Chapter I

Min-Max Methods

4.1 Mountain Pass Theorem

4.1.1 Min-max principle

Lemma 4.1 Let (E,|-||) a Banach space and be J : E — R a function in C*

o if there exists a sequence of (P.S) forJ and J satisfied (P.S) then J admits a critical

point.

e if there exists a sequence of (P.S) at level ¢ and J satisfied (P.S) then J admits a critical

point at level c.

Definition 4.1 Let E be a Banach space. and let J : E — R be a functional. A family of

subset E noted I' is called class of Min-max value:

= inf J
°= R )

is called the value of Min-maz associated with T.

The basic idea behind so-called Min-max method is to find a critical value of a functional
¢ € CY(F,R) as a Min-max value ¢ € R of o over a suitable class of subsets of E which can be
chosen to be invariant under the deformation 7(¢,-) given in the deformation theorem (see for
example Theorem 3.2.3 of [7]).

we present an illustration of the Min-max method which has proven to be a powerful tool
in the attack of many problems on differential equations. It is the celebrated mountain-pass

theorem of Ambrosetti and Rabinowitz [2].

Theorem 4.1 (Mountain-pass theorem) Let E be a Banach space, J € C'(E,R) satisfying
the Palais-Smale condition. We assume that J(0) = 0 and that :

(1) there are p > 0 and a > 0 such that ||ul|g = p, then J(u) > «
(2) there exists v € E, such that ||v||z > p and J(v) < a .
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Then J has a critical value ¢ such that ¢ > «. More precisely, if we put
[':= {7([0,1]);v € C([0,1], E),~(0) = 0,7(1) = v},

And

¢ := inf max J(v),
Ael’ ueA

Then it is a critical value of J, and ¢ > «.

4.1.2 Application: Solutions for an elliptic problem involving super-

linear term

We consider the following problem

—Au+q(z)u = f(u) in Q,
u=>0 on 0f),

where ¢ € L>*°(Q2) and f : R — R is a continuous function. Let us define:
t
F(l) = / F(s) ds.
0
We consider the the following hypotheses
e (f))3pe(2,29),Fa,b>0:|f(t)| <a+b|t|" VteR.

e (fa) f is super-linear at zero, i.e.
lim —ﬂt) =0
t—0 ¢

o (f3) IM >0,3u>2: f()t > pF(t) V[t > M.

o (f1) Fto €R,[to| > M : F(to) > 0.

Definition 4.2 We say that u € H}(Q) is a weak solution of Problem (4.1), if and only if

/ VuVu dz +/ q(z)v dx —/ f(u)v dz = 0.

Q Q Q
for any v € H}(Q).
We consider the functional J : H}(Q2) — R, given by

Ty =5 [ Ve de—J [ aww® dr— [ Fu)d
u) =5 [ VUl do—o | q(2)u” dz — | F(u) dz.

Remark 4.1 If the function f satisfies hypothesis (f1) and (f3), then

Ve >0,3c. >0: F(t) < et? +c.|t|",Vt € R. (4.2)
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Let us check it out. By definition, (f;) means that
£ ()]

Ve > 0,30, > 0,Vt € R: |t| <6 = m

then,
FOI <51, Ve [-0,6].

From (f;) we get
@] a

[

+bif [t > 0.

If |t| > 0. we have,
1 < 1
[P~ = et

So, we deduce that
0] _ a
N

+ b,

which implies that
a

=)
6¢

101 < (G ) e

Integrating both sides we get

1/ a
FO) < (G ) b

we choose ¢, =

% ((5;%1 +b) > 0, then

[F@)| <celtf”, [t >0
From (4.3) and (4.4), we obtain
|nmg§ﬁ+QMK vt € R.

This ends the justification.

The main result is:

<e,

(4.3)

Theorem 4.2 Let the hypotheses (f1), (f2), (f3) and (f4) hold true. Then, Problem (4.1) ad-

mits at least non trivial weak solution.

The proof of Theorem 4.2 is based on the application of Mountain-Pass Theorem. We follow

the following steps:

Step 1: We have

J(u) = ;/Q]VUIQ d:c—;/Qq(ac)u2 dx—/QF(u) dx.

