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Preface

This course is intended for first-year Master’s students in Mathematics, specializing in
Partial Differential Equations and Applications. Its objective is to provide the
fundamental tools necessary for the modern study of partial differential equations (PDEs),
namely the theory of Sobolev spaces and their application to solving boundary value
problems.

Partial differential equations are a central field of applied mathematics, with applications
in numerous areas such as fluid mechanics, heat transfer, electromagnetism, mathematical
finance, and many others. The effective resolution of these equations requires powerful
and elegant mathematical tools, including distribution theory and Sobolev spaces.

This course is structured into five chapters:

Chapter 0: Reminder on Lebesgue Spaces and Distributions.

We first recall the fundamental notions of Lebesgue spaces L?, then introduce distribution
theory, which generalizes the classical notions of functions and derivatives. This theory
forms the foundation upon which Sobolev spaces are built.

This chapter is followed by a collection of exercises with detailed solutions.

Chapter 1: Sobolev Spaces.

This chapter is the core of the course. We define Sobolev spaces W*?(Q) and H*(Q),
and study their fundamental properties: density, Sobolev embeddings, trace theorems,
and Poincaré inequalities. These spaces are the natural framework for the variational
formulation of boundary value problems.

This chapter is followed by a collection of exercises with detailed solutions.

Chapter 2: Boundary Value Problems and Variational Formulation.

We apply Sobolev space theory to solve linear second-order elliptic boundary value prob-
lems. The Lax-Milgram theorem is the central tool guaranteeing the existence and unique-
ness of weak solutions. We study Dirichlet, Neumann, and mixed boundary conditions.
This chapter is followed by a collection of exercises with detailed solutions.

Chapter 3: Maximum Principle and Eigenvalue Problem.

We present the weak and strong maximum principles for elliptic operators, as well as
Hopf’s lemma. These tools are then applied to study the eigenvalue problem for the
Laplacian with Dirichlet boundary conditions. We characterize the first eigenvalue via
the Rayleigh quotient and prove the positivity of the first eigenfunction.

This chapter is followed by a collection of exercises with detailed solutions.

For successful completion of this course, students should have a solid background in
functional analysis (notions of Banach and Hilbert spaces), measure theory and Lebesgue
integration, as well as elementary partial differential equations.

Bougherara Brahim
University of M’sila
2024,/2025



1 Review of Lebesgue Spaces and Distribution Theory

Q is an open set in RV,

Définition 1.1. i) For 1 < p < oo, the Lebesgue space LP(2) is the set of measurable
functions f : 2 — R such that

I fllzee) == /Q |f(z)]Pdr < .

ii) For p = oo, we denote by L*>(Q2) the space of measurable and bounded functions
f:Q — R and we set

171y = ess supl F(@)].

S

Remarque 1.1. The mapping u — ||ul|z»(q) defines a norm on the space LP(€2), and the
spaces (LP(Q), ||.||zr()) are separable Banach spaces for 1 < p < oo and reflexive for
1 <p<oo.

BB 1.1. o) Show that LP(Q) 5 f — || fllr() defines a norm on LP(2) for every
1 < p < oo. b) Also show that these spaces, together with their associated norms, are
Banach spaces.

In what follows, p € [1, co[. We present some convergence and density results.
Théoréme 1.2 (Beppo-Levi Monotone Convergence Theorem). Let (f,), be an

increasing sequence of functions in L' (Q) such that sup,, fQ fndx < 00. Then f, converges
almost everywhere on Q to a function f € L*(Q), and lim, o || fo — fllr1@) = 0.

Théoréme 1.3. Lebesgue Dominated Convergence Theorem| Let (f,), be a se-
quence of functions in LP(Q2). Assume that (f,), converges almost everywhere on ) to a
function f and that there exists a function g € LP(Q) such that for every n, |f.(z)| < g(x)
for almost every x € Q. Then f € LP(Q) and lim,_, || fro — fl|r@) = 0.

Théoréme 1.4. [Converse of Lebesgue’s Theorem/ Let (f,,), be a sequence of func-
tions in LP(QY) and f € LP(Q) such that lim, || fr — fllzr@ = 0. Then there exists a
subsequence (fn, )k such that

1. (fn, )k converges to f almost everywhere on €.
2. There ezists h € LP() such that for all k, |fn,(x)] < h(z) for almost every x € €.

(The proof of this theorem is based on the Fischer-Riesz Theorem 1.7 below.)

BB 1.2, Lt p.g < [1,00[. Let (f,) be a sequence of functions in LP(€2) N L4(Q) that
converges to f in LP(Q2) and to g in L(Q2). Show that f = g almost everywhere on €.

BB 1.3. Show that extracting a subsequence is necessary in the previous theorem.
Consider the following example: f, : [0,1] = R

WheremeN*andwgnSW—i—l.
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Théoréme 1.5 (Density Theorem). The space D(2) of C*°(2) functions with compact
support is dense in LP(Q). That is, for every ¢ > 0 and every f € LP(2), there exists a
function ¢ € D(Q) such that || f — ¢||1r) < €.

Théoréme 1.6 (Holder Inequality). Let f € LP(Q2) and g € L¥' (Q) where %—l—}% = 1.
Then fg € L'(Q) and we have the following inequality:

1 f9llzy@dz < (| flle@ N9l 1o - (1.1)

Théoréme 1.7 (Fischer-Riesz Theorem). For every p € [1,00], the space LP(2) is a
Banach space with the associated norm.

Définition| 1.2. 1) We denote by D(€2) the space of all C™ functions with compact
support.

2) A sequence {p,} in D(Q) is said to converge to ¢ in D() if there exists a compact
set K C (2 such that

Vn :suppy, C K, D%, — D%p uniformly on (2

for every multi-index o € NV,

Définition| 1.3. 1. A linear form T : D(2) — R is continuous if for every sequence
(pn)n converging to ¢ in D(Q),

lim T'(¢, — ¢) = 0.

n—oo

2. A distribution on € is a continuous linear form on D(€2). We denote by D'(Q2) the
space of all distributions on € (i.e., the dual space of D(f2)).

BB 1.1 (Regular Distribution). Show that for every f € L. (), the mapping

loc

Ty - D(Q) — R, ¢ — [, fedx defines a distribution on Q. (7} is called a regular
distribution and is denoted simply by f.)

Définition| 1.4 (Derivative of a Distribution). The derivative of a distribution T €
D'(Q) of order a € NV is the mapping

DT D) — R
p > DT(p):=(-1)* T, D).

- 1.5. a. Show that DT is a distribution on Q for every oo € NV (we then say
that T is infinitely differentiable).

b. Suppose that T := f € C*(Q). Show that the derivatives of 7' up to order k coincide
with the classical derivatives of f.

_ 1.5. Let E be a Banach space. The dual of E, denoted E’, is the space of
all continuous linear forms f on E, and we write f(x) := (f,z) for z € E.
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Théoréme 1.8 (Riesz-Fréchet Representation Theorem). Let H be a Hilbert space and
H' its dual. Then for every f € H', there exists a unique x € H such that

(f,y) = (x,y) for ally € H,

and || f|| = ||z||, where (', ) denotes the inner product on H. Moreover, the map f — x
15 linear and continuous.

Théoréme 1.9. For every f € (LP(Q)), there ewists a unique g € LP () (with %4—1% =
1) such that

(f,v) Z/ngdx, Yo € LP(Q).

Moreover, we have
11 = llgllLr -

This theorem allows us to identify the dual of L? with L.

Définition 1.6 (Weak Convergence). 1. A sequence (z,), is said to converge weakly
to x in a Banach space F, written x,, — z, if for every f € E’ we have

(f, 5Un>E'xE — (f, .’E)EfxE as n — +0o0.

2. A sequence (7},), converges to T in D'(Q2) if for every ¢ € D(Q2) we have
(T, ) — (T, ) asn — oo.

From the above theorems, we can identify the dual of LP(Q) with L¥' (Q), as well as
any Hilbert space with its dual. Consequently, we obtain the following result:

_ 1.9.1. 1. A sequence (f,) converges weakly to f in LP if and only if for
every g € LV,

/fngdx—>/fgdx as n — 00.

(Th, 0) — (T, ) asn — .

3. A sequence (x,), converges weakly to x in a Hilbert space H if and only if for every
y e M,
(Tn,y) — (,y) asn — co.

BB 6. i) If (f,). converges in L?, show that it converges weakly in L.
ii) If (fn)n C LP converges in D'(Q2), show that it converges weakly in LP.

Théoréme 1.10. Fvery bounded sequence in a Hilbert space H admits a weakly conver-
gent subsequence in H.



1.1 Exercises with Solutions

R 1.7. Show that LP(Q) 3 u — || L) defines a norm on LP(§2) for every
I <p<oo.

1. For p =1 and p = oo, the result is obvious. For 1 < p < oo, the triangle inequality
follows from Hélder’s inequality:

1f+gllse= [ |f+glPde < [ |f+gPP7 ' flde+ [ |f + 9P g|dx
Q Q Q

< N+ gl I e + 1L+ gllze gl

N

which yields the desired result.

B 1 3. Let p,q e [1,00] Let (f,) be a sequence of functions in LP(€2) N L(£2) that
converges to f in LP(Q2) and to g in L4(Q2). Show that f = g almost everywhere on €.

_ Apply the converse of Lebesgue’s theorem 1.4.
B o Lo T D).

a. Show that DT € D'(Q) for every a € NV (hence every distribution 7" is infinitely
differentiable).

b. Suppose that T := f € C*(Q). Show that the derivatives of T' up to order k coincide
with the classical derivatives of f.

a) Let {¢n}n be a convergent sequence in D(0,7T). Then

d K C Q) compact :suppy, C K, Vn
gp%a) — 0@ inL>(0,T), Vo € NV
Thus, for every a € NV,
(DOT,0,) = (=1)UT,42) — (~)lel(T, o) := (DT, ) since T € D(0, T E).
Hence D*T is a distribution.
b) Since f € C*(Q2), we have f € LL (Q) C D'(Q). For every a € NV with |o| <k,
(DTy ) = (=), 60). (1:2)
On the other hand,

(Dfg) = [ DOfpa

= ()" [ s = (-1l ). (13)
Q
From (1.2) and (1.3), we obtain the required result.
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R 1. 10.

i) If the sequence (f,), converges in LP, show that it converges weakly
in LP.

ii) If the sequence (f,,), C L? converges in D’(2), show that it converges weakly in LP.
- 1.11. Let p,q and r be three real numbers greater than or equal to 1 such that

1_
-
a

%4—%. Let f € LP(Q2) and g € L%(£2). Using Holder’s inequality, show that fg € L"(Q2)
nd

1Fgllr@) < 1 fllzr@llgllzoc)

Apply Hélder’s inequality to the functions |f|” € LP/"(Q) and |g|" € LP'/" ().
R 1.12. Let (f,), be a sequence in LP(Q) converging to f in LP(Q).

1. Show that if €2 is bounded, then (f,), converges to f in L(Q2) for every 1 < g < p.
2. Show that (f,,), converges to f in D'(2).

1. Apply Hélder’s inequality:

1o = Flq = / o — flida

< () ()

2. For any ¢ € D(12),

= C||fn - f”qu(Q) — 0.

| / R S T A P I P p—

BB 1.13. Let {T),},, be a sequence of distributions converging to 7' in D’(€). Show
that {D*T,},, converges to DT in D’'(Q) for every multi-index o € NV,

Recall that

T, —TinD(Q) <= VpeDQ): (T,,p) — (T, ¢)
Let ¢ € D(R2). Then

(DT, ) 1= (=1)*(T5,, D) — (=1)1°(T, D) := (DT, ).



2 Sobolev Spaces

2.1 Notion of weak derivative and Sobolev spaces

Let u € C'(R), v € L .(R). The following two properties are equivalent

loc
vl =— o, oD
=), ne reR
(Show this equivalence). We can therefore adapt the first formula above as a definition
of the derivative of u (provided u is of class C'), and moreover v is the derivative of
the regular distribution 7,. Now, if u is not of class C', then the existence of such a
function v € Li,. is equivalent to saying that the distribution 7}, € L{ .. That is, u must

loc*
belong to the space {w € L{_:T! € Ll _}. This type of space is called a Sobolev space.
Thus the notion of derivative given by formula (1), which is called the weak derivative, is
more general than the classical notion, because it coincides with the classical derivative
when the latter exists, and moreover it preserves the integration by parts formula in a
space larger than C!, namely the Sobolev space. This is important in the resolution
of partial differential equations. Furthermore, these spaces with their associated norms
form separable and reflexive Banach spaces, unlike the C! spaces, and they are convenient
and useful for applying various methods in solving partial differential equations such as
variational methods (the subject of Chapter III), fixed point methods, etc.
We will now specify the definitions in a more general framework and we have:

Définition| 2.1. Let Q C RY be an open set, u, v € L. _(Q).

1. We say that v is the weak partial derivative of u with respect to x; if

/ v pdr = — / u Ojpdx, Ve € D(Q). (2.1)
Q Q

In other words, if If there is no confusion, we will write 0;u

instead of i or -

2. For a € NV, we say that v is the weak derivative of u of order « if

/v odx = (—1) / u D%pdz, Ve € D(Q). (2.2)

In other words, if _ Similarly, we will write D%u instead of

Remarque 2.1. Recall that the distributions 9,7, D*T,, are respectively defined by

(O, Ty, @) = — / u Ojpdx, Ve € D(Q).
Q
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(DT, @) = (—1) / u D%pdz, Vo € D(Q).
Q

_ 2.2. Let Q be an open set in RY.

1. The first-order Sobolev space is the set

def

HY(Q) = {u:Q — R measurable | u,0u € L*(Q), i=1,..,N}. (2.3)

2. The Sobolev space of order k € NU {+o00} is the set

H*(Q) & {u:Q — R measurable | u,D% € L*(Q), Ya € NV with |a| < k}.
(2.4)

(Where 0;u, D* are understood in the sense of Definition 2.1).
In a more general framework, Sobolev spaces are defined as follows:
‘Définition 2.3. Let Q be an open set in RN, and let 1 < p < +o00.

1. The first-order Sobolev space is the set

© fu:Q — R measurable | w,du € LP(Q), i=1,...,N}.| (2.5)

wir(Q)

2. The Sobolev space of order k € NU {+o0} is the set

def {u:Q — R measurable | u,D% € LP(Q), Ya € NV with |a| < k}.

2.6)

Whe()

(Where 0;u, D* are understood in the sense of Definition 2.1).

B 2. 1ct u be the function defined on | — 1,1[ by u(x) = |z|. Show that u €
H'(-1,1).

