Chapter

Exam Problems and Topics

5.1 Topic 1: Final exam (M’sila, 2022-2023)

Let © be a bounded regular open set in RY with N > 3. We consider the following nonlinear

Dirichlet problem:

(5.1)

—Au = |u|7%u, dans
u =0, sur Of).

where ¢ € [2,2*] and 2* = ]3—]_\[2 The goal of this exercise is to study the existence of a nontrivial

weak solution in the space H}(f2) using the Mountain Pass Theorem.
1. Provide the variational formulation associated with problem (5.1).

2. Consider the functional ¢ : H}(Q) — R defined by:

_1 2 _1 q
o(u) = 2/Q|Vu] dx q/Q|u] dx.

(a) Justify that the functional ¢ is well-defined.

(b) Assume that ¢ € C'(H}(Q),R); find the expression for (¢'(u),v) for all u,v €
H} (), and verify that the critical points of ¢ are exactly the weak solutions of
(5.1).

3. We want to prove the first geometric condition that ensures the existence of a strict local

minimum of ¢.
(a) Show that for all u € H}(Q), we have:
o) > Sz — Cillull
= gl G
(b) Deduce that there exist p, @ > 0 such that:
o(u) > a forall wue Hy(Q) with [ull gz = p.

4. Now, we turn to the second geometric condition. Fix v € Hj(Q) such that [jv]lz = 1

and v > 0, and define:
S / |v|? dz.
Q
3
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Variational methods for nonlinear elliptic problems

(a) Verify that:

lim ¢(tv) = —oc.

t——+o00

(b) Deduce that there exists ¢ € Hy () such that (1)) < 0 and [[¢[|zz > p.

5. In this part, we show that ¢ satisfies the Palais-Smale condition (P.S).

(a) State the Palais-Smale condition.

(b) Let (u,) be a sequence satisfying the Palais-Smale condition. Explain what this

means.

1.

1i.

.

Verify that for sufficiently large n, we have:

(0" (tn), un) | < Nl 1z,

and deduce that:

1 1
©(un) — g<90/(un>aun> <C+ gHUnHHg

By contradiction and using the relation above, show that the sequence (u,) is

bounded in H} ().

i. Justify the existence of a subsequence (u,, ) of (u,) (for simplicity, we keep the

notation (u,)) and a function v € Hj () such that:

Up — U, weakly in H}(Q);
Uy —> U, strongly in L4(Q) for all ¢ € [2,2%);

un(z) = u(z), pointwise almost everywhere in €.

Justify that:

(O (un)yup —u) =0, (P(u),u, —u) -0 as n — oo.

(d) Calculate explicitly:

(@' (un) = &' (w), un — u).

(e) Show the following estimates:

‘/Q |72t (10, — 1) dt| < Col[ti, — |10,

‘ /Q ]2y — ) de| < Cyllun — ul| 0.

(f) Deduce that the sequence (u,) converges strongly to u in H} ().

6. Conclude.
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Variational methods for nonlinear elliptic problems

5.2 Topic 2: Catch-up exam (M’sila, 2022-2023)

Exercise 1:

Let Q be a bounded open set in RY. Consider the following problem:

—Au = cosu, in §2;
(5.2)

u =0, on 0f).

1. Provide the variational formulation associated with the problem (5.2). Show that if

u € H}(Q), then each term in the variational formulation is well-defined.

2. Find a functional J : H}(Q) — R, whose critical points are weak solutions of the problem
(5.2).

3. Show that J is coercive and weakly lower semicontinuous. What can we conclude from
this?

Exercise 2:
Let E be a Banach space and let I : E — R be a differentiable functional. Assume that:

(I'(u) = I'(v),u —v) >0, Yu,v€E, u#v.
Fix u,v € E and define the function ¢ : R — R by: ¢(t) = ](u + t(u — v))

1. (a) Compute ¥'(t).
(b) Fix s < t, show that

() = (s) = - i S(I’(u +Hu—v)) = I'(u+s(u—0)),tu—v) - s(u—0v)).

(c) Deduce that 1 is strictly convex, and in particular, we have:
P(t) < tp(1) + (1 = 6)3(0).

(d) Conclude that I is strictly convex.
Recall that any strictly convex, differentiable, and coercive functional has a unique critical
point.
2. Application:

Let Q2 C RY be a bounded open set, let ¢ € L>() satisfy ¢(z) > 0 almost everywhere
in Q. Let A(z) be a symmetric matrix with components in L>°(€2). Assume there exists
A > 0 such that:

(A(x)y)y > A|y|*>, for almost every » € Q, and for all y € RY.
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Variational methods for nonlinear elliptic problems

For any f € L?(Q), consider the following problem:

{ —div(A(z)Vu) + g(z)u = f(z), in (5.3)

u =0, on 0f).

Consider the associated functional J : H}(Q) — R defined by

J(u) = /Q(A(x)Vu)-Vv dw+/gq(3:)uv dx—/va dx.

5.3 Topic 3: Final exam (M’sila, 2023-2024)

I) Let (E,|| - ||) be a Banach space and let J : E — R be a functional.

1. (a) Give a definition of the Fréchet differentiability and Géteaux differentiability.

(b) Give the relationship between them, then give an appropriate condition so that there

is an equivalence between them.

