University of M’Sila Introduction to Evolution Problems  2023/2024

M. 1. Faculty

Department of Maths. Final Exam
PDE Master I, (S2)

Clarity of reasoning and quality of writing will be considered in grading. Final results should be presented within a,

box. The Constants a, A, C1, Cz, and Cs need to be determined in Exercises 2 and 3.

Exercise 1. Let T > 0 and X be a Banach space with norm | .{lx and 1 <p,q,7,8 < +o0.
i) Recall the definition of the space L? (0, T; X), for 1 < p < 400 .
ii) Give a sufficient condition on p, g,r, and s to have the continuous embedding

LP(0, T; L(Q)) € L7(0, T; L*(92)).
Exercise 2. Let T' > 0. Consider the following heat equation

Yt — Yoz = 0, for (z,t) €]0,1] x |0, T,

y(0,t) =y (1,¢) =0, for t € ]0.77, (*)
y(z,0) =sin (3nz) 4 sin (5nz), for z €]0,1],

1. Give the weak formulation of ().
2. Find the exact solution by separation of variables.

3. Show that
ly (t,z)| < Ae™ for t > 0.

Exercise 3. Let T' > 0 and -y > 0. Consider the following wave equation

Ut — Ugy + YU = 0, rxe(0,1),te(0,T),
u(0,¢) =0 and wug(1,t) =0, te (0,7), (**)
u(z,0) =0, wu(z,0)=zsinnx ziEe (0,1},

and we define L p
B0 =3 [ @+ OF + o u @ dz, 120,
0

1. Give the variational formulation of Problem (#x).
2. Let y=0.

(a) Compute the initial energy Ejp (0).
d
(b) What is the sign of aEO (t)?

(c) Can we deduce the uniqueness of the solution? Explain.

3. Let v > 0.

(a) Show that we have Cy Ey(t) < E(t) < Cy Eq(t), Vt€[0,7T)
(b) Prove that FEy(t) < Cs, Vte[0,T].

A. SENGOUGA.
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