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I. Introduction

>

>

A data structure i1s said to be linear if its elements form a
sequence or a linear list.

Previous linear data structures that we have studied like an
array, stacks, queues and linked lists organize data in linear
order.

A data structure is said to be non-linear if its elements form a
hierarchical classification where data items appear at various
levels.

Trees and Graphs are widely used non-linear data
structures.




I. Introduction

» In computer science, a tree is a very general and
powerful data structure that resembles a real tree.

» It consists of an ordered set of linked nodes in a
. connected graph, in which each node has at most one .
parent node, and zero or more child nodes with a
specific order:

> In this chapter, in particular, we will explain one of the
non-linear data structures known as a tree, which is easy

to maintain on the computer.




II. Non-Linear Data Structures

Non-linear data structures are those where data items are
not arranged sequentially, unlike linear data structures.

In these data structures, elements are stored in a
hierarchical or a network-based structure that does not
follow a sequential order.

These data structures allow efficient searching, insertion,
and deletion of elements from the structure.

Examples of Non-Linear Data Structures:

A Trees
JGraphs, etc.




II. Non-Linear Data Structures

Properties of Non-Linear Data Structures

The Non-linear data structures have the following properties.

>
>

Non-linear data structures do not follow a sequential order.

Elements are stored in a hierarchical or a network-based
Structure.

These data structures allow efficient searching, insertion, and
deletion of elements.

Non-linear data structures are used to solve complex
problems where data cannot be arranged in a linear mannetr.




II1. Tree Data Structure

» The tree is a Non-Linear data structure in which data
are stored in a hierarchical structure and consists of
nodes connected by edges.

» It is also defined as a hierarchical collection of nodes.
The collection can be empty. FEach node has a parent
node and zero or more child nodes.

» The node at the top of the hierarchy is called the root
node.

» Trees are widely used in computer science and are an

essential part of many algorithms and data structures.




II1. Tree Data Structure

» Trees represent a special case of more general structures known
as graphs. Figure 4.1 shows a tree and a non-tree.

Not a Tree
Figure 4.1 : A Tree and not a Tree.




IV. Basic Tree Terminology

» Below lists some general tree terminology (many of these terms
are dertved from terms used for family relationships):




IV. Basic Tree Terminology

» Node: Fach element of a tree is called as node. In the previous

fioure there are 10 nodes.




IV. Basic Tree Terminology

» Root: The root of a tree is the "top-most" vertex in the tree, from

which all other nodes are directed away from. In the tree above, node
A is the root of the tree.




IV. Basic Tree Terminology

» Parent: Parent of a node is the immediate predecessor of a
node. In the tree above, C 1s the parent of F and G.




IV. Basic Tree Terminology

» Child: Each immediate successor of a node is known as child.
In the tree above, B, C, D are children of A.




IV. Basic Tree Terminology

» Sibling: Two nodes are siblings if they share the same parent.
In the tree above, B, C, and D are siblings, since they share the
parent A.




IV. Basic Tree Terminology

» Path: Path is the sequence of consecutive edges from the
source node to the destination node path between A and I 1s |

(A,D),(D,]). @

D

(D




IV. Basic Tree Terminology

» Leaf: is a node that has no child node. In the tree above, E, F,
G, H, I, and J are leaves.

T
A

T ——— - - o




IV. Basic Tree Terminology

» Descendant: The descendants of a given node consist of any node that exists
along a path from the given node to a leat node (including the leaf node). In the
tree above, nodes B and E are both-dgscendants of node A.




IV. Basic Tree Terminology

|

|
» Ancestor: The ancestors of a given node consist of any node that exists ‘ ”
along the path from the given node to the root node (including the root |

E.

node itself). In the tree above s B and A are both ancestors of node




IV. Basic Tree Terminology

» Degree of a Node: The number of sub-trees of a node in a

oiven tree. In the tree above,
d The degree of node A is 3




IV. Basic Tree Terminology

» Degree of Tree: The maximum degree of nodes in a given tree. In
the tree above, the maximum degree of nodes A and D is 3. So, the

degree of Tree 1s 3.




IV. Basic Tree Terminology

» Terminal Node (Leaf): A terminal node (or leaf node) is a node that has no |
children or has a degree zero. In the tree above, nodes E to J are examples of |
terminal node (Leaf).

T
A

T —— T T ———— —_— . T . . ——————




IV. Basic Tree Terminology

|
|

» Internal Node: An internal node is a node with children. In the

tree above, nodes A to D are examples of internal nodes.




IV. Basic Tree Terminology

» Internal Node Vs Terminal Node (Leaf)

Y
A




IV. Basic Tree Terminology

» Level: The entire tree structured is leveled in such a way that the root is always at
the level 0, then its immediate children are at level 1, and their immediate children

Level

e s Tevel(U)

Level (1) .

are at level 2 and so on up

N

= D)= === (D)= (DD DD




IV. Basic Tree Terminology

» Depth: The depth of a node represents how far it is
from the top of the tree.

» The root has a depth of 0.