2. (a) Give a definition of the critical point of J.
(b) State the Palais-Smale condition.

II) The following result is a consequence of Ekeland’s variational principle.

Proposition: Let (E, || -||) be a Banach space and let J € C*(E,R). We assume that J is
bounded from blow (i.e. AM > 0: J(u) > M,Yu € E) and satisfies the Palais-Smale condition
at level ¢ = 51612 J(u). Then there exists ug € E such that J(ug) = ruré%l J(u).

Let Q C RY (N > 3) be an open bounded. We consider the following problem

—Au w) = f(x), in §;
(P){ At gu) = f(a), in 9
u =0, on 0f),

where f € L*(Q) and g : R — R is a continuous function satisfies
(91) 3a,b >0+ |g(t)] < a+ bt g € (1,2) (2 = §55)-

(g2) G(s) > 0,Vs € R, where G(s) = [; g(t) dt.

The goal is to prove that Problem (P) admits at least a weak solution in H}(Q2) using the

previous proposition.
1. Define the notion of weak solution for this Problem.

2. Define J : Hy(Q) — R by
J(u) = ;/Q|Vu(:p)|2 d:r—f—/QG(u(x)) dm—/ﬂf(x)u(x)dx.
6 Abdelhak MOKHTARI
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Variational methods for nonlinear elliptic problems

(a) Verify that J is well defined.

(b) Justify, without detailed proof, that J is differentiable and calculate J'(u).

3. (a) Verify that there exist ¢; > 0 such that
L
J(u) = Sl = ellullm- (5:4)
(b) Deduce that J is bounded from below.

4. Let (u,) C H}(Q) be a sequence of Palais-Smale.

(a) Using (5.4), show that (u,) is bounded in H} ().

(b) Justify the existence of a subsequence (u,, ) (for simplify we keep the notation (u,,))
and u € H}(Q) such that

Up — U, weakly in H}(Q);
Uy — U, strongly in L4(Q), q € (1,2%);
un () = u(zx), a.e. T € (2

Jh e LYQ) : |lu@)| < h(z), ae z€Q.

5. (a) Check without calculation that (J'(u,) — J'(u), u, — u) — 0 as n — +oo.
(b) Calculate explicitly (J'(u,) — J'(u), u, — u).
(¢) Show that
Jo g(up)uy, de — [ g(u)u de,

Jo 9(un)u dx — [o g(u)u dx,
Jo 9(w)u, dx — [ g(u)u du.

(d) Deduce that J satisfies the Palais-Smale condition.

6. What do you conclude?

5.4 Topic 4: Catch-up exam (M’sila, 2023-2024)
1)

1. (a) Give a definition of the Fréchet differentiability and Géateaux differentiability in a
Banach space.

(b) Give the relationship between them, then give an appropriate condition so that there

is an equivalence between them.

2. We consider the following functional:

0 WyP(Q) — R
u = o) = ulll, = [ [Vl dr.
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Variational methods for nonlinear elliptic problems

(a) Show that lim / [Vu + 1Yol — [Vul?
t—0 JO

t
(b) Show that ¢ is Fréchet differentiable and we have that

dt = p/ |VulP?VuVu dz.
"

(' (u),v) = p/Q |VulP?VuVu dz.

II) Let Q € RY, with N > 3, be an open and bounded. Let f : R — R be a continuous

function such that

(f1) 1FO] < a+ bt

N NN—Q with p < N.

(f2) f)t <0and (f(t)— f(s))(t—s) <0. Vt,s €R.
Let h € L1(Q) (

+ = = 1), we consider the problem

141
P q

(P) { —div(|Vu|p_2Vu> = f(u) + h(z), in £
u =20, on 0f).

Let F(t) = f! f(s) ds and we define a differentiable functional .J : W, ?(Q) — R by
Ty == [P dr— [ F) e~ [ b
u) = — ul? dx — u) dr — z)u dz.
pJo Q Q
1. Justify that J is well defined in Wy*(Q).

2. Justify that that a critical point of J is a weak solution of (P).

3. (a) Using the following elementary inequalities

Cplz—y[?

(|22 — |y|P~?y)(x —y) > Cplz —yl?, ifp>2;
(lz[P~2z = |y[P~?y)(z — y) > Thmnerr  H1<p<2.

Show that (J'(u) — J'(v),u —v) > Cllu—vl[{ ., for all u,v € W,y (Q) and for some
0
C>0.

(b) Deduce that J is strictly convex.

4. (a) Using (f2), verify that F'(t) <0 for all ¢ € R.

(b) Show that J is coercive.
5. What do you conclude?

6. Let f(t) = —|t|]° %t with o € (1,p*). Verify that f satisfies the assumptions (f1) and (fs).
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5.5 Topic 5: Final exam (M’sila, 2024-2025)

Let € RY be a smooth open bounded set with N > 3. Let a >0,b>0and f: R — R be a

continuous function. We consider the following Kirchhoff-type problem:

) { (a+bfo [Vul?de) Au = f(u) inQ,
w=0 on 0f.

We say that u € HZ () is a weak solution of (P) if:

2 _ _ _ 1
(a—i—b/Q|Vu| da:)/QVu Vv dx /Qf(u)vda: 0, Yve HyQ).

