Chapter 3

Direct Methods in the Calculus of Variations

3.1 Extremum and critical points

Definition 3.1 (Extremum points) Let E be a Banach space, let I be a functional defined

on E. A point ug is called an extremum of I if there exists a neighborhood V,, of uy such that
I(u) < I(ug),Vu € Vy,;

In this case I is maximal at ug (or has a maximum at ug).
Or
I(u) > I(ug), Yu € Vy,;

In this case I is minimal at uy (or has a minimum at ug).

Definition 3.2 (Critical points) Let O be an open set of Banach space E, assume that I :
O — R is differentiable. We say that uw € O is a critical point of I, if

I'(u) = 0.

Remark 3.1 1. As I'(u) is an element of the dual space E', then I'(u) = 0 means that
(I'(u),v) forallv e E.

2. If u is not critical point, then we say that u is reqular point of I.

3. If I(u) = c and I'(u) = 0 we say that u is a critical point for I at level ¢ and we say that

c is a critical level for I. If ¢ is not a critical level, then c is called a regqular level for I.

4. The equation I'(u) = 0 is called the Fuler, or Euler-Lagrange equation associated to the

functional I.

The following theorem shows the relationship between extreme points and critical points.

Theorem 3.1 Let I be a functional defined on a domain O C E and let ug be an interior of
O. Assume that I is Gateauz differentiable at ug. Then, If ug is an extremum of I, it is a

critical point of 1.
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Proof. Suppose that ug is a point of minimum of /; that is

I(up) = Ivrélfgl I(v).
Let v € E arbitrary fixed and consider A : R — R defined by h(t) = I(up + tv), for t in
some neighborhood of 0, h is well defined since ug is an interior point in . Morover, h is
differentiable function at 0 as I is Gateaux differentiable at wug:
h(t) — h(0 I tv) — 1
h'(0) = lim h(t) = n{0) = lim (1o + vt) (to) (I (ug), v).

t—0 t t—0

Since ug is point of minimum of 7, then 0 is a point minimum of A, that is 2’(0) = 0. It follows

that (I(;(up),v) = 0 for any v € E which means that ug is a critical point of /. m

3.2 Weak solutions and critical points

The concept of a weak solution to a differential equation is not fixed and usually depends
on what one is interested in, but here in this publication we will propose the most common

definition through a simple typical differential problem.

3.2.1 Example of a linear problem

Let us consider the model problem

{ —Au+q(z)u = h(x), inQ; (3.1)

u =0, on 0f).
where Q is an open of RY | ¢ € L®(Q) and h € L*(Q).

Definition 3.3 Let ¢ € L°(2), h € L*(Q2). We say that u € H} () is a weak solution of (3.1)
if and only if
/ VuVo dx +/ q(z)uv dx — / h(z)v dx =0,
0 0 QO

for any v € HL(Q).

We now try to give the relationship between the weak solution of Problem (3.1) and the critical
point of a functional that we choose in an appropriate way. Define a functional J : H}(2) — R
by

J(u) = ;/Q|Vu\2 dr + ;/Qq(x)]u|2 de— [ h(e)u da. (3.2)

This functional is called the energy functional associated of Problem (3.1). We have the fol-

lowing result.
Proposition 3.1 the functional J defined in 3.2 is differentiable on H} (), , and
(J'(u),v) = / VuVu dx—i—/ q(z)uv dx —/ h(z)v dz. (3.3)
Q Q Q
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Proof. The examples given in Chapter 2 can be followed. =
Now, we can clearly see the relationship between the weak solution of problem (3.1) and the

critical points of functional J by a simple comparison between Definition 3.3 and (3.3). Indeed,

we have
(u € Hy(Q)is a critical point ofJ) < J'(u) =0 € Hy(Q)
& (J'(u),v) =0, Yove Hy(Q)
& / VuVu dx +/ q(z)uv dx — / h(z)v dz =0
Q Q Q

& v is a weak solution of Problem (3.1).

Remark 3.2 o The correspondence between weak solutions and critical point of functionals

outlined above is valid of course for more general nonlinear problems.

o The procedure to define the notion of weak solution for certain nonlinear equations follows
exactly the same steps as in the linear case; one tests the equation with a smooth function
vanishing on the boundary of ), integrates by parts by means of the Green’s formula,
reduces the reqularity requirement on the functions, and tries to interpret the integral

equality as the vanishing of the differential of a suitable functional.

3.2.2 Example of a nonlinear problem

Let Q c RY, N > 3, be an open and bounded. Assume that ¢ € L°(2) and let f : R — R be

a continuous function that satisfies the growth condition

f) <a+blt (3.4)
for all ¢ € R and for some constants a,b. Recall that 2* = ]\%—JL We consider the following
problem

—Aut gla)u = f(u), in € .
u =0, on Of).

Definition 3.4 A weak solution of Problem (3.5) is a function u € H} () such that
/QVUVU dx + /Q q(z)uv dx — /Qf(u)v dxr =0, (3.6)
for any v € HY(Q).
The term that interests us in (3.6) is the following nonlinear term
d
| fww dz,

we should start with is why is it well defined? The answer will be through the following

justification:
Let u,v € H}(Q), using the growth condition (3.12) we get,

[ s de| < [ 15l da
< [ (a+bluf Dl do

= a/|v|d:v—|—b/|u
0 Q
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By Cauchy Schwarz inequality, we get,

a/Q o] da < ay/|9|[v]|z2 < oo

Using Holder’s inequality we have

Jol

we know that the embedding H(Q) & L* () is continuous, hence there are two constants
C1,Csy > 0 such that,

2*—1

Tl do < JlullZ ol e,

2ol < oo.

7o vl e < C1Colu

i

We conclude that [, f(u)v de < oc.