Solution. It is clear that u € L?*(—1,1). Let us compute its weak derivative v if it
exists. For every ¢ € D(—1,1):

1 1 0 1
/ vpdr = —/ |z|p'de = —/ edx + / edx  (after integration by parts).
_ 1 1 -

1 — 1

Hence

-1 if ze(—1,0]
”(”7)_{ 1 if z€]0,+1)

and we have u,v € L?*(—1,1) (obviously). Therefore v € H'(—1,1), but u is not in
Cl(—1,1).

Remarque 2.2. One can easily show that continuous and piecewise C' functions belong to
the Sobolev spaces W'P(Q).



B 2 2. rind the values of a such that the function u(z) = 2* belongs to H'(0,1).

Solution. We have
1
u € L*0,1) <= / r*dr < 0o = a > —1/2.
0

Let v be the weak derivative (if it exists). Then, for every ¢ € D(0,1):

1 1 1 1
/ vedr = —/ up'dr = / vedr = a/ r* Lodua.
0 0 a 0

Hence v(z) = az®™!.

1
UEL2(O,1)<:)/ 220 Vdr < 00 = a > 1/2.
0
Thus v € H(0,1) <= a > 1/2.

- 2.3. Let = B;(0) be the unit ball in RY. Consider the following function

u: 2 — Ry
r — u(x) =|z|*

Find the values of « such that u € H'(B;(0)).

Solution. We use polar coordinates z = rw where 0 < r < 1 and |w| = 1. We have
dr = r¥~!'drdw. Hence

1
/]u(x)|2da::/\x|2°‘dx:/ dw/ r2etN=1dp,
Q Q Jw|=1 0

We have flwlzl dw < oo (since it is the surface area of the unit sphere). Moreover,

1
/ r2t N =ldr < 400 <= a > —N/2.
0

Thus u € L*(Q) if and only if @ > —N/2. On the other hand, we have d;u(z) = o|z|* 2z,
for all x € 2\ {0}. Hence

N
(Vi:0u e L*(Q)) — Z/ |Oiul*dz < 0o <= 042/ |z|**2dr < oo
i=1 /9 L
2 ! 2a+N—-3 N
= « dw r dr(z)oz>—§+1.
|w|=1 0

Hence u € H'(Q) if and only if a > 1 — N/2.
Regarding the structure of these spaces, we have the following results:
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Théoréme 2.3. For 1 < p < oo, the space WP(Q) is a Banach space with the following
norm

1/p
[ullwre@) = <IUH )+ZH<9UHLP(Q> ~ (2.7)

Remarque 2.4. 1. The norm defined above is equivalent to the following norms

N
lull = lfull ey + ) 105l oo
i=1
[ull = max{|[ull o), 107l Lr(), 7 = 1,...; N}
2. If the sequence {u,}, converges to u in W'?(Q), then

N 1/p
[wn = ullwingg) = <Hun —ullF iy + Y 105 — 5@'10’\%;7(9)) — 0.

i=1
This implies that
|wn — ul|?, y — 0, [[Giun — diul|”, y — 0, Vi=1,..,N.

Consequently,

Uy — U

(up — uin WHP(Q)) < {

Proof of Theorem 2.3

1. Let us show that |.|w1sq) defines a norm on W'?(Q2). The properties of separa-
tion and homogeneity are obvious. For the triangle inequality, apply Minkowski’s

inequality:
N 1/p N 1/p N 1/p
(Swcrur) < (Zar) () 28)
i=1 i=1 i=1

2. Let us show that W1P(§) is complete, i.e., every Cauchy sequence converges. Let
{un}n be a Cauchy sequence in WH?(Q). Then Ve > 0, dng € N,Vm,n > ny :

N 1/p
Hun — um||W1,p(g) - <Hun - Um”ip(g) + Z Hazun - azum”iﬁ(())) S €.
i=1
Hence Ve > 0, dng € N,Vm,n > ng :
[ty — U] () < € and ||Ost, — Osti|| o) < €, Vi=1,...,N.

11



Therefore the sequences {uy, }, and {0;u, }, are Cauchy in L?(Q2), which is complete;
they converge respectively to u, v; € LP(Q2) for i = 1,..., N. On the other hand, the
space LP(2) — D'(€2). We thus have

<un 5w in Lp(Q)> — (un 5w in D’(Q))
— (@un =% diu in D’(Q))
and forz=1,..., N,
<6’iun 5 v, in LP(Q)> = <(9Z-un s v; in D’(Q)) )
By uniqueness of the limit, we deduce that d;u = v; for every ¢« = 1,..., N. Thus

{u,} converges to u in WHr(Q).

Théoréme 2.5. The Sobolev space H'(Y) is a Hilbert space with the following inner
product

(U, v) g1 () == /Q (uv 4+ Vu.Vo)dz. (2.9)

The proof is immediate.

2.2 Density on RV

In practice, many formulas and results are easy to prove for regular functions and can be
extended to arbitrary functions by a density argument. To this end, we study the question
of approximation of WP functions by smooth functions. The idea is to use mollifiers for
the approximation:

Définition 2.4. A mollifier is a function p € D(RY) (C* with compact support) which
vanishes outside the unit ball and satisfies

/RN p(r)dr = 1.

An important example of such a function is the following

EETAN
pla) =4 P <|z\2—1> ?f o] <1 (2.10)
0 if |[z| > 1

where ¢ > 0 is chosen so that [,y p(z)dz = 1. It is easy to verify that p € D(RY) and

supp p = B(0,1). We accept the following result concerning Lebesgue spaces LP:

Théoréme 2.6. The space C°(RY) is dense in LP(RY). In particular, for every u €
LP(Q), we have

pn*u € CO(RY)NLP(RY), and p, *u — u in LP(S).

Where

N

pul) = ), and p,xuta) = [ ol = p)uta)iy

12



Corollaire 2.6.1. The space C®(RY) is dense in WHP(RY) for every k € N* and 1 <
p < 00.

Proof. Let u € WkP(RY). Then, by Theorem 2.6,

pnxu € CO(RN)YNLP(RY),  pp*u — uin LP(Q).

Moreover, for every a € NV with |a| <k,

D%(pp *u) = pp*x D% € C®(RY) N LP(RY) and D*(p, x u) — D% in LP(R™).

Consequently,
pn*u € WEP(RY) and p, xu — u in WHP(RY).

]

Théoréme 2.7. The space D(RY) is dense in WHP(RYN) for every k € N* and 1 < p <
Q.

Proof. Tt suffices to construct a sequence {¢,} C D(RY) converging to u in W*P(RY).
Consider the cut-off function ¢ € D(RY) satisfying

¢(=1on B(0,1), supp¢ C B(0,2) and 0 < ¢ < 1.
For each n € N*, define ¢,, by
$n(x) = ((2/n)(pn *u) € DRY).
By the previous corollary, we have
pnxw — u in WEP(RN),
but p, xu € C®(RY). To conclude, it suffices to show that
Pn*xU— ¢, — 0 in LP(RN).

We have

||¢n_pn*u‘|ip(RN) - /{|| }‘(bn_pn*u‘pdf-i-/ |n, — pn x ulPda
ri<n

{lz|>n}

-

v~

=0

= [ K /mpnru) - pur s
{lz|>n}

< / \pn*UV’dr:/ X{jz|>n}| on * ulPdz
{|z|>n} RN

It is clear that X{jzj>n}|pn * ulP — 0 for every x € R". Since p, x u — u in LP(2), by
the converse of Lebesgue’s theorem, there exists a subsequence, still denoted p,, xu, and a

13



function g € LP(RY) such that |p, * u| < g and consequently x{jz/>n}|pn * u| < g. Hence,
applying Lebesgue’s dominated convergence theorem, we obtain

/ X{jz|>n}|Pn * uPdz — 0.
RN

Thus
| — pn * qujip(RN) — 0.
Therefore
16— all oy < 19n — pux sy + o = sy — 0.
Similarly, one shows that D*¢,, — D%u in LP(RY). O

2.3 Density on an open set ()

We now try to generalize the density result proved in RY to an arbitrary open set Q of
R”. The natural idea is to extend functions defined on  to RY and then apply density
in RY. However, extending functions from W*?(Q) to W*P(RY) is not always possible
because it requires conditions on the boundary of €2. This is the subject of the following
section.

Définition| 2.5. Let P : W"P(Q)) — WFP(RY) be a map. We say that P is an extension
operator from WHP?(Q) if it is linear and continuous and satisfies

Pujq =u a.e. on Q, Yu e WHP(Q).
We then have the following density result:
Théoréme 2.8. If an extension operator from W*P(Q) exists, then the space
E:={veW"(Q)|37eDRY):v="1g}
is dense in WEP(Q). In particular, C*°(Q) N WkP(Q) is dense in W*P(Q).

Proof. Let u € WH5P(Q). By the hypothesis of the theorem, we have Pu € WHFP(RY).
From the proof of Theorem 2.7, we have

Co(pn * Pu) — Pu in WEP(RY).
Consequently,

HCn(pn*Pu)\Q - UHW’W(Q) < ||§n(pn*PU) - uHkaP(RN) — 0.

Thus
Up = Co(pn * Pu)jq € E and u, — u in Wk’p(Q).

This completes the proof. O

Remarque 2.9. The space of test functions D(£2) is not dense in W*P(Q) if Q # RV,
BB 2.2 Show that the space D(€) is dense in LP(Q) for every 1 < p < oc.
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2.4 Existence of the extension operator

Définition 2.6. Let Q be an open set in RY with boundary I'. We say that T' (or Q)
is of class C* (k € N) if for every xy € T, there exists a ball B(xq,r) and a bijective map
from B(zg,r) onto an open set W such that

1. ¥ : B(wg,r) = W is a k-diffeomorphism (¢ and ¢~! are k times differentiable).
2. (2N B(xg,r) ) =W nN{z = (2 2,) € RY : 2, > 0}
3. (TN B(xg,r) ) =Wn{z= (2 2,) € RY : 2, =0}

The following result gives a criterion for extension in W?(Q).

Théoréme 2.10. Let Q) be an open set in RY of class C'. Then there exists an extension

operator
P:Wh(Q) — WHP(RY),

2.5 Trace and Green’s formula

2.5.1 Notion of trace

If u € C(£2), then the function Tu defined on 9 by T'u := w)sq is well-defined and belongs
to C(0R). It is called the trace of the function u on 0€2. Thus we have a well-defined

linear map
T:C(Q) — C(09).

which is continuous with respect to the L> norm. Now if u belongs to L?(2) but not to

C(€), then clearly T'u := ujq is not well-defined because 0f) is negligible and we cannot
obtain information about u on 0€). However, we can give a meaning to Tu if u belongs
to the Sobolev space W?((). Indeed, one can show that the map

(=), [ lwra) = (L2(0Q), |-l r22))

is continuous and, by density of C>(Q) in W'?(€), we can extend the definition of T to
the space W'P?(Q2). We have the following theorem:

Théoréme 2.11. Let Q) be an open set in RN of class C'. Then there exists a linear
continuous map T : WHP(Q) — LP(9Q) such that

(LP(00) is equipped with the surface measure on 0S).

Définition 2.7. Let u € WP(Q). The function Tu € LP(99) is called the trace of u on
o9
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Remarque 2.12. 1. Let u € W'?(Q). Then

Tu = lim Tu, := hm L o0 where u,, € C*(Q),u, — u in W'P(Q).

n—oo

Indeed, by continuity of T', we have

HTu — TunHLP(aQ) < Hun - uHWI’p(Q) — 0.

2. The map T is not surjective. That is, the image T (W1?(Q)) is a proper subset of
LP(09Q).

Définition 2.8. The space H'/?(0Q) is the range of the trace operator
T:H (Q) := W (Q) — L*(09).

Remarque 2.13. The space H'/?(09) coincides with the fractional Sobolev space H*® with
= 1/2. Moreover, the trace operator T is continuous from W'?(Q) into H'/?(9Q)
equipped with the norm

HUHH1/2 = HUHL2+// ‘N+1 d dy

This type of fractional Sobolev space is not covered in this course.

2.5.2 Green’s formula

If u,v € CH(2) N HY(2), then we have the following integration by parts formula

/&uvdx:/ uv nida—/u@vdx Vie{l,..,N}.
Q o0 Q

where 7 = (n1,...,nx) is the unit outward normal vector to 092. Thanks to the density
of Ct in H'(Q) (Theorem 2.8) and the continuity of the trace operator 7' (Theorem 2.11),
we can generalize the above formula to all functions in H*(§2) and obtain the following
formula, called Green’s formula:

Théoréme 2.14. Let ) be an open set in R™ of class Ct. Then we have
Vu,v € H(Q) : / Oiuvdr = / TuTv n;do — / wovde Vi e {1,..,N}.  (2.11)
Q o9 Q
Remarque 2.15. If there is no confusion, we write

/ uv n;do instead of / TuTv n;do.
o0 a0
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Corollaire 2.15.1. Let Q2 be an open set in RY of class Ct. Then for every u € H?(S),

v € HY(Q) we have
ou
/Auvdx:/ T( )Tvda—/Vu Vudz
Q an

where 9% := Vu - W e HY(Q). (For simplicity, we write

~—

/ Auvdz = —vda — / Vu - Voudx
a0 O 0

Remarque 2.16. Green’s formula remains valid for functions u € W(Q) and v € W (Q)
with >+ 5 = 1.

2.6 Some useful properties in Sobolev spaces

_ 2.16.1. Let u € WHP(Q). Let H : U — Q be a diffeomorphism (i.e., H is
bijective and H, H™' are of class C') such that:

Jac H € L™(U), Jac H ' € L>(Q).

Then uwo H € WHP(U) and we have

_a(uoH > du o 2
Vi : ga—

Proof. For p < oo.

i) By density (see Course 2), there exists a sequence {u,}, in C*(Q) such that

u, — win LP(Q) and Vi : Qju,, — Oju in LP(K) for every compact K C U.
ii) Let us show that if v € LP(§2) then vo H € LP(U). We have
/ luo H(y)|Pdy = / |u(z)[P| Jac H'|dx
U Q
< C’/ lu(z)[Pdr < oo (since Jac H ' € L*®(U))
Q

Thus vo H € LP(U).

iii) Let us show that if v,, — v in LP(Q) then v, o H — vo H in LP(U). By the converse
of Lebesgue’s theorem, there exists a subsequence {v,, } such that

Up, — v ae x€Qand |v, | <ge LP(Q) Vn.

17



Consequently,
Up, o H wvoHae yeUand |v, oH|<goH e LF(U) Vk.
Applying Lebesgue’s dominated convergence theorem, we obtain
Up, © H —voH in LP(U).