The energy functional corresponding to problem (P) is defined as follows:

_a 2 gy 4 0 ( [ 1vur ) - [ F
J(u) = 2/9\Vu\ dx+4 Q|Vu] dx A (u)dx,
where F(t) = [i f(s)ds. Assume that there exist 1 < @ < 2 and A > 0 such that:
- E(@)]

ltsoo ||

(H)
1. Show that the assumption (H) implies that:
3C1,Cy > 0:  [F(t)| < Ci]t)’ + Co, VEER,
for some constants C, Cy > 0.
2. Under the hypotheses (H), show that the functional .J is well-defined.

3. We set: ,
D(u) = (/Q |Vu|2d:c> Cwe HAQ).
Show that v is differentiable, and we have:

(W' (W), v) = Alully e [ Vu-Vvdz, Vuve HY(Q).

4. Justify, without detail, that J is differentiable and compute J'(u). What do you notice?
5. Show that there exist constants Cs, Cy > 0 such that, for any u € H}(Q), we have:
() > S ul3y + éHUH4 = Gsllullfy - C
= my T gl = Csllullyy — Ca
Deduce that J is coercive.
6. Let (u,) C H}(Q) be a sequence such that u, — u weakly in H} ().

(a) Show that:
/QF(un)d:c — /QF(u)da:

(b) Deduce that J is weakly lower semi-continuous.

7. Conclude.
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5.6 Topic 6: Catch-up exam (M’sila, 2024-2025)

Let © be a bounded open subset of RV, N > 3. We consider the following problem:

—Au = f(u), in Q,
(P)
u =0, on 0f,
where f: R — R is a continuous function such that f(0) = 0 and satisfies:

(Hy) : Ja,b> 0, o € [1,2[: |F(t)| < alt| + b|t|]7,Vt € R.

with: F(t) = [i f(s)ds.
We consider the functional J : H}(Q2) — R defined by:

J(u) = ;/Q|Vu|2da:—/QF(u) dz.

We define: ) .
S 2 _ - 2 —
hw) = Sy = 5 [ [Vufdz, Jaw) = [ Fu)dr.

1. Write the weak formulation of (P).

2. (a) Show that J; is differentiable in H}(Q2) and that:
(Ji(u),v) :/QVU -Vodr, Yu,v € Hy(Q).

(b) It is given that .J, is differentiable and that (J(u),v) = [ f(u)v dx. Justify that J

is differentiable on H}(Q) and what can we conclude?

3. Show that there exist ¢1, ¢y > 0 such that:

1 o
J(u) = §Hu\|§{5 — alullgg = callull 7 (5.5)

4. Let (u,) C H}(Q) be a minimizing sequence of J, i.e.,

lim J(u,) = inf J(u).

n=%0 wEH ()
Using (5.5), show that the sequence (u,), is bounded in Hj(£2).

5. Deduce that there exists a subsequence of (u,,), (still denoted by (uy,),) and u* € H}(Q)
such that u, — u* in H}(Q). Then show that:

lim [ F(u) de = / F(u*) da. (5.6)

n—+oo JO (¢}

6. Knowing that [lu”|z < lirginf |unllgy, show that u* is a minimizer of J; ie., J(u*) =
n o0
inf J(u). What can we conclude?
u€H}
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Variational methods for nonlinear elliptic problems

7. Let 1 € HY(Q) N L*>(Q) be the first positive eigenfunction of the operator A, that is:
/levu dz = )\1/Qg011) dr, Yo e HY(Q).
where \; > 0. Suppose that f satisfies
Hy:36>0,36 >\ : f(t) > pt, Vtel0,0].
(a) Show that, for £ > 0 sufficiently small, we have:

2
Jep) <5

(A — B)/ ¢t d.
Q

(b) Deduce that J(u*) < 0. Conclude.

5.7 Topic 7

Let’s consider the following problem (P):
—Aju = |[u|%2u in Q,
) { o=l

u=0 on 0,

where () is a bounded regular domain in RY. We assume that 1 < ¢ < p.
We admit that the functional

L) — R
w = p(u) = flullrg), r>1

is differentiable, and
(' (u),v) = 7“/Q lu|"2uv dz, Vu,ve L7(Q).

We define . .
J(u) = ];HVUH’ip - §IIUHqu'

1. Show that .J is differentiable on W,”(Q) and compute J'(u).
2. Show that for all € > 0, there exists ¢; > 0 such that

lullze < elfullyp + e
3. Deduce that J is bounded below.

4. Let (up), be a minimizing sequence of .J, that is,

lim J(u,) = Emi/rlli(m J(v).
vEWo

(a) Show that (uy,), is bounded in W, ”(Q).
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(b) Deduce that there exists u € W, (Q) such that
Uy, — u, in Wy (), Uy, — u in LI(Q).

(c) Show that J(u) = inf J(v).
veW, P ()

(d) Deduce that u is a weak solution of (P).

(e) Let oy € WyP(R) be the first positive eigenfunction of A, (i.e., —A,p1 = \h ",
A1 > 0). Show that there exists ¢ > 0 such that J(tp;) < 0.

(f) Show that u # 0.

