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Exercise 1: (10 points)

1. A. Write an algorithm to solve an N X N system of linear equations using Gaussian
elimination.
B. Calculate the number of elementary arithmetic operations that this algorithm
must perform (complexity analysis).

2. A. Write an algorithm to solve a tri-diagonal linear system of order N.
B. Calculate the number of elementary arithmetic operations that this algorithm
must perform (complexity analysis).

3. A. Write an algorithm to compute an approximate solution of an N X N system of
linear equations using the Gauss-Seidel method after K iterations.
B. Calculate the number of elementary arithmetic operations that this algorithm

must perform (complexity analysis).

Exercise 2 : (5 points)

Consider the linear system (S):

X1+ xy +4x3 4+ 2x, = —2
4x, + X5 — X3 — x4 = 3
2xq +4x, + 2x3 + x4 = —3
X1+ Xy —x3+3x, =4

(S):

1. Express the system (S) in the matrix form AX=b.
2. Solve the system (S) using Gaussian elimination.

3. Deduce the determinant of matrix A.
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Exercise 3 : (5 points)

Consider the linear system (S'):

0.4x;, — 0.1x; — 0.1x, = 0.4
0.2x; + 0.4x, + 0.1x, = —0.1
0.1x, + 0.4x5 + 0.2x, = —0.1
0.1, — 0.1x5 + 0.3x, = 0.5

(5):

1. Verify that the Gauss—Seidel iterative method associated with the linear system (S’)

converges for any initial vector X© e R*.

2. Compute the first four (4) iterations of the Gauss-Seidel method for the system

1.5
—-1.25
—-1.25

1

(') starting from X(©® , and estimate the error (round to 10™%4).
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Exercise 1: (10 points)

1. Analgorithm to solve a linear system using Gaussian elimination.

® Given the matrix A and the vector b.

® The Gaussian elimination algorithm transforms the matrix A into an upper triangular form. It proceeds as follows:

(Fork=1ton—-1
(Fori=k+ 1 ton:
P
(k)

1 A
bi «— bi —P bk
{ Forj=k ton:
\(Aij <« Ayj — P Ay
e Next, the solution of the system is obtained using the backward substitution algorithm:
( _ b

™ A
Fori=n—1to 1:

A. Algorithm (2 points)

2. Analgorithm to solve a tri-diagonal linear system of order N.

Atridiagonal system has the following structure:

a, v; 0 0 X1 b,

C; Ay .. 0 SR

0 .. .. Vy_q -

0 0 cy ay XN by

4 x b
® Giventhevectorsa, v,c and b.
Uy = ag

® Stepl: li=ui1, fori=2toN

u=a;—1l; Xvi_q, fori=2toN

) Y1 = by
b Stepz’ {yi:bi_liXYi—l' fOTiZZtON
—IN
Step 3 XN_uN
tep 3: X
P xFM' fori=1toN —1

Ui
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A. Algorithm (2 points)

3. Analgorithm to compute an approximate solution of a linear system of order N using the Gauss-Seidel

method after K iterations.

® Given Ab ,X(O) (xio); xéo); - xr(lo)) € R", Tol as the precision, and/or Nb_iter as the number of
iterations,

® fork=1toNb _iter, or Error > Tol, we compute:

(k+1) ZAU ](k) Z Al} ](k+1) /Ai,iF (= 1lon

j=i+1
Error = || x&+D — x|
A. Algorithm (2 points)

Exercise 2 : (5 points)

1. The matrix form AX=b. (0.5 points)

1 1 4 2 X1 -2
4 1 -1 —1)(*|_|[ 3
2 4 2 1 X3 -3
A X b
2. Theresolution of (S) using Gaussian elimination. (4 points)
1 1 4 2|2 1 1 4 2|2
(4 1 -1 -1 3 \LyeL—4L; (o =3 —17 —9|11
P12 4 2 |-z )laely—2n, P02 -6 3|1 Ly L+l
1 1 -1 314/ Ly<L,—1L; 0O 0 -5 116
1 1 4 2(=2 11 4 2|2
0 -3 —-17 -9 11\ N R S
Step 3: 0 0 _ 52 _9 25 ; weobtain:| 0 0 - -9 5 | (3 points)
3 3 15
L, L,—=1L 187 187
0 0 -5 116 4 4 573 0 0 0 52 | 52
(X1 + X +4x3+ 2x, = -2 1
—3x, — 17x3 — 9x, = 11 xx1_—_ )
RS 2 gy, =2 The solution of (S)is: { % ... (1 points)
373 47 3 x3=—1
\ 187, 18 Xy =1
52 747 52
3. The determinant of matrix A. (0.5 points)
52\ /187
seccy = 03 (- 2) () = 197
et(@) = M(-3) (- =) (%5
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Exercise 3 : (5 points)

1. The convergence of the Gauss-Seidel method (0.5 points)

The matrix form AX=b.

04 0 -01 =01\ /%1 0.4
02 04 0 0.1 X2 | [ -0.1
01 0 04 0.2 x3 | | =01
01 0 =01 03 Xy 0.5

X b

10.4] > |-0.1] + |—0.1|
10.4] > [0.2] +]0.1]
10.4] > [0.1] +10.2]

10.3] > [0.1] + |—0.1]

method associated with the system (S) converges for any initial vector X© e Rr*.

We have : The matrix 4 is strictly diagonally dominant, then the Gauss-Seidel iterative

2. The first four (4) iterations of the Gauss-Seidel method for the system (S') (4.5 points)

The iterative Gauss-Seidel processes: (0.5 points)

( (k) (k)
ey _ (04 + 015 +0.1x)
1 0.4
a1 (k+1) )
o) _ (-0.1-0.2x 0.1x{)
] 0.4
_ _ (k+1) _ (k+1)
ey _ (-0.1-0.1xf 02 x{*?)
3 0.4
_ (k+1) )
) _ (05— 015" +0.1x{)
. e 0.3
The first four (4) iterations of the Gauss-Seidel method: (4 points)
K 0 7 2 3 4
X, 15 0.9375 1.0104 0.9939 1.0025
X -1.25 -0.9688 -1.0117 -0.9948 -1.0022
X, -1.25 -0.9844 -1.0156 -0.9941 -1.0026
X, 1 1.0260 0.9913 1.0040 0.9983
Error 0.5625 0.0729 0.0215 0.0085
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