Now let us show that v, o H — v o H in LP(U). By contradiction, suppose there
exists ¢ > 0 and a subsequence {v,, o H}; such that

[vn, 0 H —vo Hl o) > e. (2.12)

However, the sequence {v,, }; converges to v in LP(€2), hence it admits a subse-
quence, denoted {vy(n,)}, such that

va(nk) oH—wvo HHLP(U) — 0.
This contradicts (2.12).

iv) We are now ready to show that uo H € W'?(U). From i) we have u, o H — uo H
in LP(U). Since u,, and H are of class C', then

i L2 ) = 3 S ) G ) (2.13)

]:1 J

On the other hand, by ii) we have for every compact K C U

ou ou ou ou
n o n vu ot . P
o, (H): 7, oH—>azjoH. 83;].(H) in LP(K)
and since g—; € L>*(K), then
ou 0H, ou O0H,
“(H ! —(H ’,
7, (H) 5, W = axj( e

Hence we can pass to the limit in the sense of distributions in (2.13) and obtain

C OuoH) <~0Ou,  OH,
R S A —(H)—ZL ¢ LP(U).

J]=

For p = co. Clearly uo H € L>(2). On the other hand, let {2’ be a bounded open subset
of RY such that ' C . Then u € W(Q)') and by the above,

. O(uo H) ou 0H;
Vi ———(y) = —(H L(y) € L®(9Q).
)= 2 g ) G € 10
Thus u o H € WH(Q2). This completes the proof. O
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2.16.2. Let u € W'P(Q), G : R — R be of class C' such that G(0) = 0
and |G'(t)| < M for allt € R. Then

GoueW(Q) and 0;(Gou)=G"(u)du, Vi.

Proof. For p < 0o, by the mean value theorem we have |G(t)| < M|t| for all ¢ € R. Thus
|G ou| < Mlu| € LP(2), and hence G ou € LP(£2). On the other hand, by density, there
exists a sequence {u,}, in C*(2) such that

up, — u in LP(Q) and Vi : Qju,, — O;u in LP(K) for every compact K C U.
Then, since G and u,, are of class C!, we have
0:(G o up) = G'(up) 0. (2.14)
As in the previous proof, we show that
Gou, = Gouin LP(Q), G'(uy)du, = G'(u)du in LP(K),

for every compact K C ). Hence, passing to the limit in the sense of distributions in
(2.14), we obtain
0;(Gou) = G'(u)0u € LP(Q).

For p = 0o, we proceed as at the end of the previous proof. O

2.7 Sobolev embedding

Théoréme 2.17. Let Q be an open set in RY such that 0 is of class C*. Then we
have the following [continuous embeddings
L (Q) if p<N
WoP(Q) <> { L), if p=N, Vg>1 (2.15)
C*(Q) if p>N,

where p* = NN—% (i.e., ]% = % — %) and o = 1 — % for p > 1. In particular, for every

u € WHP(Q) we have the following inequalities:

ull Lo* @) < Cullullwrro) (2.16)

[u|o < Collullwre@ (2.17)
where Cp, Cy > 0 depend only on N, p and the diameter of ).

In dimension 1, we have the following important result:

_ 2.17.1. Let I be an open interval in R. Then for every 1 < p < oo, the
space WP(I) embeds continuously into C(I). That is,

Vue WhP(I), v eC(I):u=v ae onl

(2.18)
3C >0, |lullwieay < [Jvllem
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Théoréme 2.18 (Rellich-Kondrachov). Let Q be a bounded open set in RN such that
O is of class C' and let 1 < p < 0o. Then we have the following [compact embeddings

L1(Q) ifp <N, for every 1 < q < p*
WhP(Q) = LUQ)  ifp=N, for every 1 < ¢ < o0 (2.19)
C(Q) ifp>N,
* N
(where p* = 3£ ).

2.8 Spaces W,"(Q) and W17 (Q)
Définition' 2.9. The space W,”(Q) is the closure of D(Q) in WP(1).
Notation 2.19. For p = 2, the space W, *(Q) will henceforth be denoted by H}(Q).
The space W, (Q) is a subspace of W'(Q) and is characterized by:
Théoréme 2.20.
u e Wy?(Q) <= (ue W (Q) and Tu = 0). (2.20)
In particular, if u € WyP(Q) N C(Q) then ujpg = 0.
An important result that follows from Theorem 2.18 is Poincaré’s inequality:

Théoréme 2.21 (Poincaré’s inequality). Let Q0 be a bounded open set in RY such
that O is of class C' and 1 < p < co. Then there exists a constant C > 0 such that

ull ey < ClVull ey~ for every u € WyP(Q). (2.21)
Corollaire 2.21.1. The map

WoP(©Q) — Ry
u +— HVu”(Lp(Q))N

defines a norm on Wy(Q), denoted by ||.||W01,p(9), which is equivalent to the norm

|- [lwir(). Moreover, (WyP(Q), ||.|]W01,p(m) is a Banach space.

Définition| 2.10. The space W57 (Q) is the dual space of W, () (where % + :z% =1).
In other words, an element f of W~ (Q) is a continuous linear form on W,* (), and
we denote by ( , ) the duality pairing between W~ (Q) and W, " (Q). Recall that

fiv
||f||w71,p/(9) = Sup # - sup - (f)
vewt () 10llwre ) Hollyy1.p ) =1

and
(f,0) S F w10 @ 10l aom oy for all v € WyP(€2).
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Notation 2.22. For p = 2, then p' = 2. Then the space W~12(Q) is the dual of
Wy () := HL(Q). Tt will be denoted by H~(€).

Théoréme 2.23. (Characterization of W='7(Q)). Let f € W= (Q). Then there
exist functions
PSP i (@),

such that for every v € Wy (Q) we have

N
= 0 D | d 2.22
(5.0 /(f+zf ) . 2.22)
and
N 1/p
1 -1 () = (/Q;\lep diﬁ) : (2.23)
In particular, if f € L*(Q) C H (), then
(f,v) = / fvdx for all v € H}(Q).
Q

Here is the English translation of the provided exercises, with all LaTeX commands
and symbols preserved, and with language improvements.
“‘latex

2.9 Exercises with Solutions

BB 2.5 Lt f: R — R be a function defined by

T if 2 € [0, 1]
flx)y=< —z+2 ifxell,4]
0 elsewhere

1. Show that f € L*(R).
2. Determine whether f € H*(R).

Solution:

1. We have
+oo

1 1
fida = / r?dx +/ (—x +2)*dr < .
0 1

—00

Hence f € L*(R).
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2. We compute the derivative v of f (in the sense of distributions). Let ¢ € D(R). We

have
1 4
(v, ) ::—/fgpldx = —/ :mp’dx—/ (—x +2)¢'dx
R 0 1
1 4
— o+ [ gdo (o4 2Dll - [ oo
0 1
1 4
= / godx—/ edx + 2p(4)
0 1
= <w+254,90>
where w = 1 on (0,1), w = —1 on (1,4), and w = 0 elsewhere. Therefore v =

w— 26, ¢ L*(R). Hence f & HY(R).
R 6. Let f:(0,1) >R, z— f(x) =z
1. Show that f € L'(0,1) if and only if o > —1.
2. Show that f € H'(0,1) if and only if o > 1/2.
3. Show that f € H~'(0,1) if and only if o > —3/2.

Solution:
1. We have 1
fELl(Q)<:>/ 2% < 00 <= o > —1.
0
since
o 1 1/2 .
/1 xvdr| = |ai1| (h +1]0> if a #—1
" ()" fa— 1
400  fa< -1
= ﬁ ifa>-—1
+oo fa=-1
2. We have

1
feL2(0,1)<:>/ r*dr < 00 = 20 > —1 <= a > —1/2.
0

Let v be the weak derivative (if it exists). Then, for every ¢ € D(0,1):

1 1 1
(v, ) := —/ fe'de = —[felp +Oz/ 2 pda =/ 2 oda.
0 0 0
Hence v(z) = az®L.
1
v e L*0,1) <= / 2?0 Vdr < oo = 2(a—1) > -1 <= a > 1/2.
0

Thus v € H(0,1) <= a > 1/2.
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3. By the Riesz theorem, we have

1 1
fe HY0,1)| < 3Fwe H)0,1): / fodr = / w'¢'dz, Vo € D(0,1)
0 0

PN —w" = f=2%in D'(0,1)
w e H(0,1)

za+2 T .
= weHY0,1), wx)={ @) + amEry 72 €01 ?f a#—1
rlnx —x, Vo €]0,1] ifa=-1

= a+2>1/2<|a>-3/2|

BB 2.7 (Primitive of an Ll _ function). Let u be a function in L\ (1) where I is an
interval in R. Let ¢ € I and define v by

v(z) = /w u(t)dt, Vo e l.

1. Show that the weak derivative of v equals u, and that v € C(I) (v is called a primitive
of u).

2. Deduce that if I is bounded and v € L*(I), then v € WhI(1).

3. Deduce that if u € WYL(I), there exists a continuous function u on I such that
u=1uae. onl.

Solution:

1. Set I =]a,b]. Let ¢ € D(I). We have

Wogh = gy = — [ v = - / b [ o] e

’ Um u(t)dt] ¢ (z)dz

/
mexﬂdunXM—iAbledﬁmﬁ}Mﬂdxﬂthum)
\/Cb

Thus v' = w.

For continuity, for any € I and sufficiently small i € R:

|Mx+@—v@ﬂz/w mmn:/ymﬁmwu@a

1
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(where x denotes the characteristic function). We have
Vh s [Xarn (Out)] < [u®)], [X@arn(t) ut)] =0 ae tel, ash—0.

Hence, by Lebesgue’s dominated convergence theorem,
(@ + h) — v(z)] = / ey (£) w(t)dt —> 0 as b = 0,
I

Therefore v is continuous on 1.

2. We have v/ = u € L'(I). It remains to show that v € L'(I). We have

/I|v|d3::/l /Cxu(t)dt

Thus v € L'(1).

3. Since u € WH(I), then u' € L*(I). By question 1), the function v defined on I by

dr < //|u(t)|dtdx < lullpry x [I] < oo.
1Jr

o(z) = / W ()t Ve T,

belongs to C(I), and v' = ' in D'(I). (Note that we can take € I because

v’ € LY(I), unlike in question 1 where u was only in L] ). Thus u = v+ C a.e. on

I. Tt therefore suffices to choose u = v + C' € C(I). This yields
u(z) =u(x) = / ' (t)dt + C ae. x € 1.
- 2.8. Show the following continuous embedding

H(0,1) — C([0,1]).

'Selution: From Exercise (2.7), question 3, there exists @ € C([0, 1]) such that u =
a.e. and u(z) = f; o' (t)dt + ¢, for all z,y € [0, 1], and clearly ¢ = u(y). Then, we have

a.e. x €]0,1[: u(x) = /w o' (t)dt + u(y).

Integrating with respect to y over (0, 1), we obtain

@ 1 1 1
/ u’(t)dt-i—/ ﬂ(y)dy‘ §/ |u'[dt+/ |u|dz.
Y 0 0 0

Applying the Cauchy-Schwarz inequality,

a.e. x €0, 1[: |u(x)| =

a.e. T 6]07 ].[ |'U/(.T)| S ||u||L2(071) + ”U’IHLz(O,l) = ||u||H1(O,1)‘
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Hence

[l Loe0.1) < Nlullr 0.y,
which yields the continuous embedding H'(0,1) < C([0, 1]).
(

(T el such that u=Tae. on )

B 2.9 (Extension in W), Let p > 1, u € W'?(R%) and define Pu on R by

Pu(z) = { ux) ifa>0

u(—z) ifz<0
1. Show that P(u) € W'P(R).

2. Show that P : WHP(R*) — W'P(R) is linear and continuous.

1. We have

/R‘Pulpdx = /000 |u(z)[Pdx + /_(; lu(—2)|Pde = /Ooo |u(z)|Pdz + /OOO lu(z) P

Thus Pu € LP(R). Let us show that the distributional derivative of Pu belongs to
LP(R). From question 4 of the previous exercise, we have

u(x) = / o' (t)dt + ¢, ae. x>0,
0
and . .
u(—z) = / u'(t)dt + co = / —u/(—t)dt + ¢, a.e. z < 0.
0 0

Thus Pu(x) = [

o V(7)dr + ¢y ae. x € R, where

W (x) ifx >0
v(a:)—{ —u'(—x) ifx<0

This gives (Pu)’ = v in D'(R). One can easily check that v € LP(R). Hence
(Pu) = v € LP(R). Consequently Pu € W'P(R).

2. From question 1), we have || Pu|[7, g = 2[|ull7, g, and similarly we show that
I(Pw) oy = N0l10 @y = 20 -

Therefore,

1/p
|Pulwss = (1P [ + 1Pulltg) =2 lullws,).

This yields the continuity of P.
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B 2.10. Let uw € HY(Q). Show the equivalence between the following statements
1. ue (H{Q))*.
—Au+u=0in D'().
_ We have
we (HY Q)Y <L (w,0)m@ =0, Yo € HY(Q)
= {/ Vu-Vvd:c—l—/qudx:O, Vv € Hy ()
By dengity /Vu Vvdx+/guvd:c =0 Ve D(Q)}

< < Au + U, U)D’XD =0, Yv € D(Q)
— —Au+u=0, inD(Q).

BB 2.11. Let I be a bounded interval, u € D(1)

1. Show that

| (ude) = o) Py < TP gy, where 1] = mes(1)
X

2. Deduce the following inequality:

/Iu(:c)de < g/l|u’(t)|2dt+|%l </I|u(x)|dx)2.

3. Does this inequality hold for u in H'(I)?

1. We have

2 2
< (o)

Cauchy Schwarz
/ 1%dt / u*dt

] 1 [

Integrating over I with respect to  and y, we obtain
| (o) —uPasdy < [ 1) ey
IxI IxI

— 1 W By [ dody = TP gy,
IxI
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2. We have

/1 (ula) = uly)*dady = / (e + uly)* = 2u(w)u(y)dody

= /(/ ()de)dy+/(/( Qdy)dx—Q/ dx/

_ 2|1\/ 2dx—2(/ ()d) .

Substituting into the inequality from question 1), we obtain

2
2|1 /u(x)2d:z; <Pl T2 py + 2 </u(:1:)d:c) .
I I

Dividing by |I| yields the result.

3. Yes. Indeed, by the density theorem (see Course 2, Chapter 2), the space C*([0, 1])
is dense in H'(0,1). That is, for every u € H*(0,1), there exists a sequence (uy)s,
in C*([0, 1]) such that

u, —u in H*(0,1).

This implies that
u, —u in L*(0,1), and v/, — ' in L*(0,1).

