﬁ

E1 E2
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Restrictions - Example M

Relations

m E<R Restriction of R to domain E
Example: {b,c} < R1 ={b— B}

mE>R Restriction of R to co-domain E
Example: R1>{B,C} = {a— B,b— B}

m E<<R Anti-restriction of R to domain E
Example: {b,c} < <R1={a— A,a— B}

m E>r>R Anti-restriction of R to co-domain E
Example: {B,C} >>R1 = {a— A}

Dr. Hichem Debbi Formal Specification and Verification February 23, 2026 14/20



- Functions %a”“’mﬁ

m Functions are relations, in which each element of the
domain is associated to one and only one element of the
co-domain.

m Let A and B be two sets. A function F from A to B has
the following notation: F — B

m F affect exactly one element of B, denoted F(a) € B, to
a € A, and this for every a € A.

m Ais called the domain, and B is the co-domain.
m bisthe image of aby F
m ais the pre-image of b
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Relations
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Fonctions Examples

One to one
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Many to one
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Fonctions types

Basic

Relations i . . s ST
Signification Expression Définition

fonctions partielles s+t {riresetn
Vz,y,2-(z,y €T AN z,2€Er=>y=2)}

fonctions totales s—t {f|fes+t A dom(f)=s}
injectives partielles st {flfesvt A fletv s}
injectives totales s—t st Ns—t

surjectives partielles st {f|fes+t A ran(f) =t}

surjectives totales s>t s»tNs—t
bijectives partielles st st N s+t
bijectives totales s>t s—tNs—»t
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Relations
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Fonctions types

General
function
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Injective Surjective Bijective(inj
non non ective and
surjective injective surjective)
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Fonctions {m"“’mﬁ

Relations

il
™|
7

m Injective: Every member of A has its unique matching
member in B

m Surjective: Every member of B has at least on matching
memberin A or The range of function is equal to
co-domain.

m Bijective: Every member of B has exactly on matching
member in A
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