Now we construct the energy functional associated to this problem. Let

F(t) = [ 1(s) ds.

and consider the functional J : H}(Q) — R defined by

J(u) = ;/Q|Vu|2 dx+;/ﬂq(m)|u|2 dx —/QF(U) dzx. (3.7)

The differentiability of the nonlinear term [, F'(u) dx can be verified see exercise ?77. The rest
of the terms in (3.7) are clear, then J is differentiable on HJ(€2) and:

(J'(u),v) = /QVUVU dx—l—/ﬂq(x)uv dr — /Qf(u)v dr.

for any v € H (). Therefore weak solutions of Problem (3.5) correspond to critical points of
J.

3.3 Study of problems with a associated functional con-

vex

3.3.1 Global minimum of a convex functional

Definition 3.5 Let E be a vector space. A functional J : E — R is called convex if for every
u,v € E and every real t € [0, 1] we have,

J(tu+ (1= t)o) < tJ(u) + (1 —1)J (v).

and we say that a functional J : E — R is strictly convez if for every u,v € E, u # v, and

every real t € (0,1), we have,
J(tu+ (1 =t)v) < tJ(u) + (1 —)J(v).
and we say that J is (strictly) concave if —J is (strictly) conver.

The following classical result gives an important relationship between convex and weakly lower

semicontinuous functionals (see [1]).
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Theorem 3.2 Let J : E — R be a continuous convex functional on a Banach space E. Then
J is weakly lower semicontinuous. In particular, for every sequence (uy)nen converging weakly
tou € E, we have
< T
J(u) < légligof J ().

Example 3.1 Let (E, || -||) be a Banach space. The norm ||-| : E — R is a continuous convex
functional, therefore by applying Theorem 3.2 we obtain a fact that we will use repeatedly in
the sequel: if u, — u in E, then

lull < liminf luy .

Definition 3.6 A minimizing sequence (u,)nen of a functional J : E — R is a sequence that
satisfies:
lim J(u,) = 51612 J(u).

n——+o0o

The existence of the minimizing sequence is guaranteed by the characterization of the supre-
mum.
We are interested in finding sufficient conditions for the existence of a global minimum for

a functional on a Banach space. The most famous result in this area is the following:

Theorem 3.3 Let E be a Banach space and refexive, let J : E — R be a functional. If J

satisfies:
(i) J is ceercive; i.e. lim, . J(u,) = +00
(ii) J is w.l.s.c.
then J is bounded from below on E and achieves its infimum at some ug € E. If moreover,
(iii) J is Gateaux differentiable (Fréchet differentiable) at uy,
then Ji(ug) =0 (J'(ug) = 0; i.e. J admits a critical point at uy).

Proof. by contradiction, let us suppose that J is not bounded from below; i.e. there exists a
sequence (U )nen such that
lim J(u,) = —oo0. (3.8)

n—-+0o0o

Since J is ccercive, the sequence (u,)nen is bounded (because the unboundedness of (u,)nen

implies that ||u,| g — +00, hence by the coercivity of J we have J(u,,) — +oo which contradicts

(3.8)).

Hence, since E is reflexive, we can extract from (u,,) a subsequence (u,, ) (still denoted (u,,))

such that (u,) converges weakly to some ug € E, since J is w.l.s.c, we have
J(up) < lrlzr—I}lgof J(up,) = —o0.

This is a contradiction which implies that J is bounded from below.
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Now, we show that J achieves its infimum at some w. Let (u,)peny € E a minimizing
sequence of J; i.e. lim J(u,) = inf,cg J(u) = m. As above (u,,)nen is bounded in E, then there

exist a weakly convergent subsequence w,, — w in E. Since J is w.l.s.c, we have

m = inf J(u) < J(w) <liminf J(u,) = lim J(u,) = inf J(u) =m,

uelE - n—+oo n—-+00 uelE

we deduce that J(w) = m = inf,cp J(u) and this is what we want to prove.
the last result we have already demonstrated (see Theorem 3.1). =

Combining Theorem 3.2 and Theorem 3.3 , we obtain the following corollary.

Corollary 3.1 Let E be a reflexive Banach space and let J : E — R be a functional. If J

satisfies:
(i) Cercive,
(i) Continuous and convex.
Then, J is bounded from below on E and achieves its infimum at some uyg € E. If moreover,
(iii) J is Gateauz differentiable (Fréchet differentiable) at g,
then Ji(ug) =0 (J'(ug) = 0; d.e. J admits a critical point at ug).

The following result gives a sufficient condition for the uniqueness of the minimum for a convex

functional.

Proposition 3.2 Let J: E — R be a strictly conver functional, then J admits at most mini-

mum point.

Proof. Suppose that J has two minimum points uj,us € E, uy # us (J(uy) = J(ug) =

min,ep J(u)), the convexity implies that

1 1 1 1
J(2U1 -+ (1 — 2)U2> < §J(U1) -+ QJ(UQ)
1 . 1 .
= 5 min J(u) + 5 min J(u)
= min.J(u)
uck

we set v = %ul + %UQ € F, we can deduce that

J(v) < min J(u)

uel

which is contradiction. Consequently, we have u; = us. =

The following results are immediately clear.

Corollary 3.2 Let J: E — R be a strictly convex functional and differentiable, admits at most

one critical point.

Corollary 3.3 Let J: E — R be a functional such that

o strictly conver,
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o differentiable,
e ceercive.

Then, J has a unique critical point.

We often need sufficient conditions to prove convexity, the following is one of the important

criteria for determining it.

Proposition 3.3 Let E be a Banach space and let J : E — R be a differentiable functional.
Assume that for all u,v € F,

(J'(u) — J'(v),u —v) > 0.

Then J is convez. If
(J'(u) — J'(v),u —v) >0,

for any u # v, then J is strictly convez.
Proof. Let u,v € F fixed and define a function ¢ : R — R as:
o(t) = J(u+t(v—u)).
The function ¢ is differentiable and we have:
O'(t) = (J (u+tlv—u)),v—u).
Fix now s < t, we have:

Pt —¢(s) = (S(utit(o—u) =S (u+ts(v—u))v—u)

N t:g“'(“ +t(v—u) = J(u+s(v—w), (u+tv—u) = (uts(v—u)))
> 0.

