Chapter 2

Differentiability of Functionals and Critical

Points

In what follows, we present the two principal definitions of differentiability and their main

properties, we start with the directional derivative.

2.1 Gateaux differentiability

Definition 2.1 Let E be a Banach space, 0 C E an open set, and let I : & — R be a
functional, we say that I is Gateau differentiable (G-differentiable) at w € €0, if there exists
A € E' (A linear and continuous), denoted by I/.(u) such that, for all v € E,

I(u+tv) — I(u)

lim
t—0

= (4,0}, (2.1)

If I is Gateaux differentiable at u, there exists only one linear functional A € E' satisfying
(2.1). It is called the Gateauz differential of I at w and is denoted by I, (u).

Definition 2.2 If the functional I is Gateaux differentiable at every u of an open set U C E,
we say that I is Gateauz differentiable on U. The map

I,:E — FE

u +— I(u)
is called the Gateaur derivative of I.

Example 2.1 Let 1 < p < oo, the functional

1:17(Q) — R

is Gateaur differentiable and we have

(T(w),v) = p [ Juluvda.
Q
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Indeed; let v € LP(2), we have

I T P dz — [ |ulP
lim (u+tv) — I(u)  lim Jo lu+tvP de — [ |ul d:z:.
t—0 t t—0 t

We define

Guw : [0,1] — R

S = Guol(s) = |u+sv|”.

since Gy 1s continuous on [0,t] and differentiable on ]0,t[, then according to the mean value

theorem, there exists a real ¢; €]0,t] such that

guﬂ)(t) - gu,v(o) = g,u,v(ct)t

or,
lu+ tv)’ — [ul” = plu+ |’ (u+ o),

when t — 0, we have ¢; — 0, so

. |utolP —|ul?
lim

— ; p—2
lim " = Ctlﬂop\u + P (u + o)

= plulP?uw. (2.2)
Let us recall by the following preliminary inequalities,

(a+b)° 2571 (a® +b%), Vs> 1.
(a+0)" < a®+b°, VO<s<I1.

IA

Using (2.3), we get

lu+ P2 (u+ co)v| < Ju+ P )

IN

(Jul + celo)*~ ol
2072 (Julr~ ol + o), ifp > 2;
ol fl<p<2
< C(ful~Hol + o),
where C' = max{1,2°"?}. Now, we verify that (|uP~ v| + |v[’) € L'(Q); that is, by Holder

inequality we get
1l ol de <l ol < o0

then [uP~o| + |[v|P € LY(Q). Using this and (2.2), applying Dominated Convergence Theorem,

we get

tolP dx — Pd
i Sl toP o — o lup do
t—0 t

:p/ |u|P~2uvda.
Q

Now, we define

AP - R
v o= Av) :p/ |u|P~2uvda.
Q
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we prove that A € (LP(QY)), i.e. A is linear and continuous.
A is linear, that is, let vy, vy € LP(Q) and let a, f € R

A(av + Pvy) = p/Q |u|P~2u(ow; + Bus)dx
= p[/ |u|p_2ucwldx—|—/ |u|P~*uBvydx)
Q Q

= ap/ |u]p_2uv1dx+6p/ |u|P~2uvyda
0 Q
= aA(vy) + BA(vy).

then A is linear. For continuity of A, let u,v € LP(Q2)

|A(v)| = |p/ \u|”_2uvdx| < p/ |u|p_1|v|dx
Q Q
1

1
< o f e (o)
Q Q
p=1 1
< p</ |u\<p—1><pf1>dx) g </ |v|pdx>p
Q Q

-1
[l vl
Then A is a continuous, so the functional I is G-differentiable and (I/,(u),v) = p [ |u[P~*uvdz.

Example 2.2 In the previous example 2.1, if we set p = 2, the functional

I:L*(Q) — R
w o 1) = [ fuf? de = |lul
Q

1s Gateauz differentiable and we have
(It;(u),v) = 2/ uv d.
Q
Example 2.3 The functional defined by

J:WyP(Q) — R
_ _ 2
u J(u)—/Q|Vu]p dr = [ul[3,1s

is Gateauz differentiable and we have
(JG(u),v) = p/ |VulP?VuVu dx.
Q
In particular case p = 2, the functional defined by

J:H;(Q) — R
u = I = [ |Vu? de = Jull},

1s Gateauz differentiable and we have

(JG(u),v) = Q/QVUVU dx.
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Example 2.4 Let Q C RY, N > 3, be an open set. Let f : R — R be a continuous function.

suppose that there exists o € [1,2*], 2* = 22 s be the critical Sobolev exponent, and there

N-2
exist a,b € R such that
If®)] <a+0bt]”t, VteR. (2.3)

We set F(t) = [¢ f(s) ds and we consider J : HY(Q) — R defined by

Then J is is Gateauz differentiable and

ow),0) = | fu@)o() da.

To facilitate understanding the steps of justifying Example 2.4, see Exercise 77.