» If a node is one edge away from the root, it has a depth .
of 1. If a node 1s two edges away from the root, it has a

depth of 2
» We can define the depth of a node recursively:

] Depth(root) =0
] Depth(node) = Depth(parent) + 1




IV. Basic Tree Terminology

» Depth: The depth of a node represents how far it is from the top of the

EEe:
Depth (0)
Depth (1)

peptn @ (B) (P (o) () (1D (I




IV. Basic Tree Terminology

> Height: The height of a node represents how far it
is from the bottom of the tree.
» Leaf nodes have a height of 0.

» If a node has more than one child, its height is equal .
to one plus the largest height of any of its children.

We can define the height of a node recursively:
] Height(leaf) = 0
] Height(node) = max(Height(children)) + 1




IV. Basic Tree Terminology

» Height: The height of a node represents how far it is from |

the bottom of the tree.

Height (1

Height (0) Height (0)




IV. Basic Tree Terminology

Remark:
In a tree, the largest height
of any node and the largest
depth of any node should
be the same value.



IV. Basic Tree Terminology

Height VS Depth
&

depth 1 depth 1
hexght 1 heght 2

depth 2
hewxght O

.

depth 2
heght 1

- root noda
inner node depth =
height O

I:I leaf Mdode




IV. Basic Tree Terminology

Example : e
Consider the following tree.
» Which node is the root? e e

» Which nodes are leaf nodes?

» Which nodes are internal nodes? e @ @

» What is the maximum depth

of the tree? ° ° @

» What is the height of node B?




IV. Basic Tree Terminology

Example :
Consider the following tree.

» Which node is the root?

10 this tree,
node A is the root.




IV. Basic Tree Terminology

Example : e

Consider the following tree.

» Which nodes are leaf nodes? e Q Q .
Nodes D, | D G, H. 1 J, 9 G @ @

and K are leaves

because they have a ° e

no children.




IV. Basic Tree Terminology

Example :

Consider the following tree.

Which nodes are internal nodes?

Nodes A, B, C, and F are @ @ @

internal nodes because

they have children. G 0 @




IV. Basic Tree Terminology

Example :

Consider the following tree. = = - - - —"—

» What is the maximum depth

of the tree?

The maximum depth of
the tree 1s 3.




IV. Basic Tree Terminology

Example : e
Consider the following tree. H(B)=2

» What is the height of node B? Q e
The height of B is equal

-
to max(height(E), height(F)) + 1 0 2 @) ()

Since F 1s the child with

the larger height (height(E) = O,H(E):
L~ theheiohtof Bis|1 +1=2 H()=0 H(J)=0 H(K)=0

height(F) = 1),




V. Types of the Tree Data Structure

» Based on the number of children for
each node in the tree, it is classified into
two to types :

] General (Generic) Tree
] Binary Tree




V. Types of the Tree Data Structure

General (Generic) Tree

» In a tree, node can have any number of children. Then it is

called as general Tree. = A

- & 0 0 o
A\ O 0.
e U ¢




V. Types of the Tree Data Structure

General (Generic) Tree

Declaration
struct GenericNode {
int . data;
GenericNode* children|[N];
b
typedef GenericNode *GTREE;
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V. Types of the Tree Data Structure

General (Generic) Tree

Node in General Tree




V. Types of the Tree Data Structure

Binary Tree

» In general, tree nodes can have any number of children. A
binary tree is a tree-type non-linear data structure with a
maximum of two children for each parent (each node can have
at most two children).

» A binary tree is either empty or consists of a node called the
root together with two binary trees called the left subtree and
the right subtree.

» Furthermore, every node in a binary tree has a left and right

reference along with the data element.




V. Types of the Tree Data Structure

Binary Tree

» Binary trees are easy to implement because
they have a small, fixed number of child links.

» Because of this characteristic, binary trees are
the most common types of trees and form
the basis of many important data

structures.




V. Types of the Tree Data Structure

Binary Tree

root node

Left subtree

Leaf nodes

Figure 4.2 Binary Tree.




V. Types of the Tree Data Structure (Binary Tree)

Types of Binary Trees

Rooted Binary Tree
- » A rooted binary tree is a binary tree that .

satisties the following two properties:

11t has a root node.
_1Each node has at most 2 children.




V. Types of the Tree Data Structure (Binary Tree)

Types of Binary Trees
Rooted Binary Tree

root node

Root Binary Tree




V. Types of the Tree Data Structure (Binary Tree)

Types of Binary Trees

Full / Strictly Binary Tree

» TFull binary tree is also called as Strictly binary tree.

> It is a special kind of binary tree that has either zero
children or two children.

» It means that all the nodes in that binary tree should
either have two child nodes of its parent node or the
parent node is itself the leat node or the external node.

» Here is the structure of a full (strictly) binary tree.




V. Types of the Tree Data Structure (Binary Tree)

Types of Binary Trees

Full / Strictly Binary Trej®\

Full (Strictly) Binary Tree




V. Types of the Tree Data Structure (Binary Tree)

Types of Binary Trees

Perfect Binary Tree

» A binary tree is said to be “perfect” if all the internal
nodes have strictly two children, and every external or .
leat node is at the same level or same depth within a

fisee.
> A perfect binary tree having height “H” has 2H*1 - 1
node.
» Here is the structure of a perfect binary tree:

B T — ———— . SN



V. Types of the Tree Data Structure (Binary Tree)

Types of Binary Trees
Perfect Binary Tree

Perfect Binary Tree




V. Types of the Tree Data Structure (Binary Tree)

Types of Binary Trees
Complete Binary Tree

» An almost complete binary tree is another specific type
of binary tree where all the tree levels are filled entirely
with nodes, except the lowest level of the tree.