From (f;) we know that the nonlinear term u — F'(u) is differentiable, which implies that J is

differentiable and of class C! on H}(f2). In addition we have

(J'(u),v) = /QVUVU dr = /Qq(x)v dr —I—/Qf(u)v dx.

Hence, the weak solutions of Problem (4.1) are exactly the critical points of the functional J.

On the other hand, notice that J(0) = 0.
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Step 2: The functional J verifies the (P.S) condition. To make this step easier to

understand, we formulate it as an exercise.

Exercice 4.3 Suppose that {u,} C H}(Q) is Palais-Smale Sequence .

1. Shows that
1
de>0:  J(u,) — ﬁ (J'(up), un) < c(l+ ||UnHH(}>

2. (a) Using the hypothesis(fs)) show that there exists ¢; > 0 such that

1
/Q(qu(un)un — F(uy)) do > —cy.

(b) By calculating
1
J(u”> - <Jl(un)7 un> 5
w
show that
11 ,
C(l + ||un||Hé) > 5 - ; ||un||Hé — (.
3. (a) Using question (2 —b), verify that {u,} is bounded sequence in H;.

(b) Deduce that there exists a subsequence {un;} noted {u,} such that:

u, —~u in H}(Q),
u, > u in LP(Q),Vp € [2,2%]

U, — U a.e x€C.

4. Show that
Wi dz [ d
[ fw)un dz = [ flwyu do
and,
/f(un)u dr — / f(u)u dx (4.5)
Q 0
5. Justify that:
(J' (un),up —u) =0, as n— oo,
and,
(J'(u),up, —uy =0, as n— oo.
6. (a) Calculate the quantity (J'(u,) — J'(u),u, —u). Then conclude that w, — u in
H; (9).
(b) What can we deduce?

Solution:
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1. Let {u,} be a (P.S) Sequence; that is:

J(uy)| < e
)] < | o)
J(u,) =0 in (H}Q))
By the definition of duality’s norm, we have
(" Cun) )| < () gy el g
Using (4.6), there exists ¢o > 0 such that:
I el gy < 2
consequently,
1 !/ 1 !/
J(un) = = (S (un)sun) < |[J(un) — = (J'(un), un)
T u
1
< |J(un)\+ﬁl<f(un),un>!
c
< ot 2y
Co
< max(cy, ﬁ) [
< (T Jlunllgy)- (4.7)
2 — (a) We write 2 as follow
Q={zeQ:|u,| >M}yU{reQ:|u,| <M}
then, by (f3) we can see that
1
/ —f(un)uy, — F(uy,) de > 0.
|lun|>M W
Therefore, we get
s~ Fu) de = [ L )i, — Flug) d
—flup)uy, — F(uy) de = = fup)uy, — F(uy) do
Q lun|>M [
— f(up)u, — F(uy,) dx
S s ! (= )
1
> — f(un)un — F(uy,) dx
lun|<M [
Using (f1), In the set {|u,| > M} we have the estimate:
|f (un)un] < (a+bMP~ )M (4.8)
which implies:
fun)u, > —(a+bMP~H)M.
On the other hand,
F(uy,) §a|un|—|—é|un|p SaM—I—éMp. (4.9)
p p
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So, from (4.8) and (4.9), we deduce that

1 b
/ —fup)uy, — F(uy,) de > — [(a +bMP M + aM + Mp]
Qp p

> — (4.10)
where, ¢; = 2aM + %M” > 0.

(b) By a simple calculation and using (4.10) we have:

) — Ly = (; - i) a2y + @ - ;) [ty dx+ [ ; F ()it — Fun) da

1
11 ,
> (5 1) Il -

since G — i) as > 2 and using (4.7), we get
11 )
C(l + ”unHHé) > (2 — M) Hun”Hé —C. (4.11)

a) Arguing by absurd we show that {u,} is bounded in H}(€2). Firstly by (4.11) we have:
0

1 1

2
(5= ) bl = clulyy < e (112

Supposes that {u,} is not bounded in H}(Q) which means that:

Tim [l = +oc.

