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Exercise 1 : (10 points) 

1. A.  Write an algorithm to solve an 𝑁 × 𝑁 system of linear equations using Gaussian 

elimination. 

B. Calculate the number of elementary arithmetic operations that this algorithm 

must perform (complexity analysis). 

2. A.  Write an algorithm to solve a tri-diagonal linear system of order N. 

B. Calculate the number of elementary arithmetic operations that this algorithm 

must perform (complexity analysis). 

3. A.  Write an algorithm to compute an approximate solution of an 𝑁 × 𝑁 system of 

linear equations using the Gauss-Seidel method after K iterations. 

B. Calculate the number of elementary arithmetic operations that this algorithm 

must perform (complexity analysis). 

 

Exercise 2 : (5 points) 

Consider the linear system (S): 

(𝑆): {

𝑥1 + 𝑥2 + 4𝑥3 + 2𝑥4 = −2
4𝑥1 + 𝑥2 − 𝑥3 − 𝑥4 = 3

2𝑥1 + 4𝑥2 + 2𝑥3 + 𝑥4 = −3
𝑥1 + 𝑥2 − 𝑥3 + 3𝑥4 = 4

 

 

1. Express the system (S) in the matrix form AX=b. 

2. Solve the system (S) using Gaussian elimination. 

3. Deduce the determinant of matrix A. 
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Exercise 3 : (5 points) 

Consider the linear system (S’): 
 

(𝑆′): {

0.4𝑥1 − 0.1𝑥3 − 0.1𝑥4 = 0.4
0.2𝑥1 + 0.4𝑥2 + 0.1𝑥4 = −0.1
0.1𝑥1 + 0.4𝑥3 + 0.2𝑥4 = −0.1
0.1𝑥1 − 0.1𝑥3 + 0.3𝑥4 = 0.5

 

 

1. Verify that the Gauss–Seidel iterative method associated with the linear system (S’) 

converges for any initial vector 𝑋(0) ∈ ℝ4. 

2. Compute the first four (4) iterations of the Gauss-Seidel method for the system 

(S’) starting from 𝑿(𝟎) (

𝟏. 𝟓
−𝟏. 𝟐𝟓
−𝟏. 𝟐𝟓

𝟏

), and estimate the error (round to 𝟏𝟎−𝟒).  
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Exercise 1 : (10 points) 

1. An algorithm to solve a linear system using Gaussian elimination. 

 Given the matrix A and the vector 𝑏. 

 The Gaussian elimination algorithm transforms the matrix 𝐴 into an upper triangular form. It proceeds as follows: 

{
 
 
 
 

 
 
 
 
For 𝑘 = 1 to 𝑛− 1

{
 
 
 

 
 
 
For 𝑖 = 𝑘+ 1 to 𝑛:

P ←
𝐴𝑖,𝑘
(𝑘)

𝐴𝑘,𝑘
(𝑘)

𝑏𝑖 ← 𝑏𝑖 −P 𝑏𝑘

{
For 𝑗 = 𝑘 to 𝑛:
𝐴𝑖,𝑗 ← 𝐴𝑖,𝑗−P 𝐴𝑘,𝑗

 

 Next, the solution of the system is obtained using the backward substitution algorithm: 

{
  
 

  
 𝑥𝑛 =

𝑏𝑛
𝐴𝑛,𝑛

For 𝑖 = 𝑛 − 1 to 1:

𝑥𝑖 =
1

𝐴𝑖,𝑖
(𝑏𝑖 − ∑ 𝐴𝑖,𝑗𝑥𝑗

𝑛

𝑗=𝑖+1

)

 

A.   Algorithm (2 points) 

  ……………………………………………………………………. 

B.   Complexity analysis (2 points) 

  ……………………………………………………………………. 

2. An algorithm to solve a tri-diagonal linear system of order N. 

A tridiagonal system has the following structure: 

(

𝑎1 𝑣1 0 0
𝑐2 𝑎2 … 0
0 … … 𝑣𝑁−1
0 0 𝑐𝑁 𝑎𝑁

)

︸
𝐴

(

𝑥1
:
:
𝑥𝑁

)

︸
𝑥

= (

𝑏1
:
:
𝑏𝑁

)

︸
𝑏

 

 Given the vectors 𝑎, 𝑣, 𝑐 𝑎𝑛𝑑 𝑏. 

 ,Step 1:  {

𝑢1 = 𝑎1

𝑙𝑖 =
𝑐𝑖

𝑢𝑖−1
,    𝑓𝑜𝑟 𝑖 = 2 𝑡𝑜 𝑁

𝑢𝑖 = 𝑎𝑖 − 𝑙𝑖 × 𝑣𝑖−1,    𝑓𝑜𝑟 𝑖 = 2 𝑡𝑜 𝑁

 

 

 Step 2:  {
𝑦1 = 𝑏1

𝑦𝑖 = 𝑏𝑖 − 𝑙𝑖 × 𝑦𝑖−1,    𝑓𝑜𝑟 𝑖 = 2 𝑡𝑜 𝑁
 

 

Step 3:  {
𝑥𝑁 =

𝑦𝑁

𝑢𝑁

𝑥𝑖 =
(𝑦𝑖−𝑣𝑖×𝑥𝑖+1)

𝑢𝑖
,    𝑓𝑜𝑟 𝑖 = 1 𝑡𝑜 𝑁 − 1
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A.   Algorithm (2 points) 

  ……………………………………………………………………. 

B.   Complexity analysis (1 points) 

  ……………………………………………………………………. 

