University of M’Sila Introduction to Evolution Problems 2024/2025

M. 1. Faculty

Department of Maths. Final Exam
PDE Master I, (S2)

Instructions: Clarity and logical structure will be graded. Box your final results.

Exercise 1 (2 +2+ 2 = 6pts). Let Q = (0,1), T > 0, and X = L?(Q).

1. Define LP(0,7; X) for 1 < p < co. What is the norm for p = co?
2. Prove or disprove with justification:
LY0,T; HY()) € L*(0,T; L*(Q)).
3. For a, 8 € R, find necessary and sufficient conditions on «, 8 such that:
t2? e LA(0,T; H(Q)).

Exercise 2 (2+2+ [2+ 3] + [2 + 2 4 1] = 14pts).

Consider the initial-boundary value problem:

U — Ugy — a(z)u = 0, (z,t) € (0,1) x (0,7,
u(0,t) = u(1,t) =0, te(0,7), (1)
u(z,0) =sin(2rz) + (1 —z), z € (0,1),
where a(z) € L>(0,1).
1. Derive the weak formulation in H}(0,1).

2. Identify the conditions on a(x) that guarantee coercivity of the bilinear form
1 1
Blu, v] :/ Uy Vg d:c—/ a(z)uv dx
0 0
3. FEnergy Estimates method:

(a) Define the energy functional:

Prove the estimate:

dt

and determine the constants v explicitly in terms of ||a||~ and the Poincaré’s constant.

dE !
+7/ uldr <0
0

(b) Under what condition on a(z) can you guarantee exponential decay of the energy? Find

the optimal decay rate.
4. Separation of variables method: Assume a(x) =n > 0 constant.

(a) Solve the problem explicitly using separation of variables.
(b) Find the optimal decay rate of E(t) using the series of the solution.

(¢) Compare the decay rate with one obtained from the energy method.

Note: The Poincaré’s constant= %
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Exercise 1 (Function Spaces)- 2+ 2 + 2 = 6pts

1. Definition: For 1 < p < oo, LP(0,T; X) consists of all measurable functions u : (0,7') — X with

T 1/p
lullzeo,7;x) = </0 ||u(t)|!§dt> < 00

For p = 0o, the norm is
HUHLOO(O,T;X) ‘= ess SuPte(O,T)”U(t)HX
2. Embedding: The embedding L*(0,T; H'(R2)) C L?(0,T; L*()) holds true.
Justification: By the Sobolev embedding H'(Q) — L?*()) and Cauchy-Schwarz inequality in

time:
T T 1/2 T T 1/2
| ol < (/ 1dt) ( / uuu)\\‘zzdt) < 71/ (/ Hu(t)H‘ith>
0 0 0 0

. 1/2
4/2
772 ([ (ol + 1) dt) = O ul

1/2

IN

3. Membership: For t*z% ¢ L*(0,T; H'(0,1)), we require:
1. L*0,T;L?(0,1)) condition:

T 4 T 1 2 T 1 2
/ taxﬁu dt = / </ tzaxwdx) dt = / trdt (/ wQﬁdaf) < 00
0 L? 0 0 0 0

e Space integral: fol 2P dz converges when 23 > —1 = 3 > —%.

e Time integral: fOT t4edt converges when 4o > —1 = a > —%.

2. LY0,T; HY(0,1)) condition (derivative):

T 4 T 1 2 T 1 2
/ Hﬁto‘mﬁ_lH dt = / (/ 62t20‘$2(’3_1)da:) dt = 54/ thodt (/ xQ(ﬁ_l)dx> < 0
0 L2 0 0 0 0

e Space integral:fol 2BV dz converges when 2(8 —1) > -1 = 8 > %

Final Conditions:

Exercise 2 (Heat Equation)- 2+ 2+ [2+ 3]+ [2+ 2+ 1] = 14pts

1. Weak Formulation

To derive the weak formulation:
e Multiply the PDE by a test function v € Hg(0,1):

UV — Uz — a(x)uv =0

1 1 1
/ wv do — / Uy ¥ dT — / a(x)uvdr =0
0 0 0

1

o Integrate over (0,1):



o Integrate by parts the second term:

1 1 1
/ ugv dx — umv]ﬁié + / Ug Uy AT — / a(z)uvdr =0
0 0 0

e The weak formulation is: Find u € L*(0,T; H}(0,1)) with u; € L?(0,T; H~1(0,1)) such that :

{ (ut,v) + Blu,v] = (f,v)r2, Vv e HL0,1)
u(0) = sin(2rz) + (1 —z), =z € (0,1).

e Coercivity: If |laljoo < 72, then:

1 1
Blua 2 [ o fale [ aarz (1- 1) jugg,
0 0 m 0

by Poincaré’s inequality fol w?de < % fol u2dz.

2. Energy Estimates
(a) Energy Inequality
Define E(t) = %fol u?dx. Then:

dE 1 1
— = | uwdr = / w(Ugg + a(r)u)dx

! 2 ! 2 ! 2 ! 2 lalloo ! 2
= —/ umd:c+/ a(x)u“dr < —/ uszdx + ||a|]oo/ u’dr < — (1 -5 ) / uidr
0 0 0 0 ™ 0

where: v =1 — —”‘;'L‘”.

(b) Exponential Decay

When ||al|o < 7%

dE
FT 2(m* — |lalloo) E(t) <0
The inequality takes the form:
E
2 < —a(x” ~ Jallo) B(1)

Let A := 2(7? — ||a]|oo). Multiply both sides by the integrating factor e*:

At At At
<
e 7 + AV E(t) = 7 (e E(t)) <0

Integrate from 0 to ¢:
eME(t) < E(0)

Thus: ,
E(t) < E(0)e ™ = B(0)e 2 ~llallo)t

Thus we have exponential decay with rate A :=2 (72 — ||a[|sc)-

3. Separation of variables
(a) Exact Solution

For a(x) = n constant, solve via separation of variables:
Assume u(x,t) = X (x)T'(¢):
Tl X//
_— = — = —)\
T x "

Then,
T+ AT =0=T = Ce M



Eigenvalue problem:
X"+ (m+MNX =0 with X(0)=X(1)=0.

Solution:
X, (z) =sin(nrx), X\, =n’m?—1n

General solution: -
u(z,t) = Z e L sin(nmz)
n=1

where coeflicients ¢,, come from the initial condition:

1 1 1
Cn = 2/0 [sin(27z) + z(1 — )] sin(nrz)dr = 2/0 sin(27z) sin(nrz) dx —|—2/0 z(1 — x) sin(nmzx) dz

~~

11 12

Using the orthogonality of sine functions:

! 3 ifn=2
L :/ sin(2mx) sin(nnw) dz = { 2 1 "
0 0 ifn#£2
Calculation of Is: Integrate by parts twice:

(1 — ) cos(nrz) ]’

1 1 !
I, = / z(1 — z) sin(nmx) de = [_w } + — [ (1 —2z)cos(nmzx)dx
0 o "mJo

PR ECTLTEEI RS Ry v

nm

nm nm nm

hence

2 _cos(mmc)l_ 2 i
b= o [~ Ay

Combining both results:

1 if n=2
1+ A (1—(-1)2) =1 forn=2 nn
Cn = (27) — ¢, =1 25 ifnodd
"0+ A1 - (1) for n # 2 S Nk
(nm)? 0 if n > 2 even

The full solution is:

_ mmt 8 e
u(z,t) =e sin(27z) + Z (mr)3e sin(nmz).

(b) Decay Rate
Step 1: Parseval’s Identity: Using the orthonormality of {v/2sin(nrz)}% ;:

_ e 2 _ 1 8 2 —2(n?m?—n)t
E(t)—2/0 o tyde = o nz il

IN

1 i | 8 26—2(n2—1)7r2t e—2(7r2—77)t < 1 i | 8 ’2 e—2(7r2—77
2 nm)3 12 3

—~

hence ,
E(t) < B(0)e2(m ),
(c) Comparison

The previous energy method result
E(t) < Ce2m* =)t

The decay rates from both methods coincideexactly when a(z) = 7.