2.2 Fréchet differentiability
Definition 2.3 Let E be a Banach space, 2 C E an open set and let I : Q& — R be a
functional, we say that I is Fréchet differentiable at u € 2, if there exists A, € E' such that

Iu+v)—1I(v)— A
l[v]|—0 [v]]

=0 (2.4)
Thus, for a Fréchet differentiable functional I, we have

I{u+w) = I(u) = Au(v) + o([|v]]),

o(llol) _

f[oll

where limyj,|-o

If a functional I is differentiable at u, then A, is a unique.

Definition 2.4 Let I : Q — R be differentiable at u € Q. The unique element A, such that
(2.4) holds is called the Fréchet differential of I at u, and is denoted by I'(w). Then we can

write
I(u+wv) —I(u) = (I'(u),v) + o(||v]])

as ||v]| — 0.
Definition 2.5 Let QQ C E be an open set.
1. If the functional I is differentiable at every u € ), we say that I is differentiable on €.

2. The map I' : Q@ — FE’ that sends u € Q2 to I'(u) € E' is called the Fréchet derivative of I.

Note that I' is in general a nonlinear map.

3. If the derivative I' is continuous from Q to E' we say that I is of class C* on Q and we

write I € C1(Q).
Remark 2.1 o Notice that I'(u) is defined on E, even if I is defined only in €.
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o If I is Fréchet differentiable at u € Q) then I is continuous at u.

o If I is Fréchet differentiable at u € € then I is Gateaux differentiable at u € Q and
I'(u) = 15 (u).

The converse of the third point of Remark 2.1 is not always true but we have the following

result:

Proposition 2.1 Suppose that 2 C E is on open set, such that I G-differentiable in 0 and
that If, : Q@ € E — E' is continuous, then I is also Fréchet differentiable at u, and we have
I, = I'(u).

The proof of Proposition 2.1 is given in [11].

Remark 2.2 The importance of Proposition 4.22 reside in the fact that calculate the Gateau
derivative and then to prove that it is continuous is often technically easier to directly prove the
Fréchet differentiability. Also we deduce that the functional is of class C*.

2.3 Basic examples

Example 2.5 We prove that the functional J : LP(2) — R (p > 1) defined by
u— J(u) = /Q |u|Pdx.
is a Fréchet differentiable on LP(Q)). Indeed; we already prove that J is G-differentiable, with
(JL (), v) = p/Q P~ tuw dz,  Yu,v € LP(Q). (2.5)
it remains to prove that

Jo: LP(Q) — (LX)

u — Jo(u)

where Ji(u) is defined as in (2.5).
Let (u,) C LP(Q2) such that
u, — u in LP(§2),

we prove that J},(u,) — J5(u) in (LP(Q))'. By definition we have,
176 (un) = TG (Wl 1o 0)y = e |{(Je(un) = Jg(u),v)]
vilLp=

let v e LP(QY), such that ||v||;, =1, we have

| (JG(un) = JG(u),v) | = [(JG(un),v) = (JG(u),v) |
= p|/ﬂ|un|p_2unvd:v—/ﬂ|u|p_2uv dx|

p|/ |un|p_2unvdx—/ |u|P~2uvda|

Q Q

P Mot~ — =2l ][ [ofPde)
Q Q

p [ =2 — fup~2ul3*da.
Q
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We set w,, = |u,|P"%u,, we know that u, — u in LP(QY), there is a subsequence u,; (denoted

Up ), such that u,(x) — u(z) a.e. in]0,1], so we have
wy () = [uP?u = w(x) a.e. infd. (2.6)
Moreover there exists g € LP such that
lun ()| < g(z) a.e. in €.

Thus,
[wn(@)] = [un ()" < Jg()"" € LiT(Q). (2.7)
According (2.6) and (2.7), by the dominated convergence theorem we have w, — w in
Lﬁ(Q); that is
[l = a2l 0,

as n — 4o00. Consequently
| (Je(un) = Jg(u),v) | = 0.

as n — 400, which means that Ji.(u,) — Ji(u) in (LP(O, 1))/, s0 Ji is continuous functional.

In conclusion, the functional J is Fréchet differentiable and it is of class C*.
Example 2.6 In Example 2.5, we take the particular case p = 2, the functional
I:1*(Q) — R
u — I(u) :/Q\u|2 dr = ||ul|3e
is Fré differentiable and we have
(I'(u),v) = Q/QUU dx.

We note that this example can be justified directly using Definition 2.4 without going through
the steps followed in justifying Fxample 2.5.

Example 2.7 The functional defined by

J:WyeP(Q) — R
u — J(u) :/Q|Vu]p dr = HuH%VOlp

is Fréchet differentiable and we have
(J'(u),v) = p/ |VulP2VuVu dz.
Q
In particular case p = 2, the functional defined by

J:H;(Q) — R
u e J(u):/Q|Vu]2 d = ||ull%y

s Fréchet differentiable and we have
(J'(u),v) = 2/ VuVu dx.
Q

Based on Example 2.3 and using the same steps in justifying example 2.5, the result of the first

part example can be verified. Concerning the second part we can use Definition 2.4 directly.
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