5.8 Topic 8

Let © C RN, N > 3, be a bounded open set, and let 1 < p < N. We define:

P
A= uewgviprgz),u;éo W‘
We set:
1) =l gy = [ [Vl do, () =l = [ ful? do
and we define the quotient functional Q : Wy () \ {0} — R by:
I(u
Q) = 5,
Thus, Ay = inf g Q(u).

1. Using Poincaré’s inequality, verify that A; > 0.
2. Let (u,) be a minimizing sequence of ), that is,

lim Q(u,) = inf Q(u).

nreo ueW, P (Q)\{0}
We can normalize (u,) by setting ||u,||» = 1. Show that (u,) is bounded in Wy ().

3. Deduce that there exists a subsequence (denoted again by (u,),) and u* € Wy () such
that:
u, — u* in WyP(Q),  u, — u* in LP(Q).

4. Knowing that ||u*||W01,p(Q) < lim inf ||un||WO1,p, show that Q(u*) = A;.

5. It is assumed that every minimum point of a differentiable functional is a critical point.
Given that @ is differentiable, we have:
A1
J(u)

(Q'(u),v) = [/ﬂ \VulP~2Vu - Vo dr — Q(u) /Q |u|P~2uv dac} :

Deduce that u* satisfies

/Q VU [P2Vu* - Vodr = \ /Q P 2wt de, Yo € WyP(Q).
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5.9 Topic 9

Let Q be a bounded and regular open set in RY (N > 3) containing the origin (0 € Q). Let

f iR — R be a continuous function satisfying the following conditions:
(Hy) (f(t) — f(s))(t—s) <0, VtseR.

(Hy) Ja,b >0, 3o € [1,2]: |F(t)] <alt|+0bJt|”, VteR,

where F(t) = [i f(s)ds. We consider the following problem:

Uu .
P) —Au = ns + f(u) inQ
u=70 on 05}

;o >0

We recall Hardy’s inequality:

Ju(z)? 1 ot
e dr < ﬁ/QWude, Vu € Hy(Q), where H — ( . ) |
We consider the functional J : H}(2) — R defined by:
1 2 wofou?
T2 d—*/fd—/F du.
7w) 2 /Q Vul"dz 2 Jo |z|? T (u) dx
We define
Q

1. Verify that J is well-defined.
2. Suppose that 0 < p < H. Show that:

H— 1/2
Wi(a) = (Sl where ull = ([ [Vufdz)

3. (a) Show that v, is differentiable (in the Fréchet sense) on Hj(2) and that we have:
/ VuVudr — u/ de Vu,v € Hy(€2).

(b) Tt is assumed that 1), is differentiable on H}(2) and
= dx.
v) /Q f(u)v dx
Deduce that J is differentiable on Hj () and that:
(J'(w),v) = (@1 (u) = ¥5(u), v).
What can we observe?
4. Show that J' is is strictly monotone.

5. Show that there exist constants ci, ¢y > 0 such that:
H—p
L ull

J(u) > — crflull gy — c2lullF -
Deduce that J is coercive.

6. Conclude.
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Chapter 6

Solutions of Some Topics

6.1 Solution to Topic 1

1. A function u € Hj(Q) is a weak solution of (P) if and only if:

/ VuVu dx — / |u|??uv dx =0, Vv e Hy().
Q Q

2. (a) For all u € H}(2), we have [, |Vul|* dz = ||ul|3, < oo, and by the continuous
0
embedding HJ () — LY(Q) (q € [2,2*[C [1,2%]), there exists Cy > 0 such that:

lullze < Collullmy, Yu € Hy(€). (6.1)

thus [q |ul? dx < .
(b) We have ¢ € C'(H}(Q),R), moreover:
(P (u),v) = / VuVu dx —/ lu|"?uv dz, Vu,v € Hg(Q).
Q Q
It is easy to see that:
u € HY () is a critical point of ¢ < ¢/(u) =0 in (Hé(Q)),
& (¢ (u),v) =0, Yve Hi(Q)

& / VuVou dx — / lu|!"*uv dz = 0
0 Q

< u is a weak solution of (P)

3. (a) Using (6.1), we get p(u) > %||u||§{3 - C’1||u||j’gé, with C; = C§.

(b) Since ¢ > 2, there exists p > 0 small enough so that %pQ —Cip? > 0, let a =

$p* — Cyp?, then we can write:

1
Vu € HY(Q), lullgy = p: o) > 5% = Cip = a > 0.

4. (a) We have p(tv) = 1¢* [ |Vo|* dz — %tq Jo 0] doz = $t? — %th, since ¢ > 2, we get
1

. T 242 Lo
tEI-Eloo p(tv) = tlg-noo Qt ot o0
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(b) According to question (4-a), there exists ¢ty >> 0 large enough such that ¢(tgv) < 0
and [[tov]|g1 = to > . Thus we take ¢ = tov.

5. (a) We say that ¢ satisfies the Palais-Smale (P.S) condition if: for any sequence (u,) C
!/
H} () such that |p(u,)| < C and ¢'(u,) — 0 in (H&(Q)) , we can extract a subse-
quence that converges strongly in Hj ().

