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Pair of Discrete Real Random Variables
Let X and Y be two discrete real random variables defined on a
probability space (2, F, P), such that:

X(Q)={xi:iel} and Y(Q)={yj:jeJ}

Distributions Associated with a Pair (X, Y)

Joint Distribution The joint probability distribution of the pair
(X, Y) is given by the probability:

pij = P(X =x; and Y = y;)

Marginal Distributions The marginal probability distributions are

given by:
Pmarg = XI Z Pij
jeJ

and

Prarg(Y =) =D _ pj
i€l



Conditional Distributions

Conditional Distribution of X given Y = y;:

Pij

PX=X Y =0 =5 L v=w)

Conditional Distribution of Y given X = x;:

Pi

P(Y:mX:x,-):m
marg = Xj

Remark

>, pij=1

(ij)elxJ



Conditional Moments

Conditional Mathematical Expectation:

The conditional mathematical expectation of the random variable
X given Y = y; is defined as:

2 icl XiPjj

EX|Y=yl=) xP(X=x|Y=y)= S P
J

i€l

(1.5)

Conditional Variance:
The conditional variance of the random variable X given Y = y; is
defined as:

Var[X | Y = y] = E[(X —E[X | Y = yi])? | ¥ = yj]



Joint Cumulative Distribution Function
Let (X, Y) be a pair of discrete real random variables. The joint
cumulative distribution function is defined as:

Y(x,y) € R?, Fxy(x,y)=P(X <xand Y <y)

Marginal Cumulative Distribution Functions

The marginal cumulative distribution function of X is defined as:

Vx R, Fx(x)=>_ P(X
xi <x
Similarly, for Y:
Vy €R, Fy(y)=Y_ P(Y =vy))

Yi<y



Covariance
The covariance of X and Y is given by:

cov(X, ¥) = E[(X — EIX])(Y — E[Y])] = E[XY] - E[X]E[Y]
Definition: X and Y are said to be uncorrelated if cov(X, Y) = 0.

Linear Correlation Coefficient
Let X and Y be random variables with finite covariance and

non-zero variances. Their linear correlation coefficient is defined as:
cov(X,Y)
p(X,v) = AT

OXOy

Independence
Two discrete random variables X and Y defined on the same
probability space are independent if:

V(xi,yj) € X(w)xY(w), P(X=xi and Y = y;) = P(X = x;)-P(Y = y)



Range and Interpretation of Linear Correlation Coefficient p

» Perfect Negative Correlation (p = —1):
» There is a perfect linear relationship between X and Y with a
negative slope.
» As X increases, Y decreases proportionally.
» Strong Negative Correlation (—1 < p < 0):

» There is a strong negative linear relationship between X and Y.
> As X increases, Y tends to decrease.

» No Correlation (p = 0):
» There is no linear relationship between X and Y.
» Strong Positive Correlation (0 < p < 1):
» There is a strong positive linear relationship between X and Y.
» As X increases, Y tends to increase.
» Perfect Positive Correlation (p = 1):
» There is a perfect linear relationship between X and Y with a
positive slope.
» As X increases, Y increases proportionally.



Practical Guidelines for Interpretation

» |p| =~ 0.0 — 0.3 : Weak linear relationship.
» |p| = 0.3 — 0.7 : Moderate linear relationship.
» |p| = 0.7 — 1.0 : Strong linear relationship.

Remark
If X and Y are independent, then:

Fx,v(x,y) = Fx(x) - Fy(y)



Properties of Sum of Discrete Random Variables

Let X and Y be two discrete random variables with values in N
(X(w) € N and Y(w) € N). The sum X + Y is a random variable
with values in N, and its distribution is given by:

VneN, PX+Y=n)= > P(X=iandY =))
i+j=n

If X and Y are independent random variables, the distribution of
X + Y can be derived from the marginal distributions of X and Y

VneN, PX+Y=n)= Y PX P(Y =)
i+j=n



Remark
If X and Y are independent, then they are uncorrelated. However,
the converse is generally not true.

Joint Cumulative Distribution Function
Let X and Y be continuous random variables. The joint
cumulative distribution function is defined as:

Fxy(x,y)=P(X <x,Y <y)

Joint and Marginal Densities

If the joint cumulative distribution function Fx y of (X, Y)is
differentiable with respect to x and y, the joint density is:

82FX,Y(X7y)

f(x,y) = Oxdy



The marginal densities are given by:

o0

fmarg,X(X) = / fX,Y(Xay) dy

—00

fmarg,Y(_V) = / fX,Y(X7y) dx

Conditional Densities
The conditional density of X given Y = y is:

f(x,y)

foY(X ly) = W
marg,

Similarly, the conditional density of Y given X = x is:

fY|X(Y | x) = M



Conditional Expectation
The conditional expectation of X given Y =y is:

BIX|Y == [ xfav(x | y) o

—0o0

Similarly, the conditional expectation of Y given X = x is:

BIY | X == [y frxly [x)dy

Independence of Continuous Random Variables

A pair of continuous random variables (X, Y) with joint density
fx,y is independent if:

foY(X,)/) = fmarg,X(X) : fmarg,Y(Y)



Remark
If X and Y are independent, then:

Fxy(x,y) = Fx(x) - Fy(y)

Sum of Continuous Random Variables
Let (X, Y') be continuous random variables with joint density fx y.
The density of the sum X + Y is given by:

fx+y(5) = / fx’y(s —t, t) dt = / fX7y(t, s — t) dt
If X and Y are independent:
fX+Y(5) = / fmarg,X(s - t) : fmarg,Y(t) dt

—00



Example: Continuous Random Variables

Description:
> Let X be a continuous random variable uniformly distributed
over [—1,1].
» Define Y = X2, a non-negative continuous random variable.
Key Computations:
» E[X] =0 (by symmetry of X over [—1,1]).
> E[Y] = 1 X2 f(x)dx = L.
> E[XY] =[5 X X2 fx(x)dx =[5 X3 Ddx =0,
» Cov(X,Y)=E[XY]—-E[X]E[Y]=0.
Conclusion:
» X and Y are uncorrelated (Cov(X, Y) = 0).

» X and Y are not independent, as Y depends on X (Y = X?).



Example: Discrete Random Variables
Description:
P> Let X be a discrete random variable taking values —1,0,1,
each with probability %
» Define Y = X2, which takes values:

)1 ifX=-1lor X=1,
~lo ifXx=o.

Key Computations:

» E[X] =0 (by symmetry).

» E[Y]=1-2+0-}=3.

> EXY]=(-1)-14+0-1+1-1=0.

> Cov(X,Y) =E[XY] — E[X]E[Y] = 0.
Conclusion:

» X and Y are uncorrelated (Cov(X, Y) = 0).

> X and Y are not independent, as Y is determined by X
(Y = X?).