» Also, in the last or the lowest level of this binary tree,
every node should possibly reside on the left side.

» Here is the structure of an almost complete binary tree:




V. Types of the Tree Data Structure (Binary Tree)

Types of Binary Trees
Complete Binary Tree

° Complete Binary
Tree




V. Types of the Tree Data Structure (Binary Tree)

Types of Binary Trees
Skewed Binary Tree

» A skewed binary tree is a binary tree that satisfies the
following two properties :

] All the nodes except one node has one and only one

child.

L The remaining node has no child.

» Also, a skewed binary tree is a binary tree of M nodes
such that its depth is (n — 1).




V. Types of the Tree Data Structure (Binary Tree)

Types of Binary Trees

Skewed Binary Tree ° °

Left Skewed Right Skewed
Binary Tree Binary Tree




V. Types of the Tree Data Structure (Binary Tree)

Properties of Binary trees

Level = Y ° Height = 3

- Level =1 @ @
Level = 2 @ @ ﬂ a




V. Types of the Tree Data Structure (Binary Tree)

Properties of Binary trees

Sefe o the impertant pPropetties of 2
. binary tree are as follows:
» A tree consisting of only a root node

has a height of 0.




V. Types of the Tree Data Structure (Binary Tree)

Properties of Binary trees

» If H is a height of a binary tree, then
. I Maximum number of leaves = 27

A Maximum number of nodes = 2H+1 - 1

JMinimum number of nodes = H + 1




V. Types of the Tree Data Structure (Binary Tree)

Properties of Binary trees

» If H is a height of a binary tree, then

A Maximum number of leaves = ZH

: 1

H=0

H=1

Max nbr of leaves = 29 = 1 Max nbr of leaves =21 =2 Max nbr of leaves = 2% =




V. Types of the Tree Data Structure (Binary Tree)

Properties of Binary trees

» If H is a height of a binary tree, then

I Maximum number of nodes =

;9.

2[P+1

H=0

Max nbr of nodes =

20+1

—1=1

H=1
Max nbr of nodes

_21+1

1=3

Max nbr of nodes

_22+1




V. Types of the Tree Data Structure (Binary Tree)

Properties of Binary trees

» If H is a height of a binary tree, then
. A Minimum number of nodes = H + 1

Y

H=1
Min nbr of nodes =1 + 1 =2 M1n nbr of nodes=2+1=3

H=0
Min nbrof nodes=0+1=1




V. Types of the Tree Data Structure (Binary Tree)

Properties of Binary trees

» If a binary tree contains N nodes at level L, it
contains at most 2 * N nodes at level L + 1.

Max nbr in (L )=N = 2
Max nbr in (L +1)=N*2 = 2*2 = 4




V. Types of the Tree Data Structure (Binary Tree)

Properties of Binary trees

» In a Binary Tree with N nodes, the minimum possible height or the
minimum number of levels is Log,(N + 1) — 1

» A Binary Tree with L leaves has at least [Log, (N)| + 1 levels

Height = log(7+1)=log(8)= 2




V. Types of the Tree Data Structure (Binary Tree)

Properties of Binary trees

» The maximum number of nodes at any level L in
a binary tree = 2%

___________________________________ Max nbr in (L =0) = 2%9=1

------------------------ Max nbr in (L =1) = 21=2

-------------- Max nbr in (L =2) = 2%=4

3 - DO -()----- (@)---Max nbr in (L =3) = 23=8




V. Types of the Tree Data Structure (Binary Tree)

Properties of Binary trees

» Total Number of leaf nodes in a Binary Tree is the
Total Number of nodes with 2 children + 1

Total Nbr of leaf =4

Total Nbr of leaf =5 Nbr of nodes with2 child+1 =3+1 =4
—Nbt.of nodes.with2 child+1 =4+1 =5 SRR




V. Types of the Tree Data Structure (Binary Tree)

Properties of Binary trees

» 'The number of nodes N in a full binary tree, where H is the height of the
tree, is at least N = 2 * H + 1 and at most. N = 2H+1 _ 1

The total number of edges in a binary tree with N node is N — 1.
The number of level nodes in a perfect binary tree,is L = (N + 1) /2.

This means that a perfect binary tree with L levels has N = 2L — 1 nodes.

N NN Y

The number of internal nodes in an almost complete binary tree of N
nodes is N/2.




V. Types of the Tree Data Structure

Convert a Generic Tree to Binary Tree

» If you are given a generic tree T , where each node can have more than
two children, you can turn this generic tree into a binary tree T’ using
the following procedure (starting from the root):

1) If a node v has k children v, V3,3, -, Dy, first set V1 as the left
child of vin T'.

2) Then, set V9, V=2, Va4, , V) so, that they become a chain of right
) 2,V3,V4 k SO, Ve 8
children of v1 in T'.