From question 2), since u,, € C*([0, 1]), it satisfies the inequality

117 1 i
/uidx < —/|u;|2dt+ — (/|un]dx) :
I 2 Jr 1| \Jr

Passing to the limit, we obtain the inequality for u € H'(0,1).
- 2.12. Let © be a bounded connected open set in RYY. Prove Poincaré’s inequality
30> 0,Yu € HY(9) : @) < OVl gagape- (2.24)
Solution: We have

(2.24) <= 3C > 0,Vu € HX(Q) : g o
||vu||(L2(Q))N

We argue by contradiction. Suppose that there exists a sequence (u,), C Ha(Q2) such

that
e (2.25)
HvunH(LQ(Q))N -

Set v, 1= Y Then we have
||Un||L2(Q)
[unllr2() (V|2 1
wall i) = LMD g gy oy = AR 2 g, 2.26
T T A TR PYeaT 220
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Moreover,

1
||Un||H1(Q) = ||Un||L2(Q) —|— ||vvn|lL2(Q) S 1 —|— ﬁ S 27 \V/TL

Thus the sequence (v, ), is bounded in H} (), which embeds compactly into L*(2). Hence
we can extract a subsequence of (v, ), still denoted (v,),, such that

v, = v in L*(Q).

On the other hand, from (2.26), we have ||v||12(q) = lim,—e [|Vn]|22(0) = 1 and Vv, — 0
in L?(Q)). Therefore,

v, — v in D'(Q) and Vv, — Vo =0 in D'(Q)".

Since 2 is connected, it follows that v is constant in {2 and this constant is nonzero because
vl z2() = 1. But v € Hg(2), so its trace satisfies Tv := 0. Since v is constant in €, we
have v =T a.e. in , where 7 = C in Q. Hence

Tv =T := )y = C because v € C(1).

Thus C' = 0, which is a contradiction.

- 2.13. Let f be a function continuous on Q, piecewise O, with bounded support
contained in Q. Show that f € H'(Q).

Seolution: Since f is continuous on Q and has compact support, it belongs to L*(2).
Since f is piecewise C' with bounded support, by definition there exists a finite family of
pairwise disjoint open sets {€; : i = 1, ..., m} such that U™,Q; = supp f C Q and f = f;
is of class C' on each €;. For i # j, set I;j = 02;N 0, and let n'(z) be the unit outward
normal vector at x € 0€2;. We have

Vo € Ty n'(z) = —n/ ().

Thus, setting v := 0y f (in the sense of distributions), for any ¢ € D(2), we have

(v, ) = —/f@kgodx:—Z/ f Orpdx
Q i=1 /S

= Z (— fvnidS—l—/ Okf gpdac)
pry 09 Q

Moreover,
S| fomds = > fonidS
i=1 /0% ij=1,ij 7 Lis
= Z / fo(nl, 4+ nl)dS = 0.
1<i<j<m VT
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Hence m
{(v,0) = Z/Q Orf pdx.
i=1 VS

Therefore v(x) = Oy fio, (x) for all z € ;, i = 1,...,m. Furthermore,

/ vidr = Z/ vidr = Z/ (Oxfi,)*dz < oo.
Q i=1 Y i=1 7
Thus v € L*(Q). Consequently f € H'(Q).

2.10 Additional Exercises on Sobolev Spaces
BB 2.14. Let Q = (—1,1) C R. Consider the function

{332, z €[0,1)

T@ =92 sc(10)
1. Determine whether f € LP(—1,1) for p € [1, 0].

2. Compute the weak derivative of f (if it exists).

3. Is f € W'P(—1,1)? For which p?

Solution:

1. The function f is continuous on (—1,1) and bounded (|f(z)| < 1). Hence f €
L>(-1,1) € LP(—1,1) for all p € [1,0].

2. Let us compute the weak derivative g = f’. For any ¢ € D(—1,1),

(f'se) = —/_1f(£lf)g0/(x) dx.

Split the integral:

—/_1 fx)¢ (x)de = —/0(—m2)g0’(x)dx—/leQgp’(:c)dx

1 -1

_ / " 20 (@) — /0 20/ ()

-1

Integrate by parts:

[ #e@ar = e~ [ awptyr = o) -2 [ rpteae

-1 -1 -1

/01 2?o (x)dr = [2%p(2)]) — /01 2zp(x)dr = p(1) — 2/01 zo(x)da.
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Thus

(e = (—90(—1) -2 f w(a:)da:) - (90(1) = 1 xgo(x)d:p)

= —p(-1)—p(1) - 2/ rp(x)dr + 2/0 vp(z)dr.

-1

Since ¢ has compact support in (—1,1), p(—1) = ¢(1) = 0. Therefore

o =-2 [ rp(a)de 42 / () = /  gla)p(a)de,

-1 1

where
2x, x>0
g(x) =< =2z, x <0 =2zl
0, z=0

Thus the weak derivative exists and is f’' = 2|xz|.

3. We have f(x) = |z|z (since |z|]z = 2* for > 0 and |z|z = —2? for x < 0). The
weak derivative is f’ = 2|z|. Now:

ferP(—1,1) for all p € [1,00] (since f is bounded),
1 1
fle’(-1,1) < / 12z|Pdr < 00 = / wPdr < 00 <= p> —1,
-1 0
which is always true for p > 1. So f' € LP(—1,1) for all p € [1,00]. Hence
fewhr(=1,1) forall 1 < p < oo.
BB 2.15. Let © = B(0,1) € RY be the unit ball. Consider the function
u(z) = |z|*, aeR.
1. For which « does u belong to LP(Q2)?
2. For which « does u belong to WP (Q)?
0)?

)

3. For which a does u belong to W,

Solution:
We use polar coordinates: r = rw with r = |z| € (0,1) and w € S¥1. Then
dr = rN"'drdw, and [gy_, dw = Nwy where wy is the volume of the unit ball.

1. u(x) = r* Then

1 1
/|u|pdx:/ ro‘pTN_ldr/ dw:NwN/ roPtN=Laqp.
Q 0 SN-1 0

The integral converges iff ap+ N —1 > —1,i.e., ap+ N > 0. Thus
N
ueLP(Q) <= a>——.
p

For p = o0, u € L>®(Q) iff @ > 0 (since |z|* is bounded near 0 only when o > 0).
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2. The partial derivatives: for x # 0,

ou
8$i

(z) = alz|* 2.

Hence |Vu(z)| = |af|z|*™t. We need u € LP(R2) and Vu € (LP(2))V.
e uclP(Q) — a>-I
p
o Vu € (LX) = [/(lafr* N ldr < co = [P DN g <
00 = pla—1)+N>0 <= a>1-7.

Thus v € WH(Q) iff @ > max (—%, 1-— %)
N

Since 1 — % > —= for all p > 0, the condition simplifies to:

p

N
ue W) < a>1-—.
p

For p = oo, u € Wh*°(Q) iff & > 1 (since Vu must be bounded).

3. WyP(Q) is the closure of D(Q) in W'(Q). For u to be in Wy"(Q), we need in
addition that the trace of u on 0 is zero. On 052, |x| =1, s0 u(z) =1*=1#0
for any . However, functions in W, ”(Q) have zero trace. Therefore u ¢ Wy"(Q)
for any « (unless we consider a modified function that vanishes on the boundary).
If we consider instead Q@ = B(0, R) and u(x) = |z|* — R*, then u vanishes on 02
and may belong to W, ?(Q) under the same condition a > 1 — N/p.

B 2.16. Let © = (0,1) C R. Define the sequence
uy(z) = sin(nmzx).
1. Show that (u,) is bounded in H{ (0, 1).
2. Does (u,) converge strongly in L%*(0,1)? Does it converge weakly?
3. Does (u,) converge in H}(0,1)?
Solution:

1. We have u,(0) = u,(1) = 0, so u, € H}(0,1). Compute:

1
1
unll72 = /Sing(mm)dx:—,
0 2
ul (r) = nmcos(nrz),
1 22
upllz2 = /n27r2cos2(mrx)dx:n;
0
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Hence

n?m?

272
So (uy) is NOT bounded in H}(0,1)! The sequence is unbounded because the
derivative grows like n.

el = NunllZ2 + llunllZ2 = — 00

If we instead consider v,(x) = + sin(n7x), then

1 w2
foallfn =5+ <.

so (vy,) is bounded in H}(0,1).

Let us work with v,(z) = £ sin(nmz). Then:
2

lonllZ = lonllze = =

2n?’

2. Strong convergence in L?:

1
|vnllzz = —— — 0.

V2n

So v, — 0 strongly in L?*(0,1). Strong convergence implies weak convergence, so
v, — 0 weakly in L? as well.

3. Convergence in H}(0,1): We have
1 2 w2
2

T
Ty Ty 70

[ = Ol = llvallZz + [lvnllZ2 =

Thus v,, does NOT converge strongly to 0 in HJ(0,1). However, v/, converges weakly
in L?? Let’s check: for any ¢ € L*(0, 1),

(v, ) :/0 7 cos(nmx)p(z)dr.

By the Riemann-Lebesgue lemma, fol cos(nmz)p(x)dr — 0 for p € L*(0,1). Hence
v/, — 0 weakly in L?(0,1). Therefore v, — 0 weakly in Hj(0,1) but not strongly.

- 2.17. Let  C RY be a bounded open set with C'! boundary. Prove the following

version of Poincaré’s inequality:
aC > 0, Yu c Hé(Q) . ||u||L2(Q) S OHVUH(LQ(Q))N.

Solution:
We argue by contradiction. Suppose the inequality is false. Then for every n € N,
there exists u, € Hg () such that

[unl[z2 > nl[ V]| 2.
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Set v, = ”u:—ﬁﬂ Then ||v,|[z2 = 1 and

\Y% 1
V0|2 = Vun |2 < =

[unllz

Hence [|Vv,|/z2 — 0.
The sequence (v,,) is bounded in H}(Q) because

lonlln = llvnllZe + IVoallZe = 1+ [ VeallZe < 2.

By the Rellich-Kondrachov compact embedding theorem, H} () embeds compactly into
L*(Q2). Therefore there exists a subsequence (v, ) and v € L*(Q) such that

Up, — v strongly in L*(€2).

Since ||vy, ||z2 = 1, we have ||v||z2 = 1, so v # 0.
On the other hand, since Vv,, — 0 in L*(Q)", for any ¢ € D(Q),

/ o2 45 — lim vnkg—"”dx — im [ Ppan =
Q

Thus Vv = 0 in the sense of distributions, so v is constant a.e. on 2. Since v € HJ (),
its trace is zero, and the constant must be zero. This contradicts ||v||z2 = 1. Hence the
inequality holds.

R 2.13. Let © = (0,1) x (0,1) € R2 Consider the function

for (x,y) # (0,0).

1
u(z,y) = ———
(#.9) = —=— =
1. Determine whether u € L?(Q).
2. Determine whether u € H'(Q).

Solution:
Use polar coordinates: x = rcosf, y = rsinf, with r € (0,/2) (since the maximum
distance from the origin in the square is v/2). The area element is dzdy = rdrdf.

2w V2 1 2 V2 1 /3
udzdy = — - rdrdf = do —dr = 2m [Inr] 7 = too.
Q o Jo 17 0 0 T 0

Thus u ¢ L*(Q) because the integral diverges near » = 0. In fact, u € LP(Q) for
p < 2 (since [,r'"Pdr converges when 1 —p > —1,ie., p < 2).

1.

2. Since u ¢ L*(Q), it cannot belong to H'() (which requires u € L?(2)). So u ¢
HY(Q).

If we consider a modified function u(z,y) = \/ﬁ on Q\ B(0,¢) and extend
22ty

smoothly inside the ball, then the function would be in H* only for N > 3 (since
in RN, |z|* € H! when @ > 1 — N/2; here « = —1 and N = 2 gives a = —1 > 07?
Actually 1 — N/2 =0, and —1 # 0, so not in H').
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BB 2.19. Let 7 = (0,1). Consider the space
V ={ue€ H'(I) : u(0) = 0}.
1. Show that V' is a Hilbert space.

2. Show that the norm ||u|y = ||u/||z2 is equivalent to the standard H' norm on V.

3. Apply this to prove the Poincaré inequality for functions vanishing at x = 0:
1 1
/ u(z)’dr < / u'(z)?dr, Yu€eV.
0 0

Solution:

1. V is a closed subspace of H'(I) because the trace operator T : H!(I) — R given by
Tu = u(0) is continuous, and {0} is closed in R, so V' = T~({0}) is closed. Closed
subspaces of Hllbert spaces are Hilbert spaces. Hence V' is a Hilbert space with the
inner product (u,v)g1 = fo uv + u'v')dz.

2. For any u € V| by the fundamental theorem of calculus,

Using Cauchy-Schwarz,

lu(z)]* < (/Ox \u’(t)\dt>2 < :c/ox u'(t)?dt < /01 ' (t)?dt.

Integrating over x € (0, 1),

1 1 1 1
/u(x)deg/ (/ u'(t)zdt) dx:/ ' (t)?dt.
0 0 0 0
1 1 1
i = [ wtde+ [ < [ utde =2l
0 0 0

Conversely, |lull} = [, "udx < ||lu||%,:. Hence the norms are equivalent.

Thus

3. From the inequality above, we have directly:

1 1
/ u(z)?dr < / u'(z)?dr, Yu€eV.
0 0

This is the Poincaré inequality for functions vanishing at x = 0. The optimal
constant is C' = 1 (and it is achieved by u(x) = 7 Actually for u(z) = =, fol r2dx =
1/3, fol 12dz = 1, so 1/3 < 1 holds; the constant 1 is not sharp; the sharp constant
is 4/72? Let’s check: For u(z) = sin(mx/2), u(0) = 0, fol sin?(rx/2)dr = 1/2,
fol(7r/2)2 cos?(mx/2)dr = w2 /8 ~ 1.23, so 1/2 < 1.23; the best constant is actually
4/m? ~ 0.405 for the inequality |ul|7, < C|ju||7, with u(0) = 0. The inequality we

proved gives C' = 1, which is not optimal but sufficient.)
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B 2.20. Let Q C RY be a bounded open set. Show that the embedding HE(Q) —
L*(Q) is compact but not surjective.

Solution:

1. Compactness: The Rellich-Kondrachov theorem states that for a bounded domain
Q with Lipschitz boundary, the embedding Hg(Q2) < LP(£2) is compact for 1 < p <
2* where 2* = % (if N > 2; for N=2,p < oo; for N=1, H} — C° compactly).
In particular, for p = 2, the embedding H}(Q) < L?(f2) is compact. This means
that any bounded sequence in H;(2) has a subsequence that converges strongly in

L2(Q).