Hence ¢’ is a nondecreasing function, so ¢ is convex, and in particular

p(t) = (1t + 0(1 = 1)) < te(1) + (1 —1)p(0),

which means that
J(tv+ (1 —t)u) <tJ(v)+ (1 —t)J(u).

If in the assumption the strict inequality holds, then we get that ¢’ is strictly increasing, and

hence ¢ is strictly convex, implying the same for J. =

3.3.2 Applications

Let us now apply the abstract results of the previous sections to some concrete differential

problems.
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Example 1

Let © C RY be a bounded open set. We consider the following linear problem

(3.9)

—Au+ q(z)u = h(z), in Q;
u =0, on 0f).

Where ¢ € L>(Q) and h € L*(2). Recall that u € H}(Q) is a weak solution of Problem 3.9 if
and only if it satisfies Definition 3.3

Theorem 3.4 Assume that ¢ € L=(Q) and q(x) > 0 for a.e. x € Q. Then for any h € L*(Q),
Problem 3.9 has a unique a weak solution u € H} ().

Proof.

o Let us consider the associated energy functional J : H} () — R defined as in (3.2). It is

okay to rewrite it again.

wy =3 [ IVu de 5 [ @l dz ~ [ by dr

We have previously verified that this functional is differentiable and

:/QVUVU dx—l—/gq(a:)uv d:c—/gh(x)v dzx.

Thus a critical point of J is a weak solution of Problem 3.9. Let u,v € H}(Q), u # v,
() = Twhu—v) = (Jw),u—v) — (J(0),u—)
_ [/vuvu—w dx—l—/ u—v)dx—/gh(u—v)dx}
—{/VUVU—VU dm+/ mvu—v)dw—/ﬁh(u—v)dm}
= /!VU—VUFdx—i-/ (u—v)* dex

> /yw—w? dr = |u — o]
Q
> 0, Yu#w.

So, J is strictly convex thanks to Proposition 3.3.
e We show that J is ccercive. We have
1 1
> | 1vul do = Sl

As q(x) > 0 ae. z €,
3 / (z)|ul® dz > 0.

Using Cauchy Schwarz and Poincaré inequalities,

[ h@yu da < bl zzljullze < Collhllzellulln.
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We deduce that,
1
T(w) = Sllullfy = Colllllzallull sy (3.10)
Knowing that

1

Sllullin = Callhll 2 llull gy = +o0.

lull y1—+o0 2 Ho
0

then,
lim  J(u) = +o0.

Jull g =-+0c

o Applying Proposition 3.3, we conclude that the functional J has a global minimum which

is its only critical point. Therefore Problem (3.9) has a unique solution.

Example 2

We consider the following semilinear elliptic problem

{ —Au+q(x)u = f(u) + h(z), in (3.11)
u =0, on 0f).
Let us consider the following conditions:
(Ho) h e L*(Q), g € L*>() and g(z) > 0 for a.e. € Q.
(Hy) f:R — Ris a continuous function such that
IfO] <a+bjt|* ', VteR. (3.12)
(Ha)
ft < 0 Vi seR, (3.13)
(fit) = f(s)(t—s) < 0, Vt,seR. (3.14)
We say that v € Hj () is a weak solution of Problem 3.11 if and only if,
/QVUVU dx + /Q q(x)uw do — /Qh(x)v dx — /Q f(u)v dz =0, (3.15)

for any v € Hg(9).
All terms in (3.15) are well defined. In particular, the third term, which is the nonlinear
term, is well defined thanks to the hypothesis (H;) (we leave it to the reader to verify that).

The following theorem gives us the existence result.

Theorem 3.5 Under hypotheses (Hy), (H1) and (Hs), Problem has a unique solution solution
in Hy(Q).
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Proof. We first start with the definition of the energy functional associated to Problem 3.11.
Let I: Hj(Q2) — R defined by,

2/ﬁvmﬁm+2/“ |M%M—A#Nwdx—4h@MdL (3.16)

where F(t) = [3 f(s) ds
The differentiability of the nonlinear term [, F'(u) dz is discussed in (2.8), depending of
course on the growth condition (3.12). The differentiability of the rest of the terms are clear.

Furthermore, we have

Z/QVUVU dx—l—/ﬁq(x)uv d:L’—/Qf(u)v dx—/ﬁh(x)v dzx.

for any u,v € Hg(€2). Thus, Critical points of I are weak solutions of Problem (3.11).
Now, we show that I is strictly convex; let u,v € H(2) with u # v, we have:

<I’(U)_I/<U),U—U> = <I/< )U—U> <I/( u_y)
— /|VU—VU‘2 d:L’-i—/ (u—v) da:—/g(f(u)—f(v))(u_v) dr.

It is easy to see that by (Hp) and (3.14), we have
(I'(u) — I'(v),u —v) > /Q Vu — Vol* do = |ju — Olgg >0, Vu#v.

this shows that I is strictly convex.
We pass to prove the coercivity of I. On the other hand, Condition 3.13 states that F'(t) <0
for any ¢ € R (we leave it to the reader to verify), which implies that,

/ F(u) dx < 0. (3.17)
Q
Hence, by the same techniques in (3.10) and using (3.17), we get,
Lo
I(u) 2 Sllully = Callbllzzllul g,

this implies that /(u) — +00 as |lul|z; — +00, so that I is ccercive.

Since the functional I is coercive, strictly convex and continuous, it has a unique global
minimum point, which is a critical point. Consequently, Problem (3.11) has a unique weak
solution in H}(2). =

3.4 Minimization Techniques for Problems involving a
nonlinear term satisfies the growth condition

We consider the same Problem (3.11) with the following hypotheses

(h1) q(z) >0 a.e. x €.

(ha) h € L2(Q).
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(h3) f:R — R is continuous and bounded function.

Theorem 3.6 Assume that (hy) — (hs) are holds, then Problem (3.11) has at least a weak
solution in Hy(S2).

Proof. We consider the functional I : Hj(2) — R as defined in (3.16), It is clear that it is
well defined under the assumptions (hy) — (h3) and differentiable. In particular, the associated
function to the nonlinear term is bounded, so it fulfills a special case of growth condition (3.12).