) 1 1 9
nhgglo 9 ; Hun”Hg —cC ||un||H5 =+too<c

This is a clear contradiction. Consequently {u,} is bounded in H;(S2).

hence,

(b) The sequence {u,} is bounded in Hj(€2) which is reflexive space, then there exist a
subsequence {u,} ( still denoted by {u,}) such that

u, —u in Hy(Q). (4.13)
Thanks to the compactly embedding of H}(Q) into LP(€2), we have
u; —u in  LP(QY), Vpe[2,27).

By the converse of Lebesgue’s Dominated Convergence Theorem, There exist a subse-

quence denoted by {u,} and a function h € LP, such that
up(z) = u(z) a.e. in Q asn — oo, (4.14)

and,
lun ()| < h(z) ae. in Q, (4.15)
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3.

We show that
/Qf(un)un dr — /Qf(u)u dz.

From (4.14) and the continuity of f, we have
fluy) — f(u) ae. in €,

then,
flup)u, — f(w)uae. in €,

from (f1), we get

[flun)un| < (a4 blun(@)) [un(2)]
< (ah+0bI?) € LNQ).

by Dominated Convergence Theorem, we obtain
/ f(un)uy, doe — / fu)u dz.
Q 0
In the same way, we show that (4.5)is fulfilled.

Firstly we show that
(J'(u), uy, —u) — 0.

from (4.13) and the fact that J'(u) € (HL(Q)) we have
(J (), un) = (J'(u),u).
Then, from (4.13) and (4.6) we have

(J' (up), tp, — u) — 0.

By a direct calculation we get:

(J'(up) — J' (), up —u) = (J'(up), un —u) — (J'(u), u, —u)

= = ully + [ a@)(n = 0)? do = [ (£() = ()t = ) d

We have proved that

/Q (f () — () (un — 1) daz — 0. (4.16)
Using the compactly embedding of H}(Q) into L*(Q) we get
[ @) = u)? da < gl lfun = w2 = 0, (4.17)

as n — +o00. From (4.16), (4.17) and the fact that
(J'(up) — J'(u),up, —u) =0, as n — oo,

we conclude that

[ —

as n — +00.
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(b) The functional J satisfies (P.S) condition.

This concludes the exercise solution.

Step 3: Now, the following result shows the first geometric conditions of Mountain Pass
Theorem

Lemma 4.2 Under the assumptions of Theorem 4.2, there exist p > 0 and o > 0 such that
J(u) > a for any u € H} (), with [ull gz = p-

Proof. Let u € H}(R), since ¢(z) > 0 and using (4.2) and the continuous embeddings of
H} () into L*(Q) and LP(Q), we get

1 1
J(u) = 5 ||u||§{é + §/Qq(x)u2 dx —/QF(u) dx

S Ry R
> ; ||u||§{3 — €y ||u||§{5 — Ce C2 ||U||117{3
= (5-cer) Iy — e oy,
taking € = ﬁ
Jw) > 3l —celulf,
7 el :

Since p > 2, then there exist p > 0 small enough such that

1

sz—CCgpp>0

we take

1
a:ZpQ_CCQpp>O

Consequently, there exist «, p > 0 such that

1
Vu € Hy(Q) : ||U||H3 =p:Ju) > lpz —cepf =a>0.
m In the follow, we need some preliminary results, which we present as an exercise.

Exercice 4.4 1. Show that the hypotheses (f3) implies that the function t — ﬁf) 15 increas-
ing for t > M and decreasing fort < —M.

2. Assume that (f3) and (f4) are satisfied, Show that there exists ¢ > 0 such that
F(t)zc\ﬂ“ Vit>tg tho>M and Yt <t ift0<—M. (FQ)

Solution
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1. We consider the function defined by g(t) = |t| > M, the derivative of g is

Itl“ ’

/
g(t) = pyve vVt > M
Then, from (f3) we have
Pt — puF(t) > 0
thtl >0, YVt > M >0,

then, ¢/(t) > 0 for any t > M consequently g is increasing on [M, +o0].

we have g(t) = (}jg)u Vt < —M, then the derivative of ¢ is

~(f(0)t + (1)
(o

g(t) =
then ¢'(t) < 0,Vt < —M consequently ¢ is decreasing for ¢t €] — oo, —M].
2. We distinguish two cases:

o if tg > M: Let t >ty we have t > tqg > M, so f(t)t > uF(t)

t— tSL) is increasing for [to, +00[

Ft) _ Fo)