2. Non-surjectivity: The embedding is not surjective because H(}(Q) is a proper
subspace of L?(€). For example, the constant function u(z) = 1 belongs to L?(£2)
(since € is bounded) but does not belong to H{ () because its trace on 9Q is 1 # 0
(and it is not in Hj). More generally, H}(Q) consists of functions that vanish on the
boundary in the trace sense, while L?(€2) contains many functions that do not vanish
on the boundary (and the trace is not even defined for arbitrary L? functions). Thus
the inclusion HJ(Q2) C L?*(R) is strict, so the embedding cannot be surjective.

- 2.21. Let u € W1(0,1). Prove that u has a continuous representative. More
precisely, show that there exists 4 € C([0, 1]) such that u = @ almost everywhere.

Solution:
Let uw € W(0,1). Then v’ € L'(0,1). For any x,y € (0,1) with z < y, we have

y
u(y) —u(z) = / u'(t)dt in the sense of distributions, and this holds a.e.

More precisely, there exists a representative of u (still denoted u) such that for all z,y €
[0,1] with z < y,

u(y) — u(z) = / "yt

This is because u is absolutely continuous. In fact, W1(0,1) is exactly the space of
absolutely continuous functions on [0, 1] whose derivative is in L'(0,1).
To prove this, fix ¢ € (0,1) and define

Then v is continuous (in fact absolutely continuous) and v' = ' in D’(0,1). Hence u — v
is constant a.e., so there exists a constant C' such that u = v+ C a.e. Then @ =v + C'is
continuous on [0, 1] and equals u a.e.

Thus every W11(0, 1) function has a continuous representative. Moreover, this repre-
sentative is absolutely continuous.

R 2.22. Let Q = B(0,1) € R3. Consider the function



1. Determine whether u € L*(Q).
2. Determine whether u € H'(Q).

3. Determine whether u € W'?(Q) for other p.

In R3, do = r?sin Odrdfdyp = r*drdw.

1
/|u|2dac—/ — - 2d7"/ dw:/ dr - 4m = 41w < oo.
s2 0

Thus u € L*(Q)

1.

2. Compute Vu(z) = —ps 80 [Vu(z)| = # Then

"1 "
/|Vu|2dx:/ —4-r2dr/ dw=dr [ —dr=+oo.
Q o " 52 o T

Thus Vu ¢ L2(2), so u ¢ H' ().

3. For general p:

1 1
1
u € LP(Q) <:>/—pr2dr:/r2‘pdr<oo<:>2—p>—l <~ p<3.
o T 0

1
3
Vu € LF(Q) < Tr2dr—/ r27Pdr < 0o <= 2-2p> —1 <= 2p <3 = p<g
o ¥ 0
Thus u € WHP(Q) iff p < 3/2 (and p > 1). For p =2, u ¢ H'(Q) as seen.
B 2.23. Let © € RY be a bounded open set. Show that the norm

el = [ Vllzo

is equivalent to the standard norm ||u|lws = (|lul%, + | Vul[?,)/? on W, ().

We need to show that there exist constants ¢, C' > 0 such that
cllullwis < [Vulle < Cllullwir,  Vu € WyP(€).

The right inequality is obvious: ||Vul > < (||lull?, + [|Vul5,) P = ||ullwie, so C =1
works.
For the left inequality, we use Poincaré’s inequality: there exists Cp > 0 such that

lullr < Cp||Vaul|r, Yu e WyP(Q).

Then
[l = llullfe + [[Vullz, < (Cp + DIVullf,
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Taking the p-th root,
lullwir < (Ch+ D)7Vl 1.

Thus ¢ = (C% + 1)~Y/? works:

1

[VullLr > WHUHWW

Hence the two norms are equivalent.
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3 Second-order linear boundary value problems

Notation 3.1. If H is a Hilbert space, we denote by (%) the inner product between u
and v in H, and by [{f;o) the duality product between f € H and v € H.

TV 0 if i

3.1 Some definitions

We are interested in the following second-order linear elliptic PDE problem
Lu = fin Q

where © is an open set in RY, u : Q — R is the unknown, u := u(x), f : @ — R is a given
function, and L is a second-order differential operator defined in divergence form by

n

Lu=— Z (a” (z)ug,) . —1—261 Uy, + c(x)u (3.1)

ij=1

or in non-divergence form by

n

Lu = Z T)Ugye; + Zb’ ) Uy, + c(T)u (3.2)

1,j=1

where the functions a¥, b’, ¢ are the coefficients of the operator L.
An important operator of this type is the Laplacian defined by

N
92 g y
Au = Z a—;;, (it suffices to take a” = §”,b; = ¢ = 0).

where (2 is a bounded open set in R,  :  — R is the unknown, v := u(z), f : Q = R
is a given function. The condition u = 0 on 02 is called the Dirichlet boundary condition.

Remarque 3.2. If the coefficients a¥, i,5 = 1,...,n are of class C', then the operator L
given in divergence form can be written in non-divergence form and vice versa. Indeed,
the divergence-form equation (3.1) becomes

n

Lu = Z T)Ugye; + Z b (2)ug, + c(r)u (3.3)

1,j=1

where b = b — Z? 1 ax , and this equation is indeed in non-divergence form.

In what follows we assume that a¥ = @’ (1,5 = 1,...,n).
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Deéfinition 3.1. We say that the operator L is uniformly elliptic if there exists 6 > 0
such that

n

> a(2)&g > 0l¢” (3.4)

ij=1
for a.e. x € Q and for every & = (&1,...,&n) € RY.

Remarque 3.3. The ellipticity condition means that for every x € €2, the symmetric matrix
A(z) = (a"(x));; is positive definite and its eigenvalues are greater than 6.

- 3.1. Show that the following operators are uniformly elliptic:
1. The Laplacian operator: Au = Zf\il %.

2. The operator: Lu = div(a(x)Vu), where a(z) > ¢o > 0 for all z € Q.

3.2 Lax-Milgram theorem

The following theorem is used to prove the existence of solutions to linear elliptic problems.

Théoréme 3.4 (Lax-Milgram). Let H be a Hilbert space over R. Suppose that
B:HxH—R

1s a bilinear form satisfying the following two conditions
i) B is continuous, i.e.:

Ja > 0:|B(u,v)| < allull||v|, Yu,ve H

it) B is coercive (or elliptic) on H, i.e.

38 > 0: B(u,u) > B|ul|?, Yu € H.

Let f : H — R be a continuous linear form (i.e. f € H'). Then there exists a unique
element uw € H such that
B(u,v) = (f,v), Yv € H (3.5)

Remarque 3.5. If the field is C, then the statement of the theorem is as follows:
Let a be a sesquilinear form on H (i.e., linear in the first variable and conjugate-linear in
the second) and continuous such that

38 > 0:ReB(u,u) > Bllul|?, Yu € H.
Then for every f € H’, there exists a unique element u € H such that

B(u,v) = (f,v), Vv e H (3.6)
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Proof. Let u be a fixed element of H. Clearly the map v — B(u,v) is a continuous linear
form on H. By the Riesz representation theorem, there exists a unique element w € H
(depending on u) such that B(u,v) = (w,v) for all v € H. Denote Au = w. Then,

B(u,v) = (Au,v), Yv € H. (3.7)

We show that the map A : H — H, which sends u to Au, is linear and continuous. Indeed,
for A\, u € R and uq,us € H, we have

(A(Auy + pug),v) = B(Auy + pug,v) by (3.7)
= AB(u1,v) + puB(ug,v)
= A Auy,v) 4+ p(Aus, v) again by (3.7)
= (M + pAus,v).

This equality holds for all v € H, hence A(A\uj + pus) = MAug + pAus. For continuity, we

have
| Aul|* = (Au, Au) = B(u, Au) < of|ul|||Aul.

Consequently [|Au| < af|ul| for all w € H. Thus A is continuous. Now we show that A
is bijective. We begin with injectivity. Since A is linear, it suffices to show that Au =0
implies u = 0. We have

Bllull® < B(u,u) = (Au,u) < || AullJul,

hence S|ul] < ||Au||. It follows that if Au =0 then u = 0.

We show that A is surjective, i.e., the image of A satisfies Im(A) = H. We first show
that Im(A) is closed and then that it is dense in H. Let (u,), be a sequence in H such
that (Au,), converges to w € H. Then for all p,q € N,

5”“]) - uq||2 < B(“p — Ug, Up — uq) = (A<up - “q)a Up — “q) < HAup - Auq” ||up - uq“-
This implies
1
||up - uq” < B”A“p - A“qH'

Since (Auy,), is convergent, (u,), is Cauchy. Hence (u,), converges to some u € H. By
continuity of A,

[ Au —w] = lim [|A(u— )] < lim (ofu—u,]) =0

so Au = w and thus w € Im(A).

We show that Im(A) is dense in H. Tt suffices to show that (Im(A))* = {0}. Let
v € (Im(A))*. Then (Av,v) = 0, which implies 3|[v|> < B(v,v) = (Av,v) = 0, hence
v =0. Tt follows that (Im(A))* = {0}. Thus Im(A) is dense in H. Since the image of A
is closed and dense in H, we have Im(A) = H and A is surjective.

Next, by the Riesz theorem, there exists a unique w € H such that

(f,v) = (w,v), Yv € H.
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By the bijectivity of A, there exists a unique u € H such that Au = w, and consequently
B(u,v) = (Au,v) = (w,v) = (f,v), Yv € H.
This completes the proof. O
A more general result is that of Stampacchia:

Théoréme 3.6. Let H be a Hilbert space over R and C' a closed conver subset of H.
Let a be a continuous coercive bilinear form on H. Then for every f € H', there exists a

unique u € C' such that
a(u,v —u) > (f,v —u), Yv e C. (3.8)

Remarque 3.7. If in addition C' is a subspace, then inequality (3.8) is equivalent to
a(u,w) = (f,w), Yw € C.

It suffices to take v = +w + v € C. In the case C' = H, we recover the Lax-Milgram
theorem.

Proof. Since f € H', by the Riesz theorem there exists a unique ¢ € H such that
<f,U> = (¢,U), Yv € H.

(Recall that (, ) denotes the inner product on H). Consider the operator A : H — H
defined by (Au,v) = a(u,v) for all v € H (see the proof of the Lax-Milgram theorem
(3.4)). Then inequality (3.8) is equivalent to

(Au — ¢p,v —u) >0, Yo € C.
For any g8 > 0,
(Au— p,v —u) >0, Yo € C) <= ((B(Au— ¢) + u—u,v —u) >0, Yv € C).

That is, u is the projection onto C' of S(Au — ¢) + u — u. In other words, u is a fixed
point of the operator T" defined on H by

v— T(v) ;= Pre(B(Au — @) +u — u).

Thus it suffices to show that 7" is a contraction for some 3 > 0 (exercise). This completes
the proof. n

BB 32 1. In the Lax-Milgram theorem, show that if in addition a is symmetric,
then w is characterized by

J(u) = min J(v) where J(v) := %a(v,v) —(f,v).

veH

2. Same question for the Stampacchia theorem with the minimum over C.
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3.3 Existence for the Dirichlet problem

The elliptic Dirichlet problem is the following boundary value problem

Lu=f in Q
{ u=1 on Of) (3.9)

where L is defined in divergence form by

LU:—Z(CLU T)ug, ) —l—Zb’ T)Uy, + c(x)u (3.10)

The boundary condition _ is called the Dirichlet condition on the bound-
oy of  (GHRGRERGON i 1 =0+ [OHEHOMGRHERHS i ¥ 0)
3.3.1 Variational formulation and weak solution

We begin with the homogeneous Dirichlet problem

Lu=f in €
i @1

First and throughout the following, we assume that
a’, b, ce L™(Q) (i,j=1,...,N) (3.12)

Suppose that u is a solution of problem (3.11) belonging to C*(Q)NC(Q2) and f € L?(Q).
Multiplying the PDE Lu = f by a test function v € D(2) and integrating by parts,
we obtain:

/Za Uz, Vg, d:c—l—/Zbiuxivdx—}—/cuvdx:/fvdx. (3.13)
P Q Q

7,7=1

The boundary term vanishes because u = v = 0 on 0€2. The terms in the above identity
are well-defined as soon as u € L*(Q2) and Vu € (L*(Q))V, i.e., u € H}(Q). By density of
D(Q) in H}(Q), this identity remains valid for all v € H} ().

Now suppose that w € H(Q) satisfies equation (3.13). Then the equation
M ) ST O SGUSE P GEHGHS (1o 1 o v e
cise), and the boundary condition [l =0'on 9% is satisfied [INCECISCIONIAGE (i.c.,
_) taking into account the regularity of the domain 0f2. In this case,

we say that u is a weak solution of problem (3.11). Moreover, if u € C2(2) N C(Q), then
u = Tu for all x € 99 and the identity Lu = v holds for all x € 2. In this case u is called
a strong solution (or classical solution). To summarize, we give the following definition:

IDERRIGOR] 3.2. Lot f € H(Q).
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1. The identity

Z / a7 Uy, vy, A + Z/ b ug,vdz + / cuvdz = (f,v), forall v e Hy(9).
Q i=1 79 @

i,j=1

is called the [Variational fommlation associated sith| problem (3.11).

2. The bilinear form associated with the operator L is defined on H{(f2) by

B(u,v) := Z/Qa"juxivxjdﬂt—{—Z/Qbiumvdxjt/ﬂcuvdx (3.15)
i=1

ij=1

(3.14)

3. We say that u € H}(f2) is a weak solution of problem (3.11) if it satisfies the vari-
ational formulation (3.13).

4. The weak solution u € H} (1) is called a strong solution (or classical solution) if it

3.3.2 Existence of the solution

We apply the Lax-Milgram theorem to obtain existence of the solution. We have the
following result:

Théoréme 3.8. If L is uniformly elliptic and a,b;,c € L>(Q)) with ¢ > p > 0 where
w is a sufficiently large constant, then the Dirichlet problem (3.11) admits a unique weak
solution.