In addition, we have

(I'(u),v) = /QVUVU d:c—l—/ﬂq(x)uv dx — /Qf(u)v dx —/Qh(:c)v dx.

Ceercivity: Since f is bounded, there exists M > 0 such that |f(¢)| < M for any ¢ € R. Thus,
we have
|F(t)] < M|t|, vt € R. (3.18)

By the continuous embedding H} (Q) & L'(Q), there exists ¢; > 0 such that
lullr < exllullag-
So that
Lo
I(w) = Sllullgy — Mllullze = Call 2l z2llull m
1

> Sllullyy = Merllulmy = Callbl el

This implies that I(u) — +o0 as ||u|| = +o00. So [ is Ceercive.
W.ls.c.: Let (un)nen C Hy(Q) such that u, — u weakly in Hg(Q2). We know that || - ||z :
Hi(Q2) — Ris w.ls.c. (see Example (3.1)). Then we have

Jull gy < i n [ . (3.19)

Recall that the embedding HJ(2) & L?(2) is compact as 1 < 2 < 2*. hence, we deduce that
U, — u in L*(Q) as n — +o0. This leads to,

[ @) = w)? da < Jgllolfun = w2 — 0.

as n — 4o00. By a simple calculation, we get,

_ 2 _n 2 2 5
O—ngglrloo Qq(x)(un u)” dx n1—1>IJIrloo Qq(a:)un dx—i—/gq(x)u dx Q/Qq(x)unu dr,
_ 2 5 2
= ngrfoo Qq(x)un dx /Qq(x)u dz.
So that
~ 2 g _ 2
nl—l>r—ir-100 Qq(x)un da:—/ﬂq(x)u dx. (3.20)

The Cauchy-Schwarz inequality ensures that we have

/Qh(x)(un —u) dx

< [l z2lJun = w2 = 0,
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as n — +o00. Then, we have,

ngrfoo ; h(z)u, dr = /Qh(x)u dx. (3.21)
Now, we show that
nl_l)r_{loo ) F(uy,) dx = /QF(U) dx. (3.22)

Since u,, — u in L*({2), there exists a subsequence (Uny, ) (denoted (uy)) such that u,(z) — u(x)
a.e. r € (. In addition, there exists g € L*(Q) (g € L*(Q2)) such that |u,(z)| < g(x) a.e. z € Q.
The continuity of F' implies that

F(u,) = F(u,) ae. in Q. (3.23)

Using (3.18), we get
|F(un)| < Mlu,| < Mg € LYQ). (3.24)

From (3.23) and (3.24), Lebesgue’s dominated convergence theorem gives that the equality
(3.22) is verified.
According to (3.19),(3.20), (3.21) and (3.22) we can see that,

I(u) = ;/Q|Vu|2 da:+;/ﬂq(x)|u|2 dx—/QF(u) d:v—/gh(x)u dx

1 1
lim f/vaunP dx—i—§/9q(x)\un\2 dx—/QF(un) d:c—/ﬂh(m)un dz

n—-+oo 2

= i )

IN

Consequently, the functional I is w.l.s.c. In conclusion, as I is ccercive, w.l.s.c. and differen-
tiable, I admits at least a global minimum in H}(Q) which is a critical point. Then, it is a

weak solution of Problem (3.11). m

3.4.1 Sublinear case in the growth condition
We consider the growth condition as follows,

(hy) f is continuous and
Jdo € (0,1) : |f(t)] <a+0blt]”, VteR. (3.25)

Remark 3.3 If f satisfies (hy), then we have,
Jay, by > 0 |F(t)] < ap + bttt VteER. (3.26)
Let us try to check that out. By integrating both sides of the inequality (3.25), we get

|F(t)| < alt] + t[o+t, vt eR.

o+1

For ¢ large enough (for |t| > 1), we have |¢| < |¢|7T!, so that

b
F(O < altlott 4 2 ge+t
FOl < a7+
b

= — ) [t 3.27
(a+ 21 (3.27)
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If |¢t] <1, we have

F(t)<a+

7t0‘+1 9
" (329

Relations (3.27) and (3.28) imply that, for any ¢ € R we have,

b o+1
F(t) <a+ (a+ U—H)m

Just take a; = a and by = a + ULH

Based on hypothesis (hy), we have the following result:

Theorem 3.7 Suppose that assumptions (hy), (he) and (hy) are satisfied. Then, Problem
(3.11) admits at least a weak solution in Hj ().

Proof. We consider the functional I : H}(Q) — R as defined in (3.16. Under the assump-
tions (hy), (he) and (hy) the functional I is well defined and differentiable. In particular, the
associated function to the nonlinear term satisfies the growth condition (3.12). In addition, we

have
(I'(u),v) = /QVUVU dx—l—/ﬂq(x)uv dx —/Qf(u)v dx —/Qh(x)v dx.

Ceercivity: Using (3.26) we get,
/ F(u) dx < al/ dx + bl/ w7t dz = a1|Q| + by [Jul|THL
Q Q )

Thanks to the continuous embedding of H(2) in Lo (Q) (as 1 < 0 +1 < 2 < 2%), there exists
ca > 0 such that
ar|Q + by ||lul| 55 < ai]Q] + blcQHuH‘;{ng. (3.29)

Hence, using (3.29) and with the same techniques we used before, we obtain,
1 g
I(u) = S lullzy — arl2] = bieallullfi" — Callbllzz |l

Since 2 > 0 + 1 > 1, we have that [(u) — +00 as ||u|]| = +00. So I is Ccercive.

W.l.s.c.: We can follow the same method as the proof of the w.l.s.c. part in the proof of The-
orem 3.6, except for slight differences in the convergence lim,, ;o [o F(u,) dz = [ F(u) dz,
where when applying Lebesgue’s dominated convergence theorem, precisely, in finding the dom-

inated function of the sequence (F(uy))nen, we need to use (3.26); we have
‘F(Un)’ < a; + bllunP < ay + blg2 S Ll(Q),

where g € L?(Q) is the function obtained by Lebesgue’s inverse theorem (see the proof of
Theorem 3.6). =

3.4.2 Eigenvalue and eigenfunction of the Laplacian operator

Let 2 C RY be a bounded open subset.
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Definition 3.7 We say that A\ € R is an eigenvalue of the Laplacian operator —A under
Dirichlet boundary conditions if there exists ¢ € HY(Q2) \ {0} such that

{ —Ap = Ap, in €

(3.30)
p =0, on 0S).