>0 V>t
tr th =

which means F(t) > 0 for any ¢ > t,. Then using (fy), we get
f@) o m
> Vit>t
Fiey=¢ =7

by integrate the both sides, we obtain

f(S) ds Z M/tlds

to F'(s) s
F p
( (t) ) . ( t )
F(to) to
then,
F(t) tH
> TRl
F(to) ~ ty
consequently,

o Ifty < —M: Let t <ty, we have

F(t) _ F(t)
tr th

>0 Vi<t

which means F'(t) > 0, for any t < t,. From (f;), we get

f(t)

AOREA

\ =

Vit <t
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by integrate, we get

[ = el Lo

then,
F(to) _ [tol”
F(t) = [t
consequently,
F(t) >c |t]".

Next, we prove the second geometric condition of Mountain Pass Theorem.

Lemma 4.3 Under the assumptions of Theorem 4.2, there exists v € H}(Q) such that J(v) < 0
ond oy >

We formulate the proof as an exercise.

Exercice 4.5 Let p € D(Q) such that

p(x) >0 Ve,
{go(x) >1 VYae€ B(xg,r) forcertain xy€Q and r >0,
1. Show that for all t > 0, we have:
(@) Je >0, F(tp(z)) > cthot(x) Yt >ty and Yo € B(xo,r).
(b) Jer > 0 |F(te)| <1 if 0 < tp(x) < tg
2. Writing:

Q = {zeQ:0<tpx)<tibU{reQ:tplx) >t}
= {0§t§0§t0}U{t§0>t0}

show that
/QF(tgo) dx > —cy + c3t!
3. Deduce that
J(t ) <c t?2 — 3 tH + co.
4. Deduce the result of the Lemme 4.3 .

1. Show that :
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(a) Let t >ty and let x € B(xg,r), we have
to(x) >t > ty,

Then, from (F,) we get
F(tp(x)) = ¢ t'o"(x).

(b) ¥ t > 0 such that ¢t p(x) € [0,%]:|F(t p(z))| < ¢
For ¢ is fixed, the function: F(t ¢(z)) is continuous on compact [0, ¢], then it is bounded
i.e;
[Ftp)] <1 0 <tp(x) <to.

2. Writing,

/ Fl(ty) de = / Fl(ty) du + F(ty) dr
Q {0<tp<to}

{t >to}

We set Q1 = {0 < tp <t} and Qy = {te > to}.
We know that

Vee:—a < F(ty) <cq

Ve e Qo |F(te)| > c thot(x)
then,

/ F(te)de > — [ cade+ | ctho!(z)de
Q 2 Q

= —c1 || +t“/ cot dx
Q2

= —C9 + Cgt“.

3. Using the precedent question we obtain,

1 1
J(tp) = §t2/QIVg0|2 d:c+§t2/9q(ac)g02 dsc—/QF(tgo) dx
1 1
< SNl + 5 lall e o Nl + 2 — et

1 2 1 2
— (5l + 5 Nall e Ca el ) £+ 2 = et

= C4t2 — Cgt'u + Ca.

4. Since g > 2, Then tngrn J(tp) = —o0o, hence we choose ¢ > 0 enough large such that
J(te) < 0 and ||tg0||H5 > p and we take v = tp € HJ (), so ||v||Hé > p and J(v) < 0.

Then, we conclude that the second geometric condition is satisfied.

Proof of Theorem 4.2.
The functional J satisfies all conditions of Mountain Pass Theorem, then J admits at least

non-trivial critical point, So the existence of a nontrivial weak solution of problem (4.1). =
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4.2 Rabinowitz’s Saddle-Point Theorem and application

In this section we present a second important illustration of the min-max method, the saddle-

point theorem of Rabinowitz. The interested reader can see the details in [10].

Theorem 4.6 Let E be Banach spaces of infinite-dimensional, and let J € C'(E,R) which

satisfies the Palais-Smale Condition, suppose that:
E=V®eW with dim V< +oo,

If D is a is a neighborhood bounded by 0 in V' such that

a=maxJ <infJ =b. (4.18)

oD W

Then,

= jafmax ().

