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Final Exam

Clarity of reasoning and quality of writing will be considered in grading. Final results should be presented within a

box. The constants e.,A,c1,c2, and, cs need to be determined in Exercises 2 and 3.

Exercise 1. Let ? > 0 and x be a Banach space with norm ll . llx and I < p,Q,r,s ( *oo.
i) Recall the definition of the space I?(0,7;X), for 1(p < +oo .

ii) Give asufficient condition o\p,Q,r, and s bo have the continuous embedding

Le(0,T;rn(0)) c ,r(0, 
";I"(0)).

Exercise 2. Let T > 0. Consider the following heat equation

1. Give the weak formulation of (*).

2. Find the exact solution by separation of variables.

3. Show that

and we define
lrr

4(t): i Jo 1",(t)12 + 1",(t)l'*plu(t)12 dr, I ) 0,

1. Give the variational formulation of Problem (*x).

2. Let 7:0.

(a) Compute the initial energy Eo (0).

(b) What is rhe sign ot finu 
p|t

(c) Can we deduce the uniqueness of the solution? Explain.

3. LetT>0.

(a) Show that we have C1 Eo (r) S E"(il S C2 Eo(t), Vi e l0,Tl
(b) Prove that Es (t) < Cs, Vt e 10,7] .

A. Spt,rcoucn.

la (t,r)l I A"-",

Exercise 3. Let ? > 0 and 7 ) 0. Consider the follo on

(
I ur, - urr +'ltu:0, (0, ?) ,

I

{ t'(O'l) : 0 and z"(1,t) : 0,
I

[ ,(r,0) : 0' u1(r,0) : rsinrr

(*)
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