The function o is called an eigenfunction associated to .

Remark 3.4 Problem (3.30) is to be interpreted in the weak sense, namely ¢ solves it provided

/QVgOVv dr = /ng(:z;)v dx,
for allv € Hy ().

The basic properties of eigenvalues and eigenfunctions are summarized in the following theorem.

Theorem 3.8 Let Q C RY be a bounded open subset. Then there exist a sequences (A )nen) C
R and (pn)nen C Hy(Q) such that, each N, is an eigenvalue of the operator Laplacian A and

each @, is an eigenfunction corresponding to \,. Furthermore, we have,
1. ¢, — +00 as n — +o00.
2. (©n)nen is an orthonormal basis of L*(£2).

3. Foralln € N, ¢, € L>®(Q) and ¢,(x) # 0 a.e. in Q.

Remark 3.5 Figenvalues and eigenfunctions play a very relevant role in nonlinear elliptic
problems. The most important eigenvalue is the smallest, A1, also called the first eigenvalue or

the principal eigenvalue.

The first eigenvalue has distinctive properties, the most important of which we discuss in the

following theorem.

Theorem 3.9 Let Q be an open and bounded subset of RY. Define a functional J : H}(Q) \

{0} = R as
_ Jo|Vul? da

=

Then we have
1. )\1 = minueHé(Q)\{o} J(U)
2. A = J(w) if and only if v is a (weak) solution of

{ —Aw = \w, in Q; (3.31)

w =0, on 0f2.

3. every non identically zero solution of (3.31) has constant sign in 0 (in particular, is a.e.

different from zero in 1);

4. the set of solutions of (3.81) has dimension one; one says that Ay is simple.
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3.4.3 Linear case in the growth condition

We return to the study of the nonlinear problem (3.11) where we consider the following hy-

potheses

(hs) f:R — R is a continuous function and there exist a > 0 and b € (0, A1) such that

If(t) <a+blt], VtER
It is easy to see that (hs) implies that,

b
|F(t)| < alt] + §|t|2, vt € R. (3.32)

Theorem 3.10 Under the assumptions (hy), (he) and (hs) are verified. Problem (3.11) admits

at least one solution.

Proof. We consider the functional I : H}(Q) — R as defined in (3.16. Under the assumptions
(h1), (he) and (hs) the functional I is well defined and differentiable. In particular, the asso-
ciated function to the nonlinear term satisfies a particular case of the growth condition (3.12).

In addition, [ is differentiable and we have

(I'(u),v) = /QVuVU d:z:—l—/ﬂq(x)uv dx —/ﬂf(u)v dx —/Qh(az)v dzx.

W.l.s.c.: We can follow exactly as in the preceding theorems.
l[ull? 4

Cercivity of I: We know that A\ = min ﬁ, this leads to
L2

Jull2 <

1
—F—||U|| g1-
g

We use this inequality and (3.32) to estimate the functional I as follows:

1 b
Iw) > Sl = allulle = 2 el = Il lullze
1 b 1
> Sl = acrfull iy = 5l =l

1 b
= 5=l = acifluflmy —

1
——=||R|| L2 1.
Ly o Il llullg

Since b € (0, 1), we have I(u) — +00 as n — +oo which prove that I is coercive. m

3.4.4 Existence of nontrivial solutions

We consider the following semilinear elliptic problem

{ —Au+q(z)u = f(u), in (3.33)

u =0, on 0f).

We notice that if f(0) = 0, then u = 0 is a solution of Problem (3.33) which called the trivial

solution.
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Remark 3.6 Without further assumptions, it may very well be that the trivial solution is the
only solution; Indeed, if we suppose that f(t)t < 0 for any t € R, then any weak solution of
(3.33) satisfies,

lullZ +/Qq(x)u2 dr = /Qf(u)u dr <0,

which implies that u = 0.

Theorem 3.11 Let (hy) holds. Assume that f : R — R is continuous and satisfies,

f(0)=0, limsup /)]

< A1
ot |t] !

Then, Problem (3.33) has at least at least one solution (which may be trivial). In addition, If
f satisfies

t
litmgnf ) > M+ ]| o (3.34)

+ 1

Then, Problem (3.33) has at least at least one nontrivial solution.

Remark 3.7 By an elementary demonstration we can show that if a function f : R — R is

continuous and satisfies the condition limsup,_, IOIRPS A1, then f satisfies the hypothesis

It
(hs) (see Exercise 27).

Proof. We consider the associated functional I : Hj () — R defined by,

J(u) = ;/Q|Vu|2 dx +;/Qq(x)|u|2 dx —/QF(u) dx,

Clearly, (hy) and Remark 3.7 contribute to the fact that the function J is well defined and
differentiable. The first part of Theorem (3.11) can be directly deduced using Remark (3.7)
and applying Theorem 3.10 with h(z) = 0.

Now, based on condition (3.35) we prove that the solution found in the first part is nontrivial.