(I'={h e C(D,X),h(u) =u,Vu € 9Q})

is a critical value of ¢ with ¢ > b.

Remark 4.2 [t should be noted that the condition 4.18 is satisfied when we have

e lim J(v)=—-00, YvelV.

[[o]|=+o00

e lim J(w)=+o0, YweW.

Recall that for A\; be the eigenvalues of the operator A and ¢y be the eigenfunctions associated,
that is

—Apr = Ao in £,
v =0 on 0,

we know that {¢y}, - is a Hilbertian basis of L*(Q2). Moreover,

1. Vu € L*(Q), u=Y_ axpy and |Jul . = > aj, where oy, = [ upy, dx.
k=1 k=1

00 Bk %) )
2. Vue H}(Q),u=Y ——¢ and |[ul|,;» =Y B;, where
0 kz::l \/)\_k k H ‘ H} k2:21 k

[, e N1
5k—<u,\/>\_k>—\/)\_k/QVqu0kdx

ay and , are the Fourier coefficients of u belong to L?(Q) and H}(Q).
3. The relationship between oy and [y, is
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Application

Let us consider the following problem:

{Au = \u+ f(u) +h(r) inQ, (4.20)

u=0 on 0f),
where h is a function in L*(2), and f satisfies the following hypotheses:

(f) Suppose that f € C'(R), bounded and there exists ¢ > 0 such that:
(O] < e(1+ 1777
Definition 4.3 We say that u € H}(Q) is a weak solution of Problem (Py), if and only if
/VUVU dx—)\/uv diL’—/ f(u)v dw—/ h(z)v dx = 0.
9) Q ) Q
for any v € HY(Q).
We consider the functional J : Hj(Q2) — R,

J(u):;/Q]VM2 dx—;\/QuQ dac—/QF(u) d:c—/gh(x)udm.

where
Fit) = [ f(s) ds

Let 0 < A1 < A2 < ... the sequence of eigenvalue of the operator —A. Let {7, ¢s...} the
eigenfunctions associated with {Ay, \a, ...}, we consider

E =vect{p1,...,0,} and W = E* = vect {op\k > v + 1}.
we have H}(Q2) = E @ W. We have the following result:

Lemma 4.4 Let A € R such that A, < X\ < A\yy1. We have
2 1 9
HuHL2 = /Qu2 dr > /\71) HuHHé s Yu e F.

and,

1
2
lole = [ o* do> 5

v+1

Proof. Let u € E/, we have

[tar = S5 ()

IV

V‘H
hE
=2
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Let v € W = E*, we have

[e%} 0 6 2 [e%} 62
U2d$(,’: Za2_2<k>_zk
/Q k=v+1 g k=v+1 \/)\—k k=v+1 /\k
1 00
> B
v+1 p=y41
1

2
= v .
o Il

A

The main result is:

Theorem 4.7 Let A > Ay and X\ # N, for any k € N*. Assume that (f) holds true. Then,
Problem 4.20 admits at least a weak solution in H}(Q).

We need some lemmas.

Lemma 4.5 Under assumptions of Theorem 4.7, the functional J satisfies the Palais-Smale

Condition.

Proof. Let n € N*, and let A such that A, < A < A\,41. Let {u,} is a Palais-Smale Sequence
i.e:
J(un)| < ¢,
T un)] < e / (4.21)
J(u,) =0 in (H}Q)) .

Step 1: The sequence (u,) is bounded. We reformulate this step as an exercise:

Exercice 4.8 By contradiction, we supposes that {u,} is not bounded in H}()) which means
that
T | = oo, (1.22)

as n — +oo. We put 1, = 7.

l[unl

1. Show that for any v € HL(Q) with ||v|| = 1, we have
1

[

1
/QV@/)kVU dx — /\/Q@Z)kv dx — Tael /Q flug)v — /th dxr = 0. (4.23)

2. From the boundedness of V,, show that there exists 1 € H} () such that
/vwv dx—A/m dr = 0,
Q Q
for any v € HL(Q).
3. We want to show that W # 0.