3) Repeat these two steps recursively for the remaining nodes in the tree,




V. Types of the Tree Data Structure

Convert a Generic Tree to Binary Tree °
Example :

For 1instance, suppose e G
we  atc . olvem | (fhe
following generic tree, @ 6 G @

and we want to convert

it into a binary tree: a a @




V. Types of the Tree Data Structure

Convert a Generic Tree to Binary Tree o
E o Bl @O W
St e © DO &
1) Using the algorithm discussed ofolo
. previously, we first consider the .
root node A. Node A has three

children: B, C, and D, so we set
B as the left child of A, and

then set C and D as a chain of
right children of B:




V. Types of the Tree Data Structure

Convert a Generic Tree to Binary Tree (&
Example : D

e ® HO @
2) We will repeat these o1016

steps recursively. Next,
we look at B, which has
two children: E and F.
We set E as the left
child of B, and set F as
the right child of E:




V. Types of the Tree Data Structure

Convert a Generic Tree to Binary Tree (&
Example : B L

R D HO @
3) Node E has no children, so 3 O

. we do not have to do any -
E. |

additional work for
Node F, however, has three
children: I, J, and K. We will
set node I as the left child
of node F, and set nodes J
and K as a chain of right
children of node I.




V. Types of the Tree Data Structure

Convert a Generic Tree to Binary Tree o
(C)

Example :

4 Node G hastetwo
children: G and H. We
will set G as the left
child of C, and H as
the right child of G:




V. Types of the Tree Data Structure

Representation of Binary Trees

There are two ways 1in which a binary tree can be

represented. They are:
A. Array-Based Tree Implementation

B. Pointer-Based Tree Implementation




V. Types of the Tree Data Structure

Array-Based Tree Implementation

» If we implement a binary tree using an array, we

essentially flatten out the tree and store its nodes .

sequentially in memory, level by level.

» To implement a binary tree using an array, we will

follow these rules:




V. Types of the Tree Data Structure

Array-Based Tree Implementation

» Elements start being stored from position 1, with

position 0 remaining vacant.

» The root of the binary tree is placed at index 1 of the

array.

» The left child of the node at index i should be placed at
index 21. If node 1 has no left child, then index 21 should

be empty.




V. Types of the Tree Data Structure

Array-Based Tree Implementation

» The right child of the node at index i should be placed
at index 21 + 1. If node I has no right child, then index

21 + 1 should be empty.

» The empty positions in the tree where no node is

connccted ate fepresented . in the artfay usino. =1

indicating the absence of a node




V. Types of the Tree Data Structure

Array-Based Tree Implementation

Example 1: B G
BEEREEEEN ¢ o B
[W1 (1 21 (31 4] (5] [6] [7] [8] [9] & o

» However, binary trees need not be complete, so we

cannot avold potential gaps in our underlying array.



V. Types of the Tree Data Structure

Array-Based Tree Implementation

Example 2:

= G
(B

_|alBlcp) | E| P
W1 (1 [21 3] (4] (5] [6] [7] [8] [9)




V. Types of the Tree Data Structure

Array-Based Tree Implementation

Example 2:

» For example, if we implemented the following binary tree using
an array, indices 5, 6, and 8 would be empty:

» Because indices in the underlying array may be skipped, an
array-based approach can be space-prohibitive for sparse trees
(as memory would be wasted by allocating space for nodes that

do not exist).




V. Types of the Tree Data Structure

Array-Based Tree Implementation (A

Example 3:

A8 /. c . | D
BO0 (0 21 3 (4 5 (o [7) (8 19 [10] [11] [12] [13] [14] [15]



V. Types of the Tree Data Structure

Space Complexity

» The worst case occurs when we have a stick, as shown in the
example above.

» When this happens, only a single node can exist at each depth
of thetice.

> This is because the maximum number of nodes that can exist at

any depth d is 2971, assuming the root has a depth of 1.

» Thus, the number of array positions needed to support that

depth d is 2971,




V. Types of the Tree Data Structure

Space Complexity

» If we have a stick, the depth of our tree would be n,
and the array size we need to support a depth of d is:

28 2 L 26 1. 20 L on  OR ]
= 0(2")

» The space complexity is O(2"), which forces us to use
O(2"™) memory.




V. Types of the Tree Data Structure

Pointer-Based Tree Implementation

» An alternative to the array-based
approach  is  the  pointer-based |}
approach.

» In this approach, pointers are used to
link the various nodes of the tree.




V. Types of the Tree Data Structure

Pointer-Based Tree Implementation

Binary Tree Components

» There are three binary tree components. Every binary tree

node has these three components associated with it. It becomes .

an essential concept for programmers to understand these three
binary tree components:

JdData element
A Pointer to left subtree

JPointer to right subtree




V. Types of the Tree Data Structure

Pointer-Based Tree Implementation

Binary Tree Components

» These three binary tree components represent a node.
. » The data resides in the middle.

> The left pointer points to the child node, forming the
left sub-tree.

» The right pointer points to the child node at its right,
creating the right subtree.