Suppose that
lim inf fit) =1, (3.35)

t—0t

this means that, for any € > 0, there exists § > 0, such that for any ¢ € [0, ¢, we have

t
[—e< fi) <l+e.
Since | > A + ||¢||oo, Wwe can choose £ > 0 small enough so that B =1 — ¢ > A\ + [|¢|co-
Therefore,
f(t)> Bt, Viel0,d],

S0,

F(t) > gﬂ, vt € [0,4]. (3.36)

On the other hand, we notice that J(0) = 0, so if we check that the global minimum (critical
point) of J which is the solution satisfies J(u) < 0, then we have shown that the solution is

nontrivial. Indeed, we use a (level argument) as follows:
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Let 1 > 0 be the first eigenfunction of —A associated to the first eigenvalue \;. We have
1 € L®(Q) N HI(2). We choose € > 0 small enough so that ep; < §. Hence, by (3.36) we

have,
Flegi(x) 2 56863 (), (337)

a.e. x € (2. From the definition of ¢, we have,
/ Vi Vo dr = )\1/ v d,
Q Q
for any v € HJ (). For v = u we get
/ V| do = )\1/ o7 dx (3.38)
Q Q

Using (3.37) and (3.38), we obtain

B
J(ep1) < 2/]V5g01| dr + - / 7)|epr]? do — = |5g01\2 dx

2
Be?
< ;szuwlum lallillor 2 — 2l
Be?
= 552)\1”901”%2 + §HQHL°<>H¢1H%2 - 7”901H2L2
g2 N
= 5(& + [lgll~ — B)lpall72-

Since B > A1 + ||q|| 2, we have J(gp;) < 0. Hence,

Ju) = min J@) < J < 0.
(u) ;o (v) < J(eg1)

Since J(0) = 0, u cannot be the trivial solution. m

3.5 Elliptic problem involving the p-Laplacian operator

3.5.1 Some important results

Let p > 1. The p-Laplacian is the second order non linear differential operator defined as
Ayu = div(|VulP 2 Vu),

In the case p = 2, the p-Laplacian is the usual Laplacian operator.

In order to study problems involving the p-Laplacian operator we need several basic concepts
such as Sobolev spaces WP(2) and their associated properties such as the Poincaré inequality,
and continuous and compact embedding in Lebesgue spaces (Sobolev inequalities). For more
details see the section 1.3.

We will also need two important results about the differentiability of two fundamental

operators in nonlinear problems.
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Proposition 3.4 Let Q@ c RN, N > 3, be an open set. For p > 1, define a functional
I:WyP(Q) = R by:
I(u):/ Vul? do
Q
Then J is differentiable and

(I'(w),v) = p /Q VulP 2 VuVo de

Proof. The same steps of proof can be followed in Example 2.1 and Example 2.5. m Here is

a generalization of the result in Exercise 5-section 2.

Proposition 3.5 Let Q C RY, N > 3, be an open set. Let 1 < p < N and let f : R — R is
a continuous function. suppose that there ezists o € [1,p*], p* = N]\% is be the critical Sobolev

exponent, and there exist a,b € R such that
If@t)] <a+blt]”t, VteR. (3.39)

We set F(t) = [ f(s) ds and we consider J : Wy (Q) — R defined by

Then J is is differentiable and

('), ) = [ flu(@)(a) da.

3.5.2 Application

Let @ ¢ RY, N > 3, be an open bounded set and let 1 < p < N. Let h € L4(f2), where
% + % =1. Let f : R — R be a continuous function such that

If(H)] <a+0bt]” !, VteR. (3.40)
where a,b > 0 and 1 < ¢ < p. We consider the following nonlinear problem

—Ayu = f(u) + h(z), in
u =0, on Of).

(3.41)
Definition 3.8 We say that u € Wol’p(Q) is a weak solution of Problem 3.41 if and only if
/ |VulP2VuVu dr — / fu)v dx — / h(z)v dx = 0, (3.42)
Q Q Q
for any v € WyP(Q).

We can check that the quantities in (3.42) are well defined; Indeed, let u,v € Wy*(Q). Firstly,

by Holder inequality we have
< ([ ) (e
Q Q

IVl Vol e

= ||“|];;011,pHUHW01,p < 00.

‘/ |VulP?VuVuv dr
Q
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For the second term, using (3.40) we get

/Qf(u)v dx

< [ 1@l ds
Q
< a/ |v| dx+b/ lu|” v da.
Q Q
By Holder inequality and Poincaré inequality we obtain
1 1
/le! dr < |Q[4[|v][rr < Q2] Cal[v]ly1r < oo,

where Cq, is the Poincaré constant. In addition, by Holder inequality and using the continuous
embedding Wy (Q) & L7(Q), as 1 < o < p < p*, there exist ¢1, ¢, > 0 such that

[l vde <l olles

< ol

;V(}’P + 02||U||W01,p < 0.

So, [o f(u)v dz < co. By applying Holder and Poincaré inequalities, we can also easily check
that [, h(x)v dx < oo. From the above, we conclude that all the terms appearing in the equality
(3.42) are well defined.

Here is the existence theorem,

Theorem 3.12 Assume that f is continuous function satisfies (3.40). For any h € L(Q),
% + é =1, Problem 3.41 has at least a weak solution in Wy ().

Proof. Firstly, The functional whose critical points are the (weak) solutions of Problem (3.41)
is J: WyP(Q) — R defined by

1
J :,/v pq —/F d —/h dz,
where F(t) = [i f(s) ds. From relation (3.40) , we can deduce that
b
|F(t)| < alt| + glt\q, vt € R. (3.43)

We have the following steps

Step 1. Differentiability Thanks to Proposition 3.4, Proposition 3.5 and depending on the growth
condition (3.40) we conclude that the functional J is differentiable on W, ”(Q), and we

have

(J'(u),v) = /Q |VulP2VuVu dx—/ﬂf(u)v dx—/ﬂh(x)v dr.

Step 2. ; Ceercivity: Let u € Wy (). Using the inequality (3.43) we have

‘/QF(u)dx

b b
<a [ ful o+~ [ ul” do = aljull s + 2 ullg..
Q pJ/a p

Since the Sobolev space W,*(€2) is continuously embedded in L'(Q) and L7(Q) as 1 <
o < p < p*, there exist ¢y, co > 0 such that

[ullr < erllullype,  Nullze < eaflullyr.
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Step 3.

This leads to us having

‘/QF(u) dx

On the other hand, by Holder and Poincaré inequalities, we obtain that

’/Qh(x)u dx

As a result of the above, we have

< acyfullyr + Lesllul
S ac||u Wol,p pCQ u WOLP.