3. An algorithm to compute an approximate solution of a linear system of order N using the Gauss-Seidel 

method after K iterations. 

 Given ,A b ,𝑋(0)(𝑥1
(0)
; 𝑥2

(0)
; . . . ; 𝑥𝑛

(0)
) ∈ ℝ𝑛  , Tol as the precision, and/or Nb_iter as the number of 

iterations, 

 for 𝑘=1 to Nb_iter, or Error > Tol, we compute: 

𝑥𝑖
(𝑘+1)

= (𝑏𝑖 −∑𝐴𝑖,𝑗𝑥𝑗
(𝑘)

𝑖−1

𝑗=1

− ∑ 𝐴𝑖,𝑗𝑥𝑗
(𝑘+1)

𝑛

𝑗=𝑖+1

)/𝐴𝑖,𝑖;  for 𝑖 = 1 to 𝑛

𝐸𝑟𝑟𝑜𝑟 = ‖𝑋(𝑘+1) − 𝑋(𝑘)‖

 

A.   Algorithm (2 points) 

  ……………………………………………………………………. 

B.   Complexity analysis (1 points) 

  ……………………………………………………………………. 
Exercise 2 : (5 points) 

1. The matrix form AX=b. (0.5 points) 

(

1 1 4 2
4 1 −1 −1
2 4 2 1
1 1 −1 3

)

︸
𝐴

(

𝑥1
𝑥2
𝑥3
𝑥4

)

︸
𝑥

= (

−2
3
−3
4

)

︸
𝑏

 

2. The resolution of (S) using Gaussian elimination. (4 points) 

Step 1 : (

1 1 4 2
4 1 −1 −1
2 4 2 1
1 1 −1 3

|

−2
3
−3
4

)
𝐿2 ← 𝐿2 − 4𝐿1
𝐿3 ← 𝐿3 − 2𝐿1
𝐿4 ← 𝐿4 − 𝐿1

  ;     Step 2 : (

1 1 4 2
0 −3 −17 −9
0 2 −6 −3
0 0 −5 1

|

−2
11
1
6

)
𝐿3 ← 𝐿3 +

2

3
𝐿2

 

Step 3 : 

(

 

1 1 4 2
0 −3 −17 −9

0 0 −
52

3
−9

0 0 −5 1

||

−2
11
25

3

6 )

 

𝐿4 ← 𝐿4 −
15

52
𝐿3

  ;      we obtain : 

(

 
 

1 1 4 2
0 −3 −17 −9

0 0 −
52

3
−9

0 0 0
187

52

|
|

−2
11
25

3
187

52 )

 
 

 …… (3 points) 

 

(𝑆) ⇔

{
 
 

 
 
𝑥1 + 𝑥2 + 4𝑥3 + 2𝑥4 = −2
−3𝑥2 − 17𝑥3 − 9𝑥4 = 11

−
52

3
𝑥3 − 9𝑥4 =

25

3
187

52
𝑥4 =

187

52

  The solution of (S) is : {

𝑥1 = 1
𝑥2 = −1
𝑥3 = −1
𝑥4 = 1

 ….. …… (1 points) 

3. The determinant of matrix A. (0.5 points) 

det(𝐴) = (1)(−3) (−
52

3
) (
187

52
) = 187. 
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Exercise 3 : (5 points) 

1. The convergence of the Gauss-Seidel method (0.5 points) 

The matrix form AX=b.  

(

0.4 0 −0.1 −0.1
0.2 0.4 0 0.1
0.1 0 0.4 0.2
0.1 0 −0.1 0.3

)

︸
𝐴

(

𝑥1
𝑥2
𝑥3
𝑥4

)

︸
𝑥

= (

0.4
−0.1
−0.1
0.5

)

︸
𝑏

 

We have : {

|0.4| > |−0.1| + |−0.1|
|0.4| > |0.2| + |0.1|
|0.4| > |0.1| + |0.2|
|0.3| > |0.1| + |−0.1|

  .The matrix 𝐴  is strictly diagonally dominant, then the Gauss-Seidel iterative 

method associated with the system (S’) converges for any initial vector 𝑋(0) ∈ ℝ4.  

2. The first four (4) iterations of the Gauss-Seidel method for the system (S’) (4.5 points) 

The iterative Gauss-Seidel processes: (0.5 points) 

{
 
 
 
 
 

 
 
 
 
 

𝑥1
(𝑘+1) =

(0.4 + 0.1 𝑥3
(𝑘)
+ 0.1 𝑥4

(𝑘)
)

0.4

𝑥2
(𝑘+1) =

(−0.1 − 0. 2 𝑥1
(𝑘+1) − 0.1 𝑥4

(𝑘))

0.4

𝑥3
(𝑘+1) =

(−0.1 − 0.1 𝑥1
(𝑘+1) − 0.2 𝑥4

(𝑘+1))

0.4

𝑥4
(𝑘+1) =

(0.5 − 0.1 𝑥1
(𝑘+1) + 0.1 𝑥3

(𝑘))

0.3

 

The first four (4) iterations of the Gauss-Seidel method: (4 points) 

K 0 1 2 3 4 

x1 1.5 0.9375 1.0104 0.9939 1.0025 

 x2 -1.25 -0.9688 -1.0117 -0.9948 -1.0022 

X3 -1.25 -0.9844 -1.0156 -0.9941 -1.0026 

X4 1 1.0260 0.9913 1.0040 0.9983 

Error  0.5625 0.0729 0.0215 0.0085 

 