V. Types of the Tree Data Structure

Pointer-Based Tree Implementation

Binary Tree Components

Node in Binary Tree




V. Types of the Tree Data Structure

Pointer-Based Tree Implementation

Binary Tree Components

e

AR ART IR b PaiE Yy




V. Types of the Tree Data Structure

Binary Tree Node Declarations
struct BTNode {
int data;
BTNode *left;
BilNode 3 rlhght;
b
typedef BTNode *BTREE;

Now, we might have a variable of type BTREE called BTree:




V. Types of the Tree Data Structure

Binary Tree Node Declarations

» The pointers storing NULL value indicates that there is
no node attached to it.

» An alternative would be to store a parent pointer within
each node, as shown in the Node definition below.

» If the node is the root, the parent pointer is NULL
(nullptr);

» Otherwise, it points to the node’s parent.




V. Types of the Tree Data Structure

Binary Tree Node Declarations

» Using this approach, the time complexity of finding a node’s parent would
be O(1) instead of O(n), since we have direct access to the parent.

struct BTNode {

int data;
BTNode *parent;
BTNode *left;
BTNode *right;

Jo




V. Types of the Tree Data Structure

Binary Tree Node Declarations

» However, this implementation is rarely used because it
is memory intensive, and the benefit of a parent isn’t
often worth the extra memory.

» Usually, we do not need a parent pointer, since the
behavior of a parent pointer can be emulated using
fecursion (e, when a3 fecursive call unrells  we
automatically move from a child to its parent; there’s no

need to store an explicit pointer).




V. Types of the Tree Data Structure

Tree Traversals

» If you want to process every node in a tree, you will have to
complete a tree traversal:

» a systematic method for processing every node in a tree.

» In this section, we will look at four different tree traversal
methods: the preorder, inorder, postorder, and level-order
traversals, each of which visit the nodes of a tree in a different
ordet.

» The first three of these traversals (preorder, inorder, postorder)

are recursive, while the level-order traversal 1s iterative.




V. Types of the Tree Data Structure

Tree Traversals

» The names of these traversals actually provide insight into their behavior:

USRS RS

» the prefix of the traversal name ("pre", "in", and "post") tells us when to
process the parent node (i.e., the node you are currently visiting) relative to
its children.

» In a preorder traversal, the parent node is processed before its left and
right children;

» in a postorder traversal, the parent node is processed after its left and
right children;

» and in an inorder traversal, the parent node is processed in between its
left and right children.




V. Types of the Tree Data Structure

Preorder Traversal

» To conduct a preorder traversal, you would complete

the following steps, in this order:

1) process the parent node (the node the recursion is .

currently on)

2) recursively process the left subtree

3) recursively process the right subtree




V. Types of the Tree Data Structure

Preorder Traversal

» The code for a preorder traversal is shown below:

vold preorder (BTREE BTree) {
1f (!BTree) return;
process (BTree -> data); // process the current node
preorder (BTree -> left); // recurse into left child

preorder (BTree = rlght) yooo Nl recurse dinto: right child




V. Types of the Tree Data Structure

Preorder Traversal

» Note that the process() function in the code above is just a
placeholder for the work that is done on each node.

Example:

» For example, to print out the nodes in a preorder traversal, we

use a print statement in process() or replace process() with a
print statement:

void process (int data) {

ceuRs<c datas<cc endl;




V. Types of the Tree Data Structure

Preorder Traversal (0 7491 82 6,5 3
(47 (23
e 9 8




V. Types of the Tree Data Structure

Uses of Postorder Traversal:

> Postorder traversal is used to delete the tree.

> Postorder traversal is also useful to get the postfix

expression of an expression tree.

» Postorder traversal can help in garbage collection

algorithms, particularly in systems where manual

memory management is used.




V. Types of the Tree Data Structure

Inorder Traversal

» To conduct an inorder traversal, you would complete

the following steps, in this order:

1) recursively process the left subtree

2) process the parent node (the node the recursion is
currently on)

3) recursively process the right subtree




V. Types of the Tree Data Structure

Inorder Traversal
» The code for an inorder traversal is shown below:
vold 1norder (BTREE BTree) {
1f (!BTree) return;
inorder (BTree -> left); // recurse into left child
processiBlirece == data); // process the current node

inorder (BTree —-> right); // recurse into right child




V. Types of the Tree Data Structure

Inorder Traversal 0 9.4 1.8,7.2.5,6.3




V. Types of the Tree Data Structure

Uses of Inorder Traversal:

» In the case of binary search trees (BST), Inorder
traversal gives nodes in non-decreasing order.

» To get nodes of BST in non-increasing order, a
variation of Inorder traversal where Inorder traversal is
reversed can be used.

» Inorder traversal can be used to evaluate arithmetic
expressions stored in expression trees.




V. Types of the Tree Data Structure

Postorder Traversal

» To conduct a postorder traversal, you would complete
the following steps, in this order:

1) recursively process the left subtree

2) recursively process the right subtree

3) process the parent node (the node the recursion is
currently on)




V. Types of the Tree Data Structure

Postorder Traversal

» The code for an postorder traversal is shown below:

volid postorder (BTREE BTree) {

1f (!BTree) return;
pOStorder (BTree =2 left) oSSR S clRseN T o s e TEANe hatid

postorder (BRTree —-> right) ;// recurse into right child

PIEOECSS (BTree = data) ’ // process

the current node
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Postorder Traversal 0 9844 53627
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Uses of Preorder Traversal:

» Preorder traversal is used to create a
copy of the tree.