< [Iallgllullzr < Collhllgllellyyr-

1 b
Tw) 2 “lullys = acillullyge = Seallulgs = Collhllullg»-

Since 1 < o < p we have

1

b
BHUH’;VOLP — acylullyre - ECzllUH‘V’ng = Cal|hllg[lullyr = 400,
as ||u||y1.» — 400, which implies that lim  J(u) = 4o00. Therefore, J is ceercive.
0 Il 1.0--00

w.ls.c. Let (u,) C WyP(Q) such that u, — u in W, ?(Q). Since the norm in any Banach

space is w.l.s.c., in particular, the norm || - Hwol,p is w.l.s.c. and we have
[ullypr < liminf {|u, ||y (3.44)

Since the embedding W, ”(Q) 9 LP(Q) is compact as 1 < p < p*, we have u, — u in
LP(§2). By Holder inequality we obtain

< (1Pl zallun = ullzr = 0,

/Qh(m)(un —u) dx

as n — +o00. Therefore, we have

lim [ h(z)u, dz = / h(z)u dx. (3.45)

n—+o0o J() 0

For the nonlinear term, we apply the Lebesgue’s dominated convergence theorem. We
know that the embedding W,?(Q) % LP(Q) is compact as 1 < o0 < p < p*, we have
u, — w in L7(§2). Hence, there exists a subsequence (uy,) of (u,) (still denoted (u,,))
such that

up(z) = u(z) ae xeQ, (3.46)

and there exists a function g € L7(£2) such that
lup(z)] < g(z) ae x€Q. (3.47)
Continuity of F' and relation (3.46) leads to
F(uy(z)) = F(u(zx)). (3.48)
Using (3.43) and (3.47), we also get

b b
|F(u,)] < alu,| + §|un|” <ag+ gg" € LY(Q). (3.49)
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From (3.48) and (3.49) we deduce that

/Q Fluy) do — /Q F(u) de (3.50)
Combining (3.44), (3.45) and (3.50) we obtain

J(u) < liminf J(uy,).

n—-+o0o
Thus, we have proven that J is w.Ls.c.

Finally, since the functional J is differentiable, coercive and w.l.s.c., it has at lest global

minimum which is a critical point. Consequently, Problem (3.41) has at least a weak
solution in W,*(€2).

3.6 Ekeland Variational Principle

3.6.1 Palais-Smale condition

To express the compactness of minimizing sequences, or more generally of sequences which
converge to a point which we hope to show is a critical point, we often resort to the Palais-

Smale condition (see [7, 9] ).

Definition 3.9 (Palais-Smale Sequence) Let E be a Banach space and let J : E — R be a
differentiable functional. Any sequence {u,}, C E satisfies

AC > 0: |J(u,)| <C VneN and ||J (un)||ler =0 as n— +o0, (3.51)

is called a Palais-Smaile sequence for J (We write briefly: (P.S) sequence for J).
Let c € R, if
[J(un)| = ¢ and ||J(un)|[er = 0 as n— +oc, (3.52)

then {uy,} is called a Palais-Smale sequence for J at level ¢ ((We write briefly: (P.S). sequence
for J)). Then c is called the Palais-Smale level for J.

Example 3.2 Consider the real function f(x) = xe'™,

flr)=0—x)' = fz) =0 =1
Hence, f has only a critical point xo = 1 at level c = f(1) = 1. We note the following:

1. The sequence u, =1 — % satisfies:

= _— n <
) = (1= 1) ek <
50 { f(tun)},en 95 bounded in R. And

1
Flup) = ~en =0 as n— +oo.
n
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So {u,} is (P.S) Sequence.

Since f(u,) = (1 — %)e% — 1, {u,} is a Palais-Smale Sequence for f at level c =1 (or
(P.S)y sequence for f).

2. If we take v, = n, the sequence {vy}, oy 5 a (P.S)y Sequence for f.

Definition 3.10 (Palais-Smale condition) Let E be Banach spaces and let J : E — R be a

differentiable functional.

o We say that J satisfies the Palais-Smale condition ((P.S) condition) if every (P.S) Se-

quence for J; i.e. it satisfies (3.51), has a (strongly) convergent subsequence in E.

o We say that J satisfies the Palais-Smale condition at level ¢ € R ((P.S). condition) if every
(P.S). Sequence for J; i.e. it satisfies (3.52), has a (strongly) convergent subsequence in
E.

Example 3.3 In the previous example, f satisfies the condition of (P.S) at level ¢ = 1 but not

at level ¢ = 0.

3.6.2 Ekeland’s Lemma and consequences

In this section we present a very important result based on the concept of weakly lower semi-
continuity and the boundedness from below of a functional defined on a complete metric space.
This result is known as Ekeland’s variational principle (see [0]), which has many applications

in the field of mathematical analysis.

Lemma 3.1 ([5, 6]) Let (E,d) be a complete metric space and J : E — R be a lower semi-
continuous function and bounded from below. we set m = 11612 J(u). Then for all € > 0, there
exists u. € E such that

m < J(ue) < m+e,

Yu € E : u # u,,

J(u) — J(ue) + ed(u, ue) > 0.

Corollary 3.4 Let E be a Banach space and J € C*(E,R). Assume that

1. J is bounded from below.

2. J satisfies the Palais-Smale Condition at level m = 122 J(u).

Then J achieves its minimum c, therefore, J admits at least a critical point.

Proof.

We reformulate the demonstration as an exercise:

Exercice 3.13 1. Using Ekeland Lemma, show that there exist a subsequence (u,) C E

such that
m < J(u,) <m+ =+,

Vo e E:J(W)+ +lv—u| = J(un).
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2. Show that ||J'(u,)||r < + and then J'(u,) — 0 in E' as n — +o0.

3. Deduce that there exist ug € E such that :

J(up) = m,
J/(Uo) =0.
Solution:

1. Since J € C}(E,R) and bounded from below, we can apply Ekeland Lemma with € = %,

n
n € N*, then there exist u,, € E such that:

m < J(up) <m+%,
Vo e E:J)+ +lv—upl > J(uy).