Proof. The weak solution u € H} () — by definition — satisfies the variational formula-
tion

B(u,v) = (f,v), for all v € H}(Q).
where B is the bilinear form defined by

B(u,v) := Z/aijumivmjdx—i-z:/biuxivdx—i-/cuvd:v.
ij=17% i=1 79 @

We will apply the Lax-Milgram theorem (3.4). To do so, we show that B is continuous
and coercive on Hg(Q).
We start with continuity: We have

|B(u,v)] < /QZ|aijuxivzj|d$—I—/QZ|biuxiv|dx-I-/Q|cuv|d:v.
; i=1

i,j=1

We first bound the first term

n n
/ZW”\% vy, |dz < ||af| o Z/yum
Q Q

,j=1 i,j=1

Vg, |dz < C/ |Vu||Vu|dz
0
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where ||aflz~ = Y71, i<y [la”]|L. By the Cauchy-Schwarz inequality,

n
3 e
Q-

,j=1

v lde < Gy (fy [VulPdz)" (f |Vo2de) " = Cullullmy ey 0]y e

For the second and third terms, we use the Cauchy-Schwarz inequality and then Poincaré’s
inequality:

[ Wuelde < bllm [ 3 fus
Qi Q

i=1

dz < C’||b||Loo/Q|Vqu\dx
< CzHUHHg(Q)HUHHg(Q)
(where [[b]| e = > ;v [|bil| ). And we have
/Q|C||U||v|dl’ < llellze lull 2@ vl 2 @) < Csllull gy vl me)-
Hence

|B(u,v)] < (Ci+ C2+ Cs) ||ull gy llvll g2

= C||U||H5(Q)HUHH3(Q)~
This gives the continuity of B on H}(€2). Now we show that B is coercive, i.e.,
38 > 0: Bu,u) > Bllul?>, Yu € H) ().

By the ellipticity condition (3.4):

0/|Vu|2dx < /Zaij(rﬁ)uxiu%dx
Q Q-

i,7=1

- B(u,u)—/Zbiumudx—/chdx
0= 0
< B(u,u)+||b||Loo(Q)/ |Vu||u|dx—u/u2dx.
Q 0

Using the Cauchy inequality (with €), we have

1
/|Vu]|u|dx§ E/ \Vu\de—i-—/uzdx
Q 2 Jo 2¢ Ja

where € > 0 is chosen sufficiently small so that

N D

3
—[b]| Lo () <
by <

44



Then we obtain

0 1
5 [IVuPde < B+ (golbloee — ) [ lufds
2 Q 2e Q

= B(u,u)+ (C — ) /Q |u|?dz.

If we choose > C', then we obtain
0
Bl > 5 [ [VuPde = 8lullye,
Q

hence the coercivity of B on H} (). Since f € H™Y(Q) := (H}(R2))’, by the Lax-Milgram
theorem there exists a unique element v € HJ(€2) such that

B(u,v) = (f,v), for all v € Hy ().
Thus w is the unique weak solution of problem (3.11). O]

Exemple 3.9. Consider the following problem:

—Au+u=f in Q
{ u=0 on Of) (3.16)
Then Lu = —Au +u and a” = §7, b; = 0, ¢ = 1. The associated variational formulation
is
/ Vu - Vodx + / uvdx = / fodzx.
Q Q Q
The associated bilinear form is defined by
B(u,v) = / Vu'VvdI—i-/uvd:U.
Q Q
B is continuous because
[B(u,v)| < [[Vullr2o)l|Vollza@) + lullz2@) vl 20
< (”VUH%Q(Q) + ||UH%2(Q))1/2(||VU||%2(Q) + ||UH%2(Q)>1/2
= llullm@llvllme
< Cllullgy@llvllaie)-
For coercivity, we have
Blu,u) = lully = Il o
Now consider the non-homogeneous Dirichlet problem
Lu=f in €
{ u=1 on Of) (3.17)
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For simplicity, we consider Lu := —Au+u. We try to give a meaning to the solution of the
non-homogeneous Dirichlet problem (3.17). If u is a solution belonging to C?(2) N C(Q),
then it satisfies for all v € D():

/Vu-Vvdx+/uvdx:/fvdx.
Q Q Q

This equation makes sense for u € H*(2). Conversely, if u € H'() satisfies the preceding
equation, then it satisfies the equation Lu = f in the sense of distributions, and by the
trace theorem (see Chapter 2) the boundary condition makes sense if ¢ € HY2(052).

Assume that ¢» € H'/2(0€2). Then there exists a function g € H'(2) such that T'g = 1
on 0. Set w = u — g. Then the Dirichlet problem (3.17) is equivalent to the following
homogeneous Dirichlet problem

Lw=f—Lg in
{ w =0 on 0N (3.18)

and u is a solution of (3.17) if and only if w is a solution of (3.18).

BB 3.3 Show that if f € H1(Q) then f — Lg € H ().
We therefore have the following definition:

Définition 3.3. Let f € H ().

1. We say that u € H'(Q) is a weak solution of problem (3.17) if w € H(Q) is a
weak solution of problem (3.18).

2. The weak solution u € H'(Q) is called a strong solution (or classical solution) if it
belongs to [C3(Q) NC(Q) .
We then conclude with the following existence result:
Théoréme 3.10. For every f € H™Y(Q) and v € HY%(0R), the non-homogeneous
Dirichlet problem (3.17) admits a unique weak solution u € H'(Q).

3.4 Homogeneous Neumann problem

Let © be a bounded open set in R™ of class C'. The homogeneous Neumann problem is

given by
{ Lu=f in Q

g—z =0 on 0] (3.19)

where L is defined in divergence form by

n

Lu=— Z (a” (z)ug,) . —1—261 T)Uy, + c(x)u (3.20)

4,j=1
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and 2 denotes the outward normal derivative of u, i.e., 3(z) := Vu(z) n(mi where n(m
is the unit outward normal vector to 02 at x.
In what follows we consider the particular case where

u=—Au+u
and we study the existence question for the following Neumann problem

{ —Au+u=f in Q

g—Z:O on Of) (3.21)

Suppose that u : Q — R is a solution of (3.21) such that u € C*(Q?) := {ug : u € C*(R")}
and suppose that f € L*(Q). Let v € C'(Q) := {vjg : v € C'(R")}. Multiplying the
equation in (3.21) by v and integrating by parts, we obtain

/Vu - Voudx — %vdS’qL/uvda: = / fodzx.
Q a0 On Q Q

Since 2 a = 0, we have faQ 8“vdS = 0. Hence we obtain

/Vu : Vvd:v+/uvd:c = / fudx, Yv € CHQ). (3.22)
0 Q Q

Since C'(Q) is dense in the Sobolev space H'(2), the previous identity holds for all
v € H'(Q) (to be verified as an exercise). Thus u satisfies the following formula:

/Vu - Vodz + / wodx = / fodz, Vv € HY(Q). (3.23)
Q Q Q

This equation makes sense as soon as u € H'(Q). [Conversely|, suppose that v € H' ()
satisfies (3.23). If in addition u € C?(Q), then by Green’s formula we have

/(—Au)vdx+ @UdS—{—/uvdx = / fudx, Yo € HY(Q). (3.24)
Q aq on Q Q

If we choose v € D(Q2), then (3.24) becomes

—Au = v v Q )
/Q( )vdx—l—/guvdm /Qf dz, Yo € D(Q), (3.25)

which gives —Au +u = f in D'(€2). This last equation holds a.e. in Q. Hence equation
(3.24) implies that

ou
T pds = HY(Q
., anvdS 0, Yo € H (Q),

ie., 9% =0in (H'*(9Q)). Thus u satisfies problem (3.21). We then give the following
definition:

Définition| 3.4. We say that u is a weak solution of (3.21) if u € H'(Q) and satisfies
the variational formulation (3.23). If u € C*(€2), then u is called a classical solution.

47



3.5 Mixed boundary value problems
3.5.1 Mixed boundary conditions

Consider the following problem:

{ —u" +u=finI=]0,1]

u(0) =0, w/(1) = 0 (3.26)

Suppose that u € C?([0, 1]) is a solution of (3.26). Then multiplying the equation by
v € C([0,1]), we obtain

/01 u'v'dr — o' (1)v(1) + «'(0)v(0) + /01 wvdr = /01 fodz.

We have /(1) = 0 and we choose v such that v(0) = 0; then the above equation becomes

1 1 1
/ u'v'dx —I—/ wvdr = / fudx, Yv € C*([0,1]), v(0) = 0. (3.27)
0 0

0

We give the following result:

_ 3.10.1. 1. The space {v € C'([0,1]) : v(0) = 0} is dense in the space
H :={ve H'0,1) : v(0) = 0}.

2. The space H is a Hilbert space.

Proof. [As an exercise ]

By density, equation (3.27) is equivalent to the following variational formulation:

1 1 1
/ u'v'dx+/ uvdx :/ fvdz, Yv € H. (3.28)
0 0 0

Applying the Lax-Milgram theorem, we obtain the existence of a unique solution v € H
of (3.28), which is called the weak solution of (3.26).

BB 3.4 1f v c C%([0,1]) is a weak solution of (3.26), show that it is a classical
solution (i.e., u satisfies the equation in (3.26) and the boundary conditions).

3.5.2 Periodic boundary conditions

Consider the following problem:

{ —u"+u=finI=|0,1], fe€ L*0,1)

w(0) = u(1), v/(0) = /(1) (3.29)

Let u € C*([0, 1]) be a classical solution of (3.29). For all v € C'([0,1]):
1 1 1
/ W'ds + / wodz — u/ (1)o(1) + 1/(0)0(0) = / fodz, Yo € CH[0,1]).  (3.30)
0 0 0
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If we choose v such that v(0) = v(1), then
—u/(1)v(1) + ¢/ (0)v(0) = v(0)(u'(0) — u'(1)) = 0.

Hence equation (3.30) becomes

/01 u'v'dr + /01 wodr = /01 fudz, Yo € C*([0,1]), v(0) = v(1). (3.31)

BB 3.5, 1. Show that the space {v € C*([0,1]), v(0) = v(1)} is dense in the space
H:={ve H'(0,1):v(0) = v(1)}.

2. Show that the space H is a Hilbert space.

By question 1 of the exercise, equation (3.31) is equivalent to

1 1 1
/ u'v'dx —|—/ wvdr = / fvdx, Yv € H, (3.32)
0 0 0

which is the variational formulation associated with problem (3.29).

BB 3.6. Show that if uw € H N C2([0,1]) satisfies (3.32), then it satisfies problem
(3.20).

We then give the following definition:

Définition 3.5. We say that u is a weak solution of (3.29) if u € H and satisfies the
variational formulation (3.32). If u € C2(f2), then u is called a classical solution.

Here is the English translation of the provided exercises, with all LaTeX commands
and symbols preserved, and with language improvements.
“‘latex

3.6 Exercises with Solutions

Remark. For any open set  C RY, we denote by C*(Q) with 0 < k < oo the space
CH(Q) = {E@ . e CHRM)).

If © is bounded and regular, then C**(€2) is dense in H'(2) and in particular Ck(Q) is also
dense in H() for every 1 < k < oo. If Q is not bounded, then C¥(Q) N H*(Q) is dense
in H1(Q).

BB :.7. Consider the following problem

(3.33)

{—M+u:fmlzmu,feﬁmﬂ)
u(0) = u(1), u'(0) = u'(1)
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1. Let u € C*([0, 1]) be a classical solution of (3.33). Give the variational formulation
satisfied by u, (accepting that the space {v € C'([0,1]), v(0) = v(1)} is dense in the
space

H:={ve H"0,1):v(0) =v(1)}).

2. Prove the existence and uniqueness of the weak solution u (solution of the variational
formulation).

3. If the weak solution u € C?([0, 1]), show that it is a classical solution of (3.33).

Solution:

1. Let u € C*([0, 1]) be a classical solution of (3.33). Multiplying the equation in (3.33)
by v € C([0,1]) and integrating by parts, we obtain:

/01 u'v'dz + /01 uvdr — o' (1)v(1) + o' (0)v(0) = /01 fodz, Vv € C*([0,1]). (3.34)
If we choose v such that v(0) = v(1), then
—u'(1)o(1) + @' (0)0(0) = v(0)(u/(0) — /(1)) = 0.
Hence equation (3.34) becomes
/01 u'v'dz + /01 uvde = /01 fvdzx, Yv € C*([0,1]), v(0) = v(1). (3.35)

By density, equation (3.35) is equivalent to

1 1 1
/ u'v'dx +/ wodr = / fodz, Yv € H, (3.36)
0 0 0

which is the variational formulation associated with problem (3.33).

2. We apply the Lax-Milgram theorem to the bilinear form a defined on H by

1 1
a(u,v) :—/ u'v'd$+/ uvdz
0 0

and the linear form ¢ defined by

1
{(v) :/ fodz, Yv € H.
0

For coercivity of a, we have

1 1
a(u,u) = / u?dx +/ uldr = HUH?T{l(O,l)‘
0 0
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This implies coercivity. For continuity, applying the Cauchy-Schwarz inequality in
L? and then in R?, we obtain

a(u,v) <[]z [V 2 + [ullz2][v]] 22
1/2 1/2
< (7 + Nullz2) " (10172 + llvllZ2)
< Nullz oy llvll a0,

This gives the continuity of the bilinear form. For the continuity of the linear form,
we have

L) < [ fllzz2llvllze < N fllezllvllaron = Cllvllao,)-

Applying the Lax-Milgram theorem, we obtain the existence of a weak solution
ue H.

. Let u € C*([0,1])N H be a weak solution. Then u satisfies equation (3.36). Choosing
v € D(0,1) in (3.36), and since u € C*([0, 1]), integrating by parts, (3.36) becomes

1 1
/ (—u" + u)vdxr = / fodz,
0 0

which implies that —u” +u = f in Q. Now choose v € C*([0, 1]) with v(1) = v(0)
and integrate the first term in (3.36) by parts; we obtain

_ /01 u"vdx + ' (1)v(1) — u'(0)v(0) + /01 uvdx = /01 fodz.

Since —u” 4+ u = f, we deduce that v'(1)v(1) — /(0)v(0) = 0. Because v(0) = v(1),
we obtain u/(0) = u/(1). Thus u satisfies problem (3.33).

- 3.8. Consider the following boundary value problem

{ —u" +u=f inI=]0,1] (3.37)

u'(0) — ku(0) =0, u(l) =0

with f € L2(0,1).
1. Show that the space H := {w € H'(0,1) : w(1) = 0} is a Hilbert space.

2. If u € C*([0,1]) is a classical solution of (3.37), show that

1 1 1
/ u'v'dx +/ wodz + ku(0)v(0) = / fvdz, Vv € C*([0,1]), v(1) = 0.
0 0 0

3. Show that the space {v € C*([0,1]) : v(1) = 0} is dense in H.

4. Deduce the variational formulation of problem (3.37):

1 1 1
/ u'v'dx —i—/ uvdz + ku(0)v(0) = / fvdx, Vv € H. (3.38)
0 0 0
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5. For k > 0, show that the above equation admits a unique solution v € H (this is
the weak solution of (3.37)).