(b) Let (u,) C H}(R2) be a (P.S) sequence; i.e.,

/

p(un)] < C, ¢(un) 0 in (H§(Q)) (6.2)

i. It is easy to see that |(¢'(un), un)| < [|¢"(un)ll mpy ltnllgy- According to (6.2),
" (wa)ll 2y — 0, so for n large enough we have [|¢'(us)||(g1y < 1, thus

(" (wn)s wn)| < (0" (ua)ll aay |z < Nl || 13-
We deduce that:

1, 1, 1
p(tn) — 5«0 (tn)s tn) < Jp(un)| + §|<90 (un), un)| < C + 6||Un||Hé'

ii. Suppose that (u,) is not bounded in H}(Q); then there exists a subsequence
(tny) (denoted (uy)) such that [ju,||g — +00 as n — +oo. We have:

1 1 1 1
Ot unllg = o) = A& (wn) ) = 5 [ Vol dwr— [ ]

1
—[/ |Vu,|? dm—/ [t |? dx]
ql/o Q

= (5= )l

which implies that (% — %) ||un|]fqé — %H%HH& < () this is impossible because

(% - é)HunH?{é - %HunHHé — +00 as [|uy|[gy — 400, and this is due to ¢ > 2,
ie., % — é > 0. Therefore, the conclusion is that the sequence (u,,) is bounded
in H}(Q).

(c) i. Since (u,) is bounded in H} (), which is reflexive, we can extract a subsequence
(tp,) (denoted (u,)) and a function u € H}(Q) such that w, — u weakly in
H}(Q).

By the compact embedding HJ(2) <eomp L) (g € [2,2[C [1,2*]), we then
have u,, — w strongly in L9(€); (||u, — u||pe — 0, as n — +00).
Since u,, — u strongly in L(Q2), by T.C.D diverse, there exists a subsequence
of (uy) (still denoted (uy,)) such that u,(z) — u(x) a.e. = € Q.

ii. Since ¢'(u) € (H&(Q))l and u,, — u weakly in H}(Q), then
(@' (u),uy) = (¢ (u),u), hence (¢'(u),u, —u) — 0 as n — +o0.
Similarly, since ¢'(u,) € (H&(Q))/ for all n and ¢'(u,) — 0 in (H&(Q))I and
u, — u weakly in H}(Q), we have (¢'(uy,), u, —u) — 0 as n — +00.
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()

(' (un) = ' (W), up —u) = (@' (un), un —u) = (' (u), un —u)
= /QVunV(un —u) dxr — /Q |un\q_2un(un —u) dx

— /Q VuV (u, —u) dr + /Q |u|??u(u, —u) dz
= =l = [ (ual" 2 = ol ) (1 = w) dav
0 Q

We apply Hélder’s inequality

q—1

(A|un—u|qu);(/§z(|un\ql)& dm) ‘

= JJunlfe’ lJun — ullzo

IA

q—2 _ d
‘/Q|un| iy ( — ) dt

S Cg”un — ”LLHLq.

The last estimate holds because u,, — w strongly in L%(2), so the real sequence
||| %" is bounded.
Similarly, we have

q—1

< (] fun—ap dx)é( [ a7 dz) °

= lullga llwn — ullzo

q-2 —u)d

= Cs|lup, — ul|La.
with C5 = ||ul|%,".
On the one hand, from question (5-c-ii) we have: (¢'(u,) — ¢'(u),u, — u) — 0 as
n — +o00.
On the other hand, by (5-e) and since |u, — u||z« — 0 as n — 400, we have:
Jo(Jun|" 2w, — |u|92u) (u, — u) dr — 0 as n — +o0.
Thus, question (5-d) ensures that |ju, — UHH(} — 0 as n — +o00; i.e., the sequence
(u,) converges strongly in H}(€2).
We deduce that the functional ¢ satisfies the (P.S) condition.

6. We have ¢ € C'(Hj(Q2),R), the two geometric conditions are satisfied, and the (P.S)

condition is satisfied. Therefore, by the Mountain Pass Theorem, the functional ¢ has at

least one critical point, and consequently, our problem has at least one nontrivial weak
solution in Hg ().

6.2 Solution of Topic 5

0 L

Let (E, | -||) be a Banach space. E is said to be reflexive if the canonical injection
i: B — E** is surjective, i.e., i(F) = E**, where:

it E — B
x — i(z): E" =R

x = (i(x), fYp= g = (f,2) e~ E-
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2. Let Z: F — R be a differentiable functional. Suppose that ug is a point minimum
of Z; that is Z(up) = min,egZ(u). Let v € E be fixed and consider R : R — R
defined by:

R(t) = Z(up + tv).

We can see that 0 is a point minimum of R as ug is a point minimum of Z. Then
R'(0) =0 (R is differentiable at 0). On the other hand:

R(0) = tim O = ROy Tl + tv) = I(uo)

t—0 t t—0 t

= (Z'(uo), v).

Thus, (Z'(ug),v) = 0, Yo € E. This implies that Z'(ug) = 0, i.e., ug is a critical
point of Z.

(I) (15pt)

1. Hypothesis (H) means that: Ve > 0,34 > 0,Vt, [t| > A = "F(t” - l‘ <e.

t]?

So,l—e< % < [+ e. Then, there exists C; > 0 such that:
IF(t)] < (I +e)|t] < Cilt?, Vi, |t| > A
The function F' is continuous on [—A, A], so it is bounded, then:
A0, > 0:|F(t)| < Cy, Vte[—A A
Thus, combining these results we get:
|F(t)] < Ci|t]® + Cy, VtER. (6.3)
2. Let u € Hj(9), we have:
/|Vu|2d:c = |lull3 < oo.