2. Let w € E such that ||w||, =1, we take v = u, + tw € E:

1
J(uy +tw) + n HwHE > J(un)>

then,
tw) — 1
lim J(uy + tw) — J(uy) > lim
t—0 t =0 n
then,
1
Jl ny > ——
(T () > ——
We can be replaced w by —w, we obtain
(T () —w)) > —
mns — n
then,
© < (' w)) < -, which means (', w)| <
—— Up,w)) < —, which means Up,w))| < —.
n - n n
then,
1
sup (7' (u, w))] < =
[wl| g=1 n
This means that,
1
Il < ) Vw e E

we deduce that,
lim |[.J"(un)|| pr = 0

n—oo

So,
J'(up) = 0in E', asn — +oo.

3. We Know that
J (u,) — m,

J'(un) — 0, in E
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therefore, {u,} is a (P.S),, sequence. Since J satisfies the (P.S),, Condition, we deduce
that there exist a subsequence {u,, } C E and uy € E such that:

Up, — Up, In .
Since J and J’ are continuous, we have
J(Up,,) = J(up), in E.

By the uniqueness of limit we have J(ug) = m and J'(uy) = 0. So, J achieves it is

minimum and admit a critical point.

Application
We consider the following problem :

{u” + g(z,u) = f(z) in(a,b),

u(a) = u(b) = 0, (353)

where f € L?*(a,b) and g is a caratheodory function (measurable to first variable and continuous

to second variable), furthermore,
(1) lg(z,s)] <bg+byl|s|’, p>1,by and by > 0.

(92) G(z,s) >0,Vs € R, a.e x € (a,b), where
t
G(z,t) :/ g(x,s) ds
0

Definition 3.11 We say that u € H}(a,b) is a weak solution of Problem ((3.53)), if and only
if
b b b
/ u'v' dm+/ g(x,u)v dx—/ f(z)v dz = 0.
for any v € Hy(a,b).

Theorem 3.14 Under the hypotheses (g1) and (g2), Problem (3.53) admits at least weak solu-
tion in H}(a,b).

Proof. Let us consider the functional J : Hj(a,b) — R, given by
b

J(u) = ;/abu’2 dx—;/abG(x,u) dw—/ f(x)u dz.

a

By (g1), obviously that J € C'(Hj(a,b),R) and we have:

b b b
/ u'v' dx +/ g(z,u)v dx —/ f(z)v dz = 0.

Therefore, u is critical point of J if and only if u is a weak solution of Problem (3.53). Now,
we will apply Corollary 3.4 which requires that we show that J is bounded from below and
satisfies (P.S) condition. Indeed,
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o J is bounded from below: using (g>) and Cauchy-Schwarz inequality we get,

1 b 1 /b b
J(u) = §/a /| dm—§[1 G(z, ) dm—/a f(@)u dz,
S e T . (3.54)
then J is bounded from below.
o J satisfies the (P.S) condition: Let {u,} C H}(a,b) be a (P.S) sequence i.e,
J(uy)is bounded inR, andJ' (u,,) — Oin (H& (a, b)>* :

as n — oQ.

Step 1: we show that {u,} is bounded in H}(a,b); from (3.54)

J(un) > Iunllz = Ca lfll e llunll gy (3.55)
0 0

the convergence of the sequence (J(u,)) implies that there exists ¢ > 0 such that |J(u,)| <
¢ for any n € N, so by (3.55) we deduce that

2
”unHHg = Co | fllf2 ||UnHH5 <g¢
If we suppose that (u,) is unbounded, then there exists a subsequence (u,, ) such that

i _ i 5 = +oc. (3.56)

nk—4-o00

i.e,
i, Iy — ol gy = o0

we have a contradiction with (3.56), then {u,} bounded in H;(a,b).
Step 2: Since (u,) is bounded in H}(a,b), which is reflexive space,so there exist a
subsequence denoted by {u,} such that

u, ~u in Hy(a,b) (3.57)
Thanks to the embedding Hj(a,b) % C([a,b]) is compact, we deduce that

u, —u in Cla, bl (3.58)

which means that sup,c, [un —u| — 0 as n — +oo. This implies that there exists
M > 0 such that
lup ()| < M, Yz € [a,bl. (3.59)

Step 3: We have
(J' (un) — J'(w),up —u) = 0, as n — +oo, (3.60)

Indeed, since u, — u weakly in H}(a,b) and J'(u,) — 0 in (Hg(a,b))*, we obtain

(J'(un),up —u) — 0, as n — +00,
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Next, since u,, — u weakly in H}(a,b) and J'(u) € (H}(a,b))’, we get
(J'(u), u, —u) — 0, as n — +o0.
On the other hand, we have
(J'(up) — J' (), up —u)y = (J'(up),u, —u) — (J'(u), u, —u)
= el + [ (o) — o)) — ) dn(3.61)

But, .
/a (9(x,up) — g(z,w)) |u, —u| dex — 0, (3.62)

as n — +o00. Indeed, By a simple estimating we have

b b
[ (gt un) = g0 —w) daf < [ gt un) = glo,w)] fun — ul da

b
< sup fuy —ul [ lg(w,un) = glw,w)] da
xz€(a,b| a

Based on the continuity of R 3 ¢ — g(z,t), the hypothesis (go) and (3.59) and applying

the dominated convergence theorem we obtain

b
[ gt ua) = g(a,w) dz— o, (3.63)
as n — +00. Consequently, from (3.58) and (3.63) we deduce that (3.62) is established.
Combining (3.60), (3.61) and (3.62) we deduce that
2
as n — +o00. Hence, J satisfies the (P.S) condition.

As conclusion, we have J € C'(Q,R), bounded from below and J satisfies the (P.S) condition,
then J admits at least critical point which leads to the existence at least of a weak solution of
Problem (3.53) in H}(a,b). m

3.7 Exercises

Exercise 1:
Given a continuous function A : [0,1] — R, consider the boundary value problem

(3.1)

—u"+ud=n(t), 0<t<l,
u(0) = u(1) =0,

and the functional
= [ [P+ qut —h] ds
plu) = | |5l ¢ u
defined on the Sobolev space H;(0,1).
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