(a) For any n € N, verify that
/Qvunwn dr — )\/Qun@bn dr — /Qf(un)@bn —/Qh@z)n dz = 0.
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(b) Deduce that
[z = Aloallze = 0,

as n — +00.
(c) Justified why ||¢n||H5 — 0, as n — 400, and deduce that ¥ # 0.

4. Show that X is an eigenvalue of the operator A and deduce that {u,} is bounded in Hj(L2).

Solution:

1. Let n € N, we have

1 Vu,

u 1 1
(J'(up),v) = Vv dzx — )\/ " dr — / fun)v do — / hv dx
[ | @ lunll @ [lunll [un ]| Jo [unl Je

1 1
- Vo de—\ [ b de — —— ode — —— [ ho da,
/va Vo dx /Qwv x ||Un||/9f(u Ju dx ”UnH/Q v dx

From (4.21), we deduce that
(J (up),v) — 0,Yv € Hy(Q) : |lv]| =1,

hence, by (4.22) we have
1
[
as n — +o0. Since ||7/’n”H(} = 1, the sequence 1, is bounded in H} (1), so there exist a
subsequence {¢, } denoted by {1} such that

(S (tn),v) =0,

n — 4 in Hy (Q), (4.24)

2. which means that
(thn, v) = (¥, 0).
In particular, we have

/Q YV, Vo dz — /Q VoV d.

Moreover, using (4.24) and the compactly embedding of H} () into L?(2) we obtain that
W, — Uin L*(Q).

By Cauchy Schwartz inequality, we have

’/\Ilnvdm—/\vadx
Q Q

/Q(\Ifn—\ll)v dx
< 0 = Wl o]l o -

then,

lim / v, v dr = / Yv dx
n—+oo JO (9}
On the other hand, since f is bounded, there exists ¢y > 0 such that

1
< ¢ /de
[unll /o

[[un

/Qf(un)v dx
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then, because (4.22) holds true we deduce that

/Qf(un)v dxr = 0.

n=roo [[uy |

Obviously,

lim

ntoo HunH

/ hv dx = 0.
Therefore, the uniqueness of the limit implies that:

/vaw dr — )\/Qwv dr =0, Yue H(Q). (4.25)

3. We show that 1 # 0. By contradiction, we suppose that ¢ = 0,
(a) Tt is enough to take v = v, € H}(Q) in (4.23).

(b) By dividing both sides of (3 — a) over ||u,||, we get

/V<H A\)W"dx M 4 o P = fy o e =20

as n — +00. Then we deduce that

1nlls = Allnll7z — 0,
as n — +00.
(¢) Sincey, — 1 = 0 in L*(Q) which means,
Y]l 2 = 0, as n — +o0.
Then, by (3 — b) we deduce that
Hl/JnHHé — 0, as n — 400,
But we know that

HunH

which leads to a contradiction, so ¢ # 0.

4. From (4.25), we see that 1 is a weak solution of the following problem,

(4.26)

—AyY =X in Q,
Y =0 on 02,

Since ¥ and it is a nontrivial weak solution of Problem 4.26, we deduce that A\ is an
eigenvalue of (—A), but we have assumed that A # \; so there is a contradiction, then we
deduce that {u,} is bounded in H}(2). Which prove the first Step of the Palais-Smale
Condition.
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Step 2: Since {u,} is bounded in H} (1), there exist a subsequence {u,, } still denoted by
{u,}, such that
u, —u in Hy(Q), (4.27)

Then, thanks to the compactly embedding of HJ(f2) into L*(Q) as 2 € [1,2*), we have
|tn — ul[z2 — 0, (4.28)
as n — +00. By (4.21), we can verify that
(J' (un) — J'(u),up —u) = 0, as n — +oo. (4.29)
On other hand, by simple calculating we get,

(J' (up) — J' (W) up —u) = (J'(up),un —u) — (J'(u), u, —u) (4.30)
=l = ullfy = M = llfe = [ (Fwa) = f(w) (1w =) da,

From (4.28) we obtain
|tun, — ul| ;1 — 0,asn — +o00.

and,
() = F@) (=) do| < [ (1)l + @] fun =l do
< Clluy —ul|z1 — 0.
consequently,
/Q (fun) — F(w)) (un —u) dz — 0, (4.31)

as n — +o0o. Combining the relations (4.28), (4.29), (4.30) and (4.31), we get
I, — u||H01 — 0, as n — 400.