From (6.3) and using the continuous embedding HE(Q) — L?(Q) (as 6 € (1,2) ) we

have:

/ F(u)dx
Hence, J is well defined.

3. We set (u,v)yz = [Vu - Vvdr and HuH%Ié = [|Vul?dzx. So, ¥(u) = HuH‘}{é Let
u,v € HY(Q), we have:

< [IF@) do < Calullfyy + a0,

Ulutv) =) = Jutvl + lulim

= Aflull3 (w, v}y + o([lul),

where
o([[ull) = 2llullF o7 + ol + 2[vlFn (u, v) ma

satisfying HliHrnoo(HvH) = 0. Obviously that the map H} 3 v — A,(v) = 4”“”%{3 (u,v) g
v||—
is linear and continuous, then we conclude that v is differentiable and we have:

(W' (w), ) = 4lully [ Vuvo da.
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4. F satisfies the growth condition, so u — [, F(u) dz is differentiable, we know that

¢ and the norm || - qu{% are differentiable. Hence J is differentiable and we have

<J@w>:aLVMMm+MW%LVMMM—Aﬂmmm

= (a+ b||u||%lé) /Q VuVou dz — /Q f(u)v dx.

Then, we can notice that any critical point of J is a weak solution of Problem (P).

5. (a) Let u, — u weakly in H}(w). Since H}(w) C L?(w) is compact as 0 € [1,2*], we
have:
U, — U in Lo
Consequently, by the converse of D.C.T., there exists a subsequence (still de-
noted w,,) such that:
up(z) = u(z) a.e. in Q ()
and

Jg € L(w), |un(z)] < g(z) a.e. in Q.

Since F' is continuous, we have F(u,(z)) — F(u(z)) for all x € Q.

Moreover:

|F(un(2))] < Cilug(2)|” + Cy < Crg” () + Co.

We set h = C1¢° + Cy € L'(Q2). By the Dominated Convergence Theorem, we
get:

Aﬂ%ﬂ%%%ﬂmm. (6.4)

b) We know that || - || is weakly lower semicontinuous (w.l.s.c.), i.e. for any
0
(u,) C Hy(Q) such that u, — u we have

gy < limm ing g (6.5)

n—oo

From (6.4) and (6.5), we obtain:

a b
Jw) = Sllullip + < lullzn — [ Fu) de
2 o 4 0 Q

IN

a. . b.. . :
ghrllrg&lf HunH?{é + Zhgr_l)g)lf Hun||§{é — lim [ F(u,)dz

n—oo /0
= liminf J(u,).
n—oo

This proves that J is w.l.s.c.

6. Conclusion: J is coercive and w.l.s.c. Then J has a global minimum. Since J is
differentiable, J has at least a critical point, which is means that Problem (P) has

at least a weak solution in H(2).
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6.3 Solution of Topic 6

1. (a) Let u € H}(Q) be fixed. We show that there exists a linear and continuous mapping
L, : H}(Q) — R such that:

Ji(u+v) — Ji(u) = L,(v) +o(v), Vv e Hy(S).
Indeed, let v € H'(2), we have:
Ti(u+v) — J(u) = /Q|Vu+Vv|2d:B—/Q|Vu|2dx
_ 2/9Vu-Vvdx+/ﬂ|Vv|2dx.

It is evident that L, : H'(2) — R defined by: v +— A,(v) = 2 [, Vu- Vv dz is linear.
Moreover, it is continuous because, for all v € HJ () and using the Cauchy-Schwarz

inequality, we obtain:

()] =2| [ Vu- Voda| < 20Vl 2| Vollze = 2Nl o]

We also have:  lim o(v) = lim |jv||; =0.
lelga=0 [ollgy  Ielgy—0 " 770

It follows that J; is differentiable, and we have:

(J(w),0) = La(v) = 2/Qvu Vudr, Yve HY(Q).

(b) Since J; and Jy are differentiable, we can see that J is differentiable on H}(€2), and

we have:
1
(W), 0) = 54w, v) = ()0 = [ Vu-Vode - [ fuvde,
It follows that every critical point of .J is a weak solution of problem (P).

2. Using assumption (f;), we obtain:

Yu € H'(Q), /QF(u)dxga/g\u|dx+b/g\u]pdx.

As the injections H}(Q) < L*(Q) and H(Q2) — L7(2) are continuous (since 1 < o < 2),
there exist a, 8 > 0 such that:

ullr < aflullgy,  Nullze < Bllullm-

Thus:
[ P de < aalullm + b8 ullg.

Consequently:

1 g g
J(u) = §||U||far1 — acl[ul| gy — 057 [Jul| 7.

Taking ¢; = aa > 0 and ¢y = 037 > 0.
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3. Suppose that (u,) is not bounded, then there exists a subsequence (u,, ) such that:

il ttn [l = oo

However, according to (1) and since o < 2, we obtain:

lim  J(up,) = 400,

N —>+00

which contradicts the fact that:

lim J(up,)= inf J(u).

nj—-+o0 ueHE(Q)

Thus, (u,) is bounded in H{ ().
4. Since H}(Q) is reflexive, there exists a subsequence (u,, ) denoted as (u,) such that:

u, — u* weakly in H'(Q).