» Preorder traversal is also used to get
prefix expressions on an expression tree.
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Level-Order Traversal

» The level-order traversal is another traversal
method that can be used to process the nodes of
A tree.

» In a level-order traversal, nodes are processed in
order of increasing depth, where nodes on the
same level (i.e., nodes that have the same depth)
are processed from left to right.
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Level-Order Traversal

» Unlike the other three traversal methods, the
level-order traversal is iterative rather than
recursive.

» To conduct a level-order traversal, a queue is
used in place of recursive calls.

> The code for a level-order traversal is shown
below:
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Level-Order Traversal |
void leveltorders(BTRELME Bittea) |

if (!BTree) return;

QUNEN RSN RO se e )

EnQueue (bfs, BTree); // push root into queue
while (!isEmpty(bfs)) { // while queue not empty
BTNode* current = DeQueue (bfs);

PiEOEESiSHRCINER OISl e o

if (current->left) EnQueue (bfs, current->left);
LE QSRS bR gl EnQueue (bfs, current-> right);
R swlrle

} // level order ()
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Level-Order Traversal 0 7.4,2,9,1, 6,8, 5, 3
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Example :

Traverse the following binary tree in pre, post, inorder and level order:
» Preorder traversal yields:
PF,B,HG,S,R Y, T,W,Z
» Inorder traversal yields:
B,F,G,H,PLR,S, T,W, Y, Z e
» Postorder traversal yields:
B, G ELE SRy Wl ZoY, S0 P

» Level order traversal yields:

PF,S,B,H,RY,G,T,Z, W
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Binary Search Trees (BST)

» One pitfall of the standard binary tree is that its
elements are not ordered in any manner.

» This can make searching difficult:

» if you wanted to find a given element, that element
could be anywhere in the tree!

» To address this issue, we will introduce the binary
search tree (BST), which is a binary tree whose
elements are ordered based on a sorting invariant.
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Binary Search Trees (BST)

» A special type of binary trees, called binary
search tree is a binary tree in symmetric order.

» Each node has a key, and for each node in the
tree the value of any node in its left subtree is
less than the value of the node and the value of
any node in its right subtree is greater than the
value of the node.
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Binary Search Trees (BST)

A standard non-empty binary search tree exhibits the following
properties:

» The key of any node is always greater than all of the keys in its
left subtree.

» The key of any node is always less than or equal to all of the
keys in its right subtree.

» Both the left and right subtrees of any node are also binary
search trees themselves.
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Binary Search Trees (BST) |

The following given figure 1s an example of a binary search tree.

5%

Figure 4.3: Representing a binary search tree

Ty
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Binary Search Trees (BST)

» Tor a tree to be a valid binary search tree, only the rules specified above
need to be met. As a result, it is possible for two binary search trees to

have different structures, even if they have the same keys. Two examples

are shown below:
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Binary Search Trees (BST)
» Since keys in a binary search tree are ordered

in a way suc

a1 that all kkeys to the left ate

smaller and al

| keys to the right are larger,

» the inorder traversal of a binary search tree

will always visit its keys in sorted order.
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Binary Search Trees (BST)

inorder traversal inorder traversal
3,.5.5:6, 7.8 3, 5:5,6,7.8
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Operations in Binary Search Trees

» Binary search trees are useful for efficient searching, insertion, and
deletion operations.

» Searching for a value in a balanced binary search tree has a time
complexity of O(logn), where n is the number of nodes in the tree.

» This is because each comparison of the search value with a node's value
eliminates half of the remaining nodes in the tree, remember in this
case we assume that the binary tree is not left or right-skewed.

» In a binary search tree, many operations can be performed. Some of
the operations are mentioned below in detail.
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Searching in a Binary Search Tree

Binary search trees support efficient searching since you will
only need to look down one side of the tree at each level.

» If you want to search for a target key k, and k is smaller
than the current root element you are looking at, then k
must be in the left subtree 1f it exists.

» Otherwise, if Kk is larger than the current root element, then
k must be in the right subtree if it exists.
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Searching in a Binary Search Tree

» You can think of this as a "binary search" of the tree’s
elements since you are removing halt ot the search
space every time; hence why this data structure is called

a binary search tree!

» The searching algorithm can be implemented both
iteratively and recursively. The following iterative
implementation returns a pointer to the node with key
k if it exists; otherwise, it returns NULL (nullptr).
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Searching in a Binary Search Tree
BiiNode s \seameh TS INIBIRRFF S B inoe it it e bl
while (BTree != NULL && k != BTree -> data) {
if (k < BTree -> data)
BTree:= BTree —=> left;
else
BTree = BTree -> right;

}

return BTree;
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Searching in a Binary Search Tree

BiENeodedsise s tchAESISEE TR EABEmae Sl B ks
while (BTree != NULL && k != BTree -> data) {

if (k < BTree -> data)

BTree = BTree -> left;

else
BTree = BTree -> right;
}

return BTree;
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Searching in a Binary Search Tree

» The following implementation does the
. same thing, but with recursion instead of
iteration.