6. If the weak solution u € C?([0,1]), show that it is classical (i.e., u satisfies (3.37)).

Solution:

1. First, we show that H is a closed subspace of H'(0,1). We have H C H'(0,1) by
definition. Let (u,), be a sequence in H converging to u in H*(0,1). We show that
u € H. By the continuous embedding H*(0,1) < C([0, 1]), we have u,,u € C([0, 1])
and
|n — ullcqo)) < Cllun — ul|gr0,1) — 0 as n — oo,

Hence u,, — u uniformly in Q. Therefore
Vo € [0,1] : up(z) = u(x).

In particular for z = 1, we have u, (1) — u(1). Since u, € H, we have u,(1) = 0,
hence u(1) = 0. Thus u € H, which implies that H is closed. We now show that
H is complete. Let (u,), be a Cauchy sequence in H C H'(0,1) (with respect to
the H'(0,1) norm). Then the sequence converges in H'(0,1) because H'(0,1) is
complete. Since H is closed, the limit of u, belongs to H. Hence the sequence
converges in H. Thus H is complete with the norm |||z (o). Since (H'(0,1),] -
| z1(0,1)) is a Hilbert space, (H, || - ||m1(0,1)) is also a Hilbert space.

2. Multiply the equation by v € C!([0,1]) with v(1) = 0 and integrate by parts; we
obtain

/01 u'v'dz — ' (1)v(1) + u'(0)v(0) + /01 wodx = /01 fodz.

Since v(1) = 0 and «/(0) = ku(0), we obtain
1 1 1
/ u'v'da —i—/ uwvdz + ku(0)v(0) = / fvdz, Yo € C*([0,1]), v(1) = 0.
0 0 0

3. Let w € H. Then w € H'(0,1). Since C*([0,1]) is dense in H'(0, 1), there exists a
sequence (¢,,), in C*([0, 1]) such that
dn "= w in HY(0,1).

Set w,, = ¢nnn, where 1, € C*([0, 1]) is the cut-off function defined by

0 if 2 e]l—1/2n,1]
na(z) =< between O and 1 if ze€[l—1/n,1—1/2n] (3.39)
1 if z€[0,1-1/n]

Then w, € C*([0,1]), w,(1) = 0, and one can show that w, — w in H'(0,1) (see
the density course).
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4. Let v € H. By density, there exists a sequence v, € C'([0,1]) with v,(1) = 0
converging to v in H'(0,1). From question 2, we have

1 1
/ v dr + / wvpde + ku(0 / fopde. (3.40)
0 0

Since v, — v in H'(0,1), we have v, — v and v/, — v in L*(0,1), and by the
Sobolev embedding H'(0,1) < C([0,1]), v,(0) — v(0). We deduce that

1 1 1
/ u’v;dx—/ u'v'dz
0 0

o' (v, —v')dx

1
< / [/ [|v], — v'|dx
0

Cauchy-Schwarz , , ,
< HU ”L2 ||’Un—U ||L2 — 0.
————

—0

Hence [, u'v,dz — [} u'v'dz. Similarly, we obtain

1 1 1 1
/ uv,dx —>/ uvdz, / fu,dz —>/ fodzx.
0 0 0 0

Passing to the limit in (3.40), we obtain

1 1
/ u'v'dx +/ uvdx + ku(0 / fovdz, Yv € H. (3.41)
0 0

5. We apply the Lax-Milgram theorem to the bilinear form a defined on H by

1 1
a(u,v) ::/ u'v'dx—i—/ wvdx + ku(0)v(0), Yu,v € H
0 0

and the linear form ¢ defined by

1
:/ fvdx, Yv € H.
0

For coercivity of a, we have

1 1 1 1
a(u,u) = / u*dx +/ wdr + ku(0)? > / u*dx +/ urdr = ||u||§{1(071)
0 0 0 0

(since k > 0). For continuity, applying the Cauchy-Schwarz inequality in L? and
then in R?, and using the embedding H'(0,1) < C([0,1]), we obtain

a(u,v) < |2 ||V 2 + Jullz2]|v]| 22 4+ E[w(0)v(0)]
1/2 1/2
< (172 + llullz) ™ (101172 + vllZ2) " + Ellullcol[v]|co
< ullar o llvll gy + Ellwll g o vl a0
= (14 k)[Jullgron vl a1 ©)-
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This gives the continuity of the bilinear form. For the continuity of the linear form,
we have

)] < I fllzzllvllzz < ([ fllzz vl ey = Cllvllao,-

Applying the Lax-Milgram theorem, we obtain the existence of a weak solution
ue H.

6. Let u € C*([0,1]) N H be a weak solution, i.e., u satisfies equation (3.38). Choosing
v € D(0,1), (3.38) becomes

1 1 1
/ w'v'dr + / wodr = [ fodz.
0 0 0

Integrating by parts, we obtain

/( ' +uvdx—/ fudz,

which implies that —u” + v = f in Q. Now choose v € C([0, 1]) with v(1) = 0 and
integrate the first term in (3.38) by parts; we obtain

1 1
— / u"vdx + o' (1)v(1) —u'(0)v(0) + / wvdx + ku(0 / fodz.
0 — 0

Since —u” + u = f, we deduce that —u/(0)v(0) + ku(0)v(0) = 0. Since v(0) is
arbitrary, we obtain «'(0) = ku(0). Thus u satisfies problem (3.37).

- 3.9. Consider the following boundary value problem

—Au+V - -Vu = f in{)
{ u = 0 on 0f) (3.42)

where f € L*(Q), V is a sufficiently regular function with values in R™ such that divV = 0.
1. Find the variational formulation of problem (3.42).
2. Prove the existence of the weak solution.

3. If the weak solution u € H?(f2), show that it satisfies problem (3.42) in a sense to
be specified.

Solution

1. Suppose that u is a sufficiently regular solution of (3.42). Multiplying the equation
by v € C'(Q) vanishing on 99, we obtain after integration by parts:

/Vu-Vvdx—i—/V-Vuvdx:/fvdx.
Q Q Q

Since the space {v € C'(Q) : vjgo = 0} is dense in H{(12), the above equation is
equivalent to the following variational formulation:

/ Vu - Vodr + / V- Vuvdr = / fodx, Yo € Hy(Q). (3.43)
0 Q Q
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2. We apply the Lax-Milgram theorem to the bilinear form defined on Hg () by

a(u,v)=/Vu-Vvdx+/V~Vuvdx
Q Q

= /vada:.

We start with coercivity: For every u € HJ (),

and the linear form

a(u,u):/|Vu|2dx+/V-Vuudx.
Q Q

Applying Green’s formula,

/V-Vuudm:/(uV)-Vudx = —/div(uV)u+/ u?*V - ndS
Q Q Q o0

—_———
=0

= —/(uV)-Vudx—/divVqux
Q
——

Q
=0

= - /ﬂ (uV) - Vudz.

This implies that [,(uV)-Vudz = 0. Hence a(u,u) = [, [Vul*dz = [Ju|3, - Thus
a is coercive. For continuity, by the Cauchy-Schwarz and Poincaré 1nequ3uhtles7

la(u, v)| < lull gy @) IVllzz@) + [V |sollullz2@ 1] 20
< Nl @l Volleze) + Cllullay@ 1ol m g
< A+ O)lullgg@llvla e
(Recall that [[u| i) == [[Vull(z2()~-) For the continuity of £, we have

() < Ifle@llvllzz@ < Clifllz@lvlm@

Hence we can apply the Lax-Milgram theorem and prove the existence of a unique
weak solution u € Hg ().

3. If the weak solution u € H?(Q), then applying Green’s formula in the variational
formulation (3.43), we obtain

/ —Auvdx + @vds—i—/ V- Vuvde = / fodz, Yv € Hy(S). (3.44)
Q a0 On Q Q

=0

If we choose v € D(f2), then we obtain
/ —Auvdr + / V- Vuvdr = / fodz, Yv € D(Q),
Q 0 0
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which implies that —Au+V - Vu = f in D'(Q). Since Au, Vu, f € L*(Q), we have

—Au+V - -Vu= fae. in ). Thus u satisfies the problem
—Au+V - -Vu = fae. in(
u = 0 a.e. on Jf
- 3.10. Consider the following Neumann problem
{ —Au+u = finQ

% = ¢ on 0f)

with f € L*(Q), g € (HY?(09))" := H~'/2(9Q). Q is bounded and regular.
1. Give the variational formulation of problem (3.46).

2. Prove the existence of the weak solution.

(3.45)

(3.46)

3. If the weak solution v € H?(), show that it satisfies problem (3.46) in a sense to

be specified.

4. Consider the following Neumann problem

—Au = finQ
% = ¢ on 0f)

(3.47)

with f € L*(Q), g € (HY?(09)) := H~/2(09). Prove the existence and uniqueness

of the weak solution u in the space

H:{UEHI(Q):/Qudx:O}.

(Hint: use the following Poincaré-Wirtinger inequality for the coercivity of the

bilinear form)

1 2

Solution

1. Let u be a sufficiently regular solution of (3.46). Multiply by v € C() and integrate

by parts; we obtain:

/Vu-Vvdx—/ @UdS—i—/uvdx:/fvdx.
Q a0 On Q Q

Using the boundary condition, we obtain

/Vu~Vvda:+/uvdx:/fvdx+/ gudsS.
Q Q Q o0

Since C*(Q) is dense in H'(f2), we obtain the following variational formulation:

/Vu~Vvdx+/uvd:z::/fvd:H—(g,v)(Hl/z(aQ))/XHl/z(aQ), Yo € H(Q). (3.48)
Q Q Q
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2. We apply the Lax-Milgram theorem. The associated bilinear form is defined on
H'(Q) by

a(u,v) :/VU-Vde—i-/uvdx.
Q Q

The linear form is defined by

() = /Q Foda + /8 guds

Coercivity and continuity are immediate. For the continuity of ¢, by the Cauchy-
Schwarz and Poincaré inequalities:

/ Fode < 1z ol < Cllvllay.
Q

On the other hand, since g € (H/2(9Q))’, by the trace theorem we have

{9, 0)] < Cllvll/2a0) < cllvlla@)-

Consequently,
1€(0)] < Cllollo.

3. If u € H*(Q), then integrating by parts in the variational formulation (3.48), we
obtain:

0
/—Auvdx+ a—uvd5+/ uvdx:/fvdx+<g,v>(H1/2(OQ))IxH1/z(aQ), Yo € H(Q).
Q Q 0

aq on
(3.49)
Choose v € D(£2); then (3.49) becomes

/—Auvdx+/uvdx:/fvdx, Vv € D(Q).
Q 0 0

Hence —Au+u = f in D'(Q). Since —Au,u, f € L*(Q), we have —Au+u = [ a.e.
in Q. Consequently, (3.49) becomes

ou
8_UdS = <97U)(H1/2(8Q))/><H1/2(8Q)7 Yo € HI(Q>
oq dn

This gives g—z = g a.e. on 0.

4. This is immediate, following the same reasoning as above; one only needs to show
that the space H is a Hilbert space.
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3.7 Additional Exercises on Boundary Value Problems

- 3.11. Consider the following boundary value problem

I
o

U(O) 0 ( )

where a € C'([0,1]), ¢ € C([0,1]) satisfy a(z) > a9 > 0 and c(x) > 0 for all z € [0, 1],
and f € L*(0,1).

1. Give the variational formulation of this problem.

2. Show that the problem admits a unique weak solution u € H}(0,1)? Is H}(0,1) the
correct space? Justify your answer.

3. Prove the existence and uniqueness of the weak solution.

4. If the weak solution u € H?(0, 1), show that it satisfies the original problem in the
classical sense.

Solution:

1. Variational formulation. First, note that the boundary condition u(0) = 0 is
Dirichlet, while v/(1) = 0 is Neumann. The appropriate space is

V ={ve H(0,1):v(0) =0}

This space is a closed subspace of H'(0,1) and is a Hilbert space.

Let u be a classical solution (u € C?([0, 1]) satisfying the equation and boundary
conditions). Multiply the equation by v € V' and integrate by parts:

1 1
/ fvdr = / [—(at')" + cu] v dx
0 0 1 1
= [—au'v](1)+/ au’v’dx—i—/ cuv dx.
0 0

Since v(0) = 0 and /(1) = 0, the boundary term vanishes:
—a(1)u'(1)v(1) + a(0)u'(0)v(0) = 0.

Thus we obtain the variational formulation:

1 1 1
/ au'v' dx +/ cuwvdr = [ fudr, YveV. (3.51)
0 0 0

2. Choice of the function space. H}(0,1) is the space of functions vanishing at both
endpoints 0 and 1. Here we only require u(0) = 0, while no condition is imposed
at © = 1 (except the natural Neumann condition). Therefore V = {v € H'(0,1) :
v(0) = 0} is the correct space. It is a Hilbert space with the norm ||v|| g1 1).-
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3. Existence and uniqueness. Define the bilinear form B : V x V — R by

1 1
B(u,v) :/ au'v' da:+/ cuv dz,
0 0

and the linear form ¢: V' — R by
1
{(v) :/ fvdx.
0

Continuity of B: Using a € L>(0,1) and ¢ € L*(0,1),

1B(u, )] < lallzo ][/l 21Vl 2 + llell oo ull 2 [ 0]] 22
< Cllullaflvfl e

Coercivity of B: Since a(z) > ap > 0 and ¢(z) > 0,

1 1 1
Bluw) = [ awfdet [ addeza [ () do
0 0 0

By Poincaré’s inequality (for functions vanishing at = = 0), there exists Cp > 0
such that
[ullr2 < Cpuflz2, YueV.

Hence
ullFn = [JullZe + /][22 < (C3 + 1)||[W/[1Z-.
Thus a
0
B(u,u) > agllu/[|72 > mHU”?{L

So B is coercive.

Continuity of £:
1) < [[fllzzllolle < [[fllzzllofla

By the Lax-Milgram theorem, there exists a unique u € V' such that
B(u,v) ={(v), YveV.
This u is the unique weak solution.

4. Strong solution. Assume u € H?(0,1) is the weak solution. Then u satisfies

1 1 1
/ au'v’ dx—f—/ cuv dw :/ fvdx, YveV.
0 0 0

Take v € D(0,1) C V. Integrating by parts,
1 1
/ (—(au') + cu)vdr = / fvdx, YveD(0,1).
0 0
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Hence —(au’)’ + cu = f in D'(0,1), and since all terms are in L?(0, 1), this holds
almost everywhere.

Now choose v € V' arbitrary. Integrate by parts in the variational formulation:

/o (—(au) + cu)vdx + a(1)u' (1)v(1) — a(0)u'(0)v(0) = /0 fvdx.
Since —(au')’ + cu = f a.e., we obtain
a(1)u'(v(1) — a(0)u'(0)v(0) =0, Vo e V.