Since H}(Q) is compactly embedded in L?(£2), we get u,, — u* strongly in L7(Q). Con-

sequently, there exists a subsequence (u,) such that:
u, — u* almost everywhere in Q.

and

dh e L7(Q), |u,| < h(x) almost everywhere in €.
Since F' is continuous, we have: F'(u,) — F(u) almost everywhere in 2. Moreover:
|F(uy)] < aluy| + blu,|” < ah + bh°.

Since ah + bh? € L*(2), by the dominated convergence theorem, we deduce that:
Flun)dz — [ F(u)dr.
5. We have:

* 1 * *
Jw) = Sl - [ Pl de.

L. . 2 . o . .
< ihmmf lwn |7 — nl—lgloo QF(un) dr = 1,1%1{,% J(up) = uegllf(ﬁ) J(u) < J(u*).

We deduce that:
Jw*) = inf J(u).

ue H1(Q)

Thus, v* is a minimum point, so (P) admits a solution u*, which is a critical point of J.
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6. (a) For sufficiently small ¢, we have 0 < ep; < §. According to (f2), we obtain:

F(epy) > gs%. (6.6)

Taking v = ¢ in the formulation, we obtain:
/ Vo |? da = >\1/ o2 du. (6.7)
Q Q
Using (6.6) and (6.7), we get:
T(epr) = 7/ Vo |2 de — / F(ep) da.
)
£ Qdaf——g/wlda:

2
= %)\1 /golda:<0 (M < B)

(b) We deduce that:
J(u*) =inf J(u) < J(epy) < 0.

Since J(0) = 0 and J(u*) < 0, then u* # 0, and consequently, the weak solution u*

is nontrivial.

6.4 Solution of Topic 7
1. We have:
« Forr=gq: [Jul|7qq) = ¢(u). Thus, u [Jul[ree) is differentiable and
((lllfa) ) =a [ Jul2uvds, Va,v e L1(9)

o Forr=p: |[ul[f,, = ¢(Vu) and u— [|ulf, ., is differentiable and
0 0

!/
<(||u||€vlp> ,U> = p/ \Vul|P~2Vu - Vodz, Yu,v € Wy*
0 Q

Thus, J is differentiable and
(J' () / VulP2Vu - Vvdx—/ | 2uvde,, Va0 € WEP(Q)
2. We apply Young’s inequality:
Vo> 0,3C > 0:ab< aa"+C0", 1/r+1/r =1.

Let € > 0, we have:

IN

allulff oy + C, with a = [|ul|%yq), b=1, r=p/g>1
< QCOHUH]Zq(m + C, where we use Wol’p(Q) — LI(Q)

[l Za@)

< elullfoq +C, fora=¢e/Cy
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3. For e < ]%, we have:

1 1 1
Ty =l = el = (= lulfyy, - € 2 =€

4. (a) We have: J(u,) — infJ Thus |J(u,)| < C Vu for a positive constant C'. Using

the previous inequality, we obtain
1 p p !/ !/
Euun’WOLP < ellunllyyrs + ¢ C"= C+

hence

1
(=l <

For € < 1/p, we deduce that (uy), is bounded in W, ”(Q).
(b) Since {u,} is bounded in W,” and Wy*(Q) <. LI(Q) for (¢ < p), then, for a

subsequence:
U, = u in LY and wu, —u in W,?.
(¢) We have:
fellzo = tim [l [lllyzn < i ing [, e
Thus

1 1 1 1
_ P T alle T P _ = I
) = llelliyzs = llulz, < lim <p||unllwg,p qllunlqu> = inf J < J(u).

Thus, J(u) = inf J.

(d) Since J is differentiable and w is minimal for J, then J'(u) = 0, that is,
(J'(u),u) =0 Yue€ W,".
Thus,

/ |VulP~2Vu - Vo d:z:/ ul*uv dz.
0 Q

v N
160) = Sl = Sl =1 (Z ol = Thuller) <0

for ¢ > 0 sufficiently small, we have J(tp) < 0 because ¢ < p.
(f) We notice that J(0) = 0 and

J(u) =1inf J < J(tp) < 0.

Therefore, we deduce that u # 0.
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6.5 Solution of Topic 8

1. Let u € Wy*(Q). According to Poincaré’s inequality,

AC > 0 ||lullzr) < OVl o)

Thus,
1 Vul
~ < [Vullr () = Q(u)
C 7 lullzr
Consequently,
1
0< inf =\

= <
C 7 uews @)\ (0}
2. Let (ty)n>1 be a minimizing sequence in W, ?(Q), i.e.,

_ Vunllzr @)
|t || Lo (02)

Q(un) :

— A asn — +oo.

We can normalize (un),>1 by setting ||ty || zr() = 1 for all n > 1, then
P -
HUHHWOIP(Q) T /Q \Vun|pdx — )\1-
Thus, (u), is bounded in W, ().

3. Since (uy,), is bounded in W, ?(Q), it follows that there exists a subsequence, still denoted
by (un), such that:

u, — u* in Wy P(Q).