» Note that this implementation is tail
recurstve, since the recursive call is always

= donelast
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Searching in a Binary Search Tree
BiNeode® ssesnch sBSTEBITRER. Bil reer nt: ke o
1f (BTree == NULL || BTree -> data == k) {
return BTree;

}
1f (k < BTree => data)

EQtUEn. seareh BolHBilres e daifE) vy

}
return: searah Boll(Bllrees ==« ri ghieye k) >
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Searching in a Binary Search Tree

» What is the time complexity of searching for
a key in a binary search tree?

» In the worst case, the binary search tree may take
the form of a stick, and you may have to search
the entire tree to find a given key.

» This results in O(n), runtime, where n is the
number of nodes in the tree.
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Searching in a Binary Search Tree
The Maximum and the Minimum

» To find the minimum identify the leftmost node, i.e. the
farthest node you can reach by following only left
branches.

» To find the maximum identify the rightmost node, i.c.
the farthest node you can reach by following only right
branches.
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Searching in a Binary Search Tree

BTNode* Min_BST(BTREE BTree) {
1f (BTree == NULL) {
return NULL;

}
while (BTree -> left) {

BTree = RTree —-> left;
}

return BTree;
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Searching in a Binary Search Tree

Bl Node & (M1 np BB FRILE G Bilre el
i1f (BTree == NULL) {
return NULL;
}
while (BTree -> left) {
BTree = BTree -> left;

J

return RTree;
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Searching in a Binary Search Tree

BTNode* MaX_BST(BTREE BTree) {
1f (BTree == NULL) {
return NULL;
}
while (BTree > rightd |
BTree = BTree —-> right;
}

return RTree;
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Searching in a Binary Search Tree

Biflece s Max Bl (BIRRES Bttt e o
i1f (BTree == NULL) {
return NULL;
}
while (BTree -> right) {
BTree = BTree -> right;
}

return RTree;




V. Types of the Tree Data Structure

Inserting into a Binary Search Tree

» To insert a key into a binary search tree, one needs to maintain
the binary property of the tree.

» To achieve this, the appropriate location for the inserted
element 1s obtained and then the element is inserted into the
tree. Therefore, We follow a procedure that 1s similar to search:

» we start at the root and trace a path downwards, but this time
we want to look for a NULL (nullptr) position to append the
node.
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Inserting into a Binary Search Tree

> The implementation for BST insertion 1s shown below.

void insert_BST(BTREE &§BTree, int k) {
i1f (BTree == NULL)
Blirce = Ckedte iBliNodelic]l
else
1f (k < BTree —-> data)
N serEBOIR(Bltee s llenie ko
else
T Rse Re ST (RN en =B S E gl R
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Inserting into a Binary Search Tree

|
|
i
.@ |
|
|
|

Vaid i ce tiaaESIRNEIRREBES B ie o R ET e

if (BTree == NULL)

. BTree = Create BTNode (k) ;
else Q

if (k < BTree -> data)

s e RSN IREE e s he I

else @

FricerEtBEB I (Blnee e S el ke

} O
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Inserting into a Binary Search Tree

» Similar to search, the time complexity of insert

depends on the heioht of the tiee

» In the worst case, the binary search tree could be
in the form of a stick, requiring the algorithm to
traverse the entire tree before finding the position
to insert the new node — this would take O(n)
time.
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Removing from a Binary Search Tree
» So far, we have covered search and insertion.

» However, what if we wanted to remove a key
from a binary search tree?

» Removal is slightly more complicated, since we
will have to detach a node while still maintaining
the sorted property of a binary search tree.
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Removing from a Binary Search Tree

» There are four different conditions we have to consider

when removing a node from a binary searc

l) The node we want to remove has no children.

AT ui

he nod

3) T

e we want to remove |

has no left child.

he nod

e we want to remove |

nas no right chi

N tree:

(ol

4) The node we want to remove has two children.
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Removing from a Binary Search Tree

1) The node we want to remove has no children.

» This condition is trivial; if we want to
remove a leat node, we can just snip ott the

leaf.

> In the example below, 88 has no children, so
we just delete it
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Removing from a Binary Search Tree

1) The node we want to remove has no chlldren
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Removing from a Binary Search Tree

2) The node we want to remove has no left child.

» If the node we want to remove has no left child, we can
just replace it with its right child.

» In the example below, 34 has no left child, so we just
replace it with its right child, 47.
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Removing from a Binary Search Tree

2) The node we want to remove has no left ch11d

remove 34
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Removing from a Binary Search Tree

3) The node we want to remove has no right child.

» If the node we want to remove has no right child,
we can just replace it with its left child.

> In the example below, 19 has no right child, so we
just replace it with 1ts left child, 12
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Removing from a Binary Search Tree

3) The node we want to remove has no right child.

Iﬂ . I
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Removing from a Binary Search Tree

4) The node we want to remove has two children.

» This is a trickier case, since the node to remove
points to two things instead of one.

> As a result, we will need a procedure for replacing
the deleted node in a way that preserves the
binary search tree property.
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Removing from a Binary Search Tree

4) The node we want to remove has two children.

» A key observation to make here is that any node in the left subtree
of the deleted node must be smaller than any node in the right
subtree of the deleted node.