We conclude that the functional J satisfies Palais-Smale condition (P.S).. m
Now, we prove the geometric conditions of Saddle Point Theorem. Let ¢ be the eigenfunc-

tions, We consider

E, = vect {p1,09,...,¢0n}

and,

W = EF = vect {pp\k>n+1}
Recall H}(Q) = E, ® W, and by Lemma 4.4, we have

lullfn < Anllullze,  Yu € E,. (4.32)

and,
lullfn < Aupallullzz, Vo€ W. (4.33)

Then, we have.

Lemma 4.6 pspsi,condgeops We have the following results:
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1. lim J(u) = —o0, Yu € E,,.

[[uf| =00

2. | lﬁm J(w) = 400, Yw € W.
w||—00
Proof. Let u € F,,, we have The boundedness of f implies that,
FO)l < colt], VteR

then,
/F(u) dx > —co/ lu| dx
Q Q

By using the continuous embedding of H}(Q) in L'(©), we have

/QF(U) dx > —cocq ||u||HS :

Next, by applying Cauchy-Schwartz inequality and Poincaré inequality we get

‘/hudm
Q

/Qh u dr > —Cgq HhHLz ||u||L2

< Ca bl [ull 2

Thus,

Consequently,
/QF(u) dz + /Q houde > —(coer + Callhl ) lullyy (4.34)

we set ¢ = coc1 + Cq ||h|| 2. Then, by Lemma 4.4 and (4.34) we obtain

1 A
Jw) = Sl =5l = [ P de = [ ha)u do.

1 2 )\ 2
< 5 lulliy = 35 el + cllully

1 A
o IR

We have (1 — %ﬂ) <0as A\, <A< Ay, thus

1 A 2
iy (1230 bl + el = =0, e

This completes prove of the first relation.

Now, we prove of the second relation. Let w € W. The boundedness of f implies that,
/ F(w) dx > —co/ |lw| dz,
Q Q
for some ¢y > 0. By using the continuous embedding of H} () into L'(£2), we have
/Q F(w) dr > —cey |[w]] g - (4.35)
for some ¢; > 0. Next, by applying Cauchy-Schwartz inequality and Poincaré inequality we get

[ hw de > ~Collhllz lell» (4:36)
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Therefore, by Lemma 4.4 and the relations (4.35) and (4.36), we get

1 2 A 2
w) = 5Nl = 5wl — [ Fw) de = [ hz)w da
1 2 A 2
> 5 llwlify = 5 lollfs = eace fwll gy = Ca ] ]
1 2 A 2
> 5 ol = gy ol — e ol

1 )
= 5 (15 ) Il = ellwly

We have (1 A ) >0 as A < \,41. Therefore,

)\n+1

1 A )
5 (1 52 ) By = el = o

1
[w]|—-+o0 2

The proof of the second relation above is completed. =

We reformulate the first affirmation in Lemma 4.6 as follow.

Corollary 4.1 We pose ||u|| = R > 0 d,e. u € IB(0,R) such that B(0,R) is the ball in E, and

that means
max J(u) - —oo, as R — +o00
u€dB(0,R)
We reformulate the second affirmation in Lemma 4.6 as follow.

Corollary 4.2 We have:

max J(u) < inf J(u),
u€dB(0,R) ueW

for all R sufficiently large.

Proof of Theorem 4.7. From Lemma 4.5 and Lemma 4.6, we deduce that all conditions of
Saddle Point Theorem are satisfied, then the functional J admits at least critical point which

means that Problem 4.20 admits at least one nontrivial weak solution in H}(2). =

4.3 Exercises

Exercise 1:
Let us show that the following nonlinear Dirichlet problem on a bounded domain © C R3

with smooth boundary possesses a classical nontrivial solution:

—Au = 3 in O:
{ u=wu", in {); (4.37)

u =0, on Of).

We define the following functional: ¥ (u) = 3 J, “Vu|2 — iu‘l] dx.
o Show that 1 is well defined and of class C*' on Hj ().

e« 1. Show that u = 0 is a strict local minimum of .
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