By the compact embedding Wy”(Q) <. LP(Q) (for a subsequence),

u, — u* in LP(Q).

4. We have J(u,) = 1. Thus,

Qu*)=I(u") < lim infI(ug) = lim I(u,) =X\ :=inf Q(u) < Q(u").

n——+o00 n——+o00

Consequently, Q(u*) = ;.

5. Since u* is a minimum point of @, we have Q'(u*) = 0, and therefore

(Q'(u*),v) = JE\;*) {/Q |Vu*[P2Vu*Vo dz — Q(u) /Q [u* [P~ 2u* dx] =0

for all v € Wy (Q). Thus,

/Q VU [P2Vu* - Vudr = \ /Q WP 2wt de, Yo € WyP(Q).
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6.6 Solution of Topic 9

1. Let u € H}(S), we have:
/Q|Vu|2dx = ||lul|3n < oo,

Hardy’s inequality ensures that:

1
Wd:r ||u||%{é < 0.

[ 1F@]dz < alluller + bl < oo
Since H'(Q) C LY(Q) forg=1or ¢g=0 € [1,2].
Therefore, we deduce that J is well-defined.

2. Using Hardy’s inequality, we obtain:
1 9 W u? 1
= d——/—d >f/ 24y — 2 24
2/Q|Vu| T-5 o 1] Tz 5 Q|Vu\ Y, |Vu| x.
H—p 2
= | — dx.
( 2H )/leu| ’

3. (a) Wy is differentiable. Indeed, let u,v € HY(Q), we have:

Hence, ¥y (u) > (H “) HUH

1
Uy (u4v) — Uy (u) = 7/|Vu+VU|2 “/ (u+v)°

|z

]Vu]Qd:c—i— M/ —d:c

|z

= /Vu Vvdx—,u/szx

= [ |Vud _7/
v
For fixed u € Hy, we define:

uv 2
U):/QVU-Vvdx—,u/Qde, 2/]V2}\ a:—— H20[

We note that limy,| , e 0(v) = 0; indeed, by Hardy’s inequality, we have:
0

1 W 1w
o(@)] < Zllvliy + vl = (5 +5 ) oy

Furthermore, A, is linear (evident) and continuous since for all v € H} () and using

Cauchy-Schwarz inequality followed by Hardy’s inequality, we obtain:

u v
A,(w)| < T o Tl 1l
[Au)l <) 1o Tl Ta) ’
.2 1/2 02 1/2
< + /7d T
< el 1ol “<Q|x|2 x) ( || x)
<

7
Julsg ol + Sl o
W
(1+2) g ol
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We set C' = (1 + %) ||u||gn > 0. Thus, A, is continuous.
Consequently, ¥, is (Fréchet) differentiable, and we have:

, uv
(W (u),v) = A,(v) = /QVqud:E —u/Qde.

(b) Knowing that J = ¥; — ¥y and since ¥y, ¥y are differentiable on H}(2), then J is

differentiable on H'(2), and therefore we have:
(J'(u),v)y = (V) (u) — Uy(u),v) = /QVuVU dr — ,u/Q |Zl|)2da: —/Qf(u)v dz.

We observe that every critical point of J is a weak solution of problem (P).

4. Let u,v € H}(Q), we have:

u(u — v)

<J/(U),U—U>:/QVU'(VU—VU)dJZ—y,/Q;daﬁ—/ﬂf(u)(u—v)dm.

|

v)

v(u

(J'(v),u —v) :/QVU-(VU—VU)dx—u/Q |x|_2

dx — /Qf(v)(u —v)dx.

From which we conclude that J’ satisfies (1); indeed, for all u,v € H}(Q) with u # v, we

have:

(J'(u) — J'(v),u—v) = (J'(u),u —v) — {(J'(v),u —v)
(u—w)?

=/|VU—VU|2dx—,u/ 5 dr

— [[(F@) — F©) = v) dr.

We can see that

) (u—v)*> - 2
Jo 9= Fe e —p [ S de =0 (20— 0) = (Sl el

According to hypothesis (H;), we have (f(u) — f(v))(u —v) < 0 so that

— [ () = F©)w=v)da = 0,

Which implies that:

(J'(u) — J'(v),u—v) > (%)Hu — UH%{(} >0, VYu,v€ Hy(Q),u#v.

5. First, we know that:

W () > ()l (6.8)

On the other hand, using (H;), we obtain:

1P @)l dz < alul +blul .
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Since the injections Hj(Q) 9 L'(Q) and H}(Q) ¢ L°(Q) are continuous, there exist
a, > 0 such that

uller < allullpy,  lullze < Bllullf,,

consequently:
/Q |F(u)l de < allul|r + bljul|T- < aallullyy + 0B |ul|F; (6.9)

Relations (6.8) and (6.9) imply that:

H—p
2H

J(u) =

lullzy — exllullsy — callullfy.

with ¢; = aa and ¢y = $b. Since o < 2 and % > 0, then:

H—p
1m
|\uHHé~>+oo 2H

therefore limy,, , 10 J(u) = +00, J is coercive.
0

6. Since J is differentiable, coercive, and J’ is strictly monotone (see Proposition 3.3), we
deduce that J admits a unique critical point in H} (). Consequently, problem (P) admits
a unique weak solution in Hg ().
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