» Thus, we can preserve the binary search tree property by either

A. replacing the deleted node with the smallest node in its right
subtree, or

B. replacing the deleted node with the largest node 1n its left subtree.
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Removing from a Binary Search Tree

4) The node we want to remove has two children.

» Tor example, suppose we wanted to remove 53 from
the following binary search tree.

» We can either replace 53 with the smallest element in its
right subtree (70), or with the largest element in its left
subtree (47).

» Both approaches would maintain the binary search

tree property:
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Removing from a Binary Search Tree

4) The node we want to remove has two children.

remove 53 Q

ORON*

Replace 53 with 70,
then delete original 70
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Removing from a Binary Search Tree
4) The node we want to remove has two children.

a remove 53 a

Replace 53 with 47,

then delete original 47 G
71
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Removing from a Binary Search Tree

4) The node we want to remove has two children.

» The smallest node in the right subtree of a given node K is
known as the inorder successor of node K.

» Similarly, the largest node in the left subtree of a given node K is
known as the inorder predecessor of node k.

» This is because the inorder successor of k comes directly after
(i.e.,, succeeds) k in an inorder traversal, and the inorder
predecessor of k comes directly before (i.e., precedes) k in an

1N nfr] er ffqvprcql
V AL UV

ALANJ L LWL CL (A
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Removing from a Binary Search Tree

4) The node we want to remove has two children.

Inorder traversal: 12, 26, 47, 53, 70, 71, 85

/ \

Inorder predecessor of 533  Inorder successor of 53
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Removing from a Binary Search Tree

4) The node we want to remove has two children.

» Because the inorder successor and predecessor arc
directly adjacent to the node we want to delete, it is safe to
replace the deleted node with either of these values.

» The code for remove is shown below.

» In this version, the removed node is substituted with the
inorder successor (the logic for the inorder predecessor
version is analogous but not displayed here).




void remove BST (BTREE &BTree, int data) { else |
BifNodeitnnodavEaRdeifciben=NBiRrac? IHoEdeE i stie ce Bison=nBitc e st aie gl
BiNodersdnonde R sHeses s om; while (1norderisuceassOrs s clant)
1f (Blirce == NULL) shghovasichaichileisishsislona i |
return; Inordaeriiciic@esso = alomEy j
} IR R e
else if (data < BTree -> data) { Hode to dellete = data =
e ee SR EIHBTNRc e NI SR s e SR IHEINElc mRETIEE e St Ot S C NEC
} remgve \BoT(Blrce ->
else if (BTree -> data < data) { I ngEdeiasite s e ssiarine S cha o)
remeyen BSn B reatts i et N e G e }
} o e isc
else { FS LS Erce i emovie ()
if (BTree ->left == NULL) {

BTree = BTree ->right;
deliet chmedenstaieicicizes
J
else i1f (BTree -> right == NULL)
Bltteo s Blhecii=ris wheits:
delefevnode tonde et ey




voild Remeve BSHRIBEREE SRBllkes, dRE dabal o
BiNedess node. e de lekbe S Biipccs
BTNedes lnokder cllccescor;
1f (BTree == NULL) ({
return;

.
else if (deta <« BTree -> dafa) |
remove BoldBlrec o> sheihy datal

}
else 1f (BTree -> data < data) {

removie s BET(Billnec i ruglam, it ) s




voild Remeve BSHRIBEREE SRBllkes, dRE dabal o

/******************Part l ******************/

else {
1f (BTree —->left == NULL) {

BTree = BTree ->right;

. gdolicke nodc e gaellctict:

J

else if (BTree -> right == NULL) {
Bitea = Bileeaa>aledty
gellote node tfo delctay




voild Remeve BSHRIBEREE SRBllkes, dRE dabal o
/******************Part 1 ******************/ '

/******************Part 2 ******************/ !

else { // Node to delete has both left and right subtrees
Fhowdermisece SO = Billiheie & 5 veiellhing
while (wnorder su@cessoEs s>l i)
. Therdenhnsticeessol = ulhakder \sliceesson &> el Gy
B A whiTe
nedes o de e te dta s dara = ainonde st stle e sson s> elgiel

remeve Bt Bibccietsr i a gl n o den WSiitece s s o et et s e

}

} /) else

]
i A N B S O = ) S DRI AN R KRN g
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Removing from a Binary Search Tree
4) The node we want to remove has two children.

» Replacing a deleted node with either its inorder
successor or predecessor 1s the simplest way to approach
deletion, as it maintains the BST property without requiring
you to reconfigure the other elements in the tree.

» The process for finding the inorder successor or
predecessor of any node i1s also relatively straightforward.
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Removing from a Binary Search Tree

4) The node we want to remove has two children.

» To identify the inorder successor of a node, go right

once, then go as far left as possible until you reach a
node without a left child.

» To identify the inorder predecessor of a node, go
left once, then go as far right as possible until you reach
a node without a right child.




V. Types of the Tree Data Structure

Summary of Binary Search Tree Time Complexities

. Best-Case Average-Case Worst-Case
Operation . . .
Time Time Time

0(1) O(log n) O(n)

Searching

0(1) O(log n) O(n)
0(1) 0(log n) O(n)
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