For v € V with v(1) = 0 and v(0) arbitrary, we get a(0)u’(0)v(0) =0, so v'(0) =0
(since a(0) > 0). For v with v(0) = 0 and v(1) arbitrary, we get a(1)u'(1)v(1) = 0,
so u/(1) = 0. However, our boundary condition was u(0) = 0 (already used in the
definition of V') and «/(1) = 0. The condition «’(0) = 0 is not required; it appears
because we integrated by parts without a boundary term at x = 0 due to v(0) = 0.
Actually, the boundary term at x = 0 is a(0)u’(0)v(0); since v(0) =0 for all v € V,
this term vanishes automatically. Therefore we only obtain /(1) = 0 from the
above. Thus u satisfies the original boundary conditions u(0) = 0 and «/(1) = 0.
So wu is a classical solution.

- 3.12. Consider the following problem with a non-constant coefficient:

{ —div(A(z)Vu) = f in Q

u=0 on Of) (3.52)

where Q C RY is a bounded open set, f € L*(Q2), and A(z) = (a;j(x))1<ij<n is a
symmetric matrix satisfying the uniform ellipticity condition:

N
30> 0:> a;(2)&& > 0/, VEERN, ae zeQ,

ij=1
and a;; € L>(Q).
1. Write the variational formulation of this problem.
2. Show that the problem admits a unique weak solution u € Hg ().
Solution:

1. Variational formulation. Let u be a classical solution. Multiply by v € D(2)
and integrate by parts:

/QA(x)Vu'VU dr = /vadm.

By density of D(Q) in Hi(Q), the formulation extends to all v € H}(Q2). The
variational formulation is:

/ A(x)Vu-Vodr = / fvdz, Yve Hy(Q). (3.53)
Q Q
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2. Existence and uniqueness. Define the bilinear form B : H}(Q) x H} () — R by

B(u,v) = /A( )WVu - Vudr = Z/@“ gg a@;} dx
i 0T

2,7=1

and the linear form ((v) = [, fvdz.
Continuity: Since a;; € LOO(Q),

N
B(u,v)| <) H%’HLoo

ij=1

(9u

| de < ClIVul ]|Vl 2 < Cllullggl[v] 3.

Coercivity: By the ellipticity condition,
B(u,u) = / A(x)Vu - Vudxr > 6’/ |Vul? dx = 0||u||§{6

Q Q

Continuity of £:
()] < [ fllz2llvllze < ClLf 2 o]l -
By the Lax-Milgram theorem, there exists a unique u € H}(Q2) such that
B(u,v) = £(v), Yov € Hy(Q).
Thus the problem admits a unique weak solution.
- 3.13. Consider the Neumann problem:

—Au+u=f in Q

.54
gz—g on 0f) (3:54)

where Q0 C RY is a bounded Lipschitz domain, f € L2(Q2), and g € L*(09).
1. Give the variational formulation of this problem.
2. Prove the existence and uniqueness of a weak solution u € H'(Q).

3. Show that if u € H?(Q) is the weak solution, then it satisfies the boundary condition
in the sense of L?(99).

Solution:

1. Variational formulation. Let u be a classical solution. Multiply by v € H(Q)
and integrate by parts:

/Q(—AU)UdSCJr/qudx:/vada:.
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Using Green’s formula,

/Vu Vvdx—/ —vdS+/uvdx:/fvda:.
o0 0 Q

Substituting the boundary condltlon = g, we obtain:

/Vu-Vvdw—i—/uvdx:/fvda:—l—/ gvdS, Yve HY(Q). (3.55)
0 0 Q 00

2. Existence and uniqueness. Define B(u,v) = [, Vu-Vvdz+ [, uvdz and ((v) =
Jo fvdz+ [, gvdS.
Continuity of B:

|B(u,v)| < [Vl 2[[Voll 2 + llull 2ol 2 < llulla [0l

Coercivity:
B(u,u) = || Vullzs + [lullz: = [JullF-

Continuity of £:
()] < WS lle2llvllze + lgllz2oe 0]l 2200

By the trace theorem, ||v]|z2(a0) < C||v|| (o). Hence
()] < ([fllz2 + Cllgllz2@) 0] a1

By the Lax-Milgram theorem, there exists a unique u € H'(2) satisfying (3.55).

3. Boundary condition in L?*(92). Assume u € H?(2) is the weak solution. Then
u satisfies (3.55) for all v € H'(Q2). Integrate by parts in the first term:

/(—Au+u)vdz+ %UdS:/fvder/ gvdS, Yve HY(Q).
Q 9 Q o9

aQ on

Since u satisfies the equation —Au+u = f a.e. in  (which can be shown by testing
with v € D(Q2)), we obtain

—vdS / gvdS, Yve H'Y(Q).
o0 0 o9

By density of the trace of H'(Q2) in L?(09), this implies 9% = g in L*(9%).
- 3.14. Consider the Robin boundary value problem:

{ —u"+u=f in I=]0,1]
w'(0) —au(0) =0, «(1)+ pu(l)=0

where o, > 0 and f € L?(0,1).

(3.56)
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1. Give the variational formulation of this problem. What is the appropriate function
space?

2. Show that the problem admits a unique weak solution.

3. Show that the weak solution satisfies the boundary conditions in a suitable sense.
Solution:

1. Variational formulation. The appropriate function space is H'(0, 1) since there

are no essential (Dirichlet) boundary conditions; both conditions are natural (Robin
conditions).

Let u be a classical solution. Multiply by v € H*(0,1) and integrate by parts:

1 1 1 1
/ (—u" + w)vde = [—u'v], + / u'v' dx + / wdr = [ fudz.
0 0 0 0

Thus . .
/ u”u’da:—i-/ wvdr —u'(1)v(1) + / fvdz.
0 0
Substituting the boundary conditions v'(0) = au(0) and v'(1) = —pu(1), we obtain:
1 1
/ u’v’d:c—l—/ uwv dz + au(0)v(0) + fu(l)v / fvdx, Yve HY0,1).
0 0

(3.57)

2. Existence and uniqueness Define B(u,v) = fol u'v' dr + fol wv dz + au(0)v(0) +
Bu(1)v(1) and £(v fo fvd.

Continuity of B: Usmg the Cauchy-Schwarz inequality and the continuous embed-
ding H'(0,1) = C([0,1]) (so |u(0)[, [u(1)] < Cllullm),

| B(u, )] [/l 22110l 22 + N[l 2 llvll 2 + alu(0)o(0)] + Blu(1)v(1)]

<
< Nlullanllvlla + (o + B)C?[lullmlvlla = Crllull [0l
Coercivity: Since «, 5 > 0,

B(u,u) = [|u/|[72 + [lull2 + au(0)* + Bu(1)* > [[u'[|7: + [lull72 = [|ullFn.

Continuity of £:
()] < A lle2llvllze < [ fllzelloll o

By the Lax-Milgram theorem, there exists a unique u € H'(0, 1) satisfying (3.57).
This u is the weak solution.
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3. Boundary conditions. Assume u is the weak solution. For any v € H'(0,1), we

have . .
/0 u’v’dx+/0 wv dz + au(0)v(0) + fu(l) / fodz.
Take v € D(0,1) (so v(0) =v(1) =0). Then

1 1 1
/ u'v dx + / wdr = [ fudr, YveD(0,1).
0 0 0

Integrating by parts,

1 1
/ (—u" 4+ w)vde = / fvdx, YveD(0,1).
0 0

Hence —u” +u = f in D'(0,1), and since all terms are in L?(0, 1), this holds almost
everywhere.

Now integrate by parts in the variational formulation for a general v € H(0,1):

/o (—u" 4+ w)vdr — ' (1)v(1) + ' (0)v(0) + au(0)v(0) + Bu(l / fvdax.
Since —u” 4+ u = f a.e., we obtain
—'(1)v(1) + 4/ (0)v(0) + au(0)v(0) + Bu(l)v(1) =0, Vv e H'(0,1).

Choosing v with v(0) = 0 and arbitrary v(1), we get (—u'(1) + fu(l))v(l) = 0,

so v/ (1) = pu(l). Choosing v with v(1) = 0 and arbitrary v(0), we get (u'(0) +
au(0))v(0) =0, so u/(0) = —au(0). (Note the sign: the condition is u'(0) — au(0) =
0 and «/(1) 4+ Bu(1) = 0; we have obtained u/(0) = au(0)? Let’s check carefully.)
Wait, the boundary term from integration by parts is:
1 1 1
/ u'v' do = [u'v]} — / w'vdr =u'(1)v(l) — o' (0)v(0) — / u"vdz.
0 0 0
Substituting into the variational formulation:
1 1 1
—/ u'v dx+u’(1)v(1)—u’(0)v(0)—|—/ wv dz+ou(0)v(0)+ fu(l)v(l) = | fode.
0 0 0

Since —u” +u = f, we have — fol uvdr + fol uv dr = fol fvdx. Thus:

/0 fodr + 4/ (1)v(l) — ' (0)v(0) + au(0)v(0) + fu(l / fodz,

u'(1)v(1) — /' (0)v(0) + au(0)v(0) + Bu(l)v(l) =0, Vv e H'(0,1).
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Rearranging:
(u' (1) + Bu(1))v(1) + (—u'(0) + au(0))v(0) =0, Vv € H'(0,1).
Since v(0) and v(1) can be chosen independently, we obtain:
u'(1)+ Bu(l) =0 and —u/(0) + au(0) = 0.

Thus «/(1) = —pu(1) and v/(0) = au(0), which are exactly the Robin boundary
conditions. So the weak solution satisfies the boundary conditions in the sense of
traces.

- 3.15. Consider the non-homogeneous Dirichlet problem:

{—Au:f in (3.58)

u=¢ on O
where Q C RY is a bounded Lipschitz domain, f € L*(Q), and ¢ € HY?(99).

1. Show that this problem can be reduced to a homogeneous Dirichlet problem.

2. Give the variational formulation and prove the existence and uniqueness of a weak
solution u € H(Q).

Solution:

1. Reduction to homogeneous problem. Since p € HY2?(9Q), by the trace theo-
rem there exists a function ug € H'(€2) such that Tuy = ¢ on 9 (where T' denotes
the trace operator). Let w = u — ug. Then w satisfies:

—Aw=f+Auy in Q
w=0 on 0N

This is a homogeneous Dirichlet problem for w. Note that Auwug is understood in
the sense of distributions; if ug is not regular enough, we treat it via the variational
formulation directly.

Alternatively, we work directly with the variational formulation: find u € H'(Q)
with T'u = ¢ such that

/ Vu-Vvdr = / fodx, Yv e Hy(Q).
Q 0
Set u = ug + w where ug is any lift of ¢ (T'uy = ¢). Then w € H} () and satisfies:

/Vw-Vvdx:/fvdx—/Vuo-Vvdx, Vv € Hy ().
Q Q Q

This is a homogeneous Dirichlet problem for w.
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2. Variational formulation and existence. Define the bilinear form B(w,v) =
Jo Vw - Vudz on Hj(Q) x Hj(Q) and the linear form

l(v) = / fvdx — / Vug - Vudr.
Q Q
B is continuous and coercive (by Poincaré’s inequality). ¢ is continuous because
)] < I llezllvllze + IVuoll 2 IVl 2 < C([fllzz + lluoll ) [0l -
By the Lax-Milgram theorem, there exists a unique w € Hj(€2) such that
B(w,v) = {(v), Yv & HL Q).

Then u = ug + w is the unique weak solution of the original problem, satisfying
Tu = .

Note that the solution u is independent of the choice of the lift ug: if uy and u3 are
two different lifts, then uj —u3 € H} () and the corresponding w adjust accordingly,
giving the same u.
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4 Maximum principle and eigenvalue problem

4.1 Maximum principle

The maximum principle is a fundamental tool in the theory of elliptic partial differential
equations. It states that a solution of a linear elliptic equation attains its maximum on the
boundary, unless it is constant. We present here the weak and strong maximum principles
for the Laplacian.

4.1.1 Weak maximum principle

Théoréme 4.1_(Weak maximum principle). Let Q C RY be a bounded open set. Suppose
u e C*Q)NC(Q) satisfies

—Au <0 inQ (i.e., u is subharmonic).

Then

maxu = maxu.
Q 0

Similarly, if —Au >0 in Q (i.e., u is superharmonic), then

min u = min u.
Q o9
Proof. We prove the first statement. Let M = maxgqg u. Assume, for contradiction, that
there exists zy € Q such that u(zg) > M. Define v(z) = u(x) + ¢|z|* for some & > 0
small. Then
—Av=—Au—2Ne < —-2Ne <0 1in .

Hence v is strictly subharmonic. Since v is continuous on Q, it attains its maximum at
some point z1 € €. If x1 € 012, then

v(z1) < M + e max |z]*.
o0
If 1 € Q, then at an interior maximum we have Av(z;) < 0 (necessary condition), which

contradicts —Awv(x1) < 0 (i.e., Av(x1) > 0). Therefore the maximum cannot be attained
in the interior. Hence x; € 02, and for all = € Q,

u(z) +elx]* = v(z) <v(z) <M + e max |z|?.

Letting ¢ — 07, we obtain u(z) < M for all x € Q, contradicting the existence of .
Thus maxg u = maxpq u. [

4.1.2 Strong maximum principle

Théoréme 4.2 (Strong maximum principle). Let Q C RN be a connected open set.
Suppose u € C*(Q) satisfies
—Au <0 in.

If u attains its mazimum at an interior point xo € €2, then u is constant in €.
Similarly, if —Au > 0 and w attains its minimum at an interior point, then u is
constant.
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Proof. We prove the subharmonic case. Suppose M = maxgqu and u(xg) = M for some
zo € Q. Let Qp = {x € Q: u(xr) = M}. This set is nonempty (contains z() and closed in
2 by continuity. We show it is also open. Take any y € €y and choose r > 0 such that
B(y,r) C Q. For any z € B(y,r), consider the spherical mean

1

ay) = —— wdS.
() IGB(y,T)\ 0B(y,r)

Since —Awu < 0, u is subharmonic, which implies
1

<~ wds.
‘aB<y7 7")’ OB(y,r)

u(y)
But u(y) = M, so we have

1
M<—— wdS < M,
‘aB<y7 7’)’ OB(y,r)

because u < M on 90B(y,r). Hence equality holds, and u = M on 9B(y,r). Since this
holds for all sufficiently small 7, w = M in a neighborhood of y. Thus {2 is open. As
is connected and () is both open and closed, 2y = €2. Therefore v = M in €. O

4.1.3 Hopf’s lemma

Lemme 4.3 (Hopf’s lem_ma). Let Q C RY be a bounded open set with C? boundary.
Suppose u € C*(Q) N CL(Q) satisfies

—Au <0 1,

and there exists xg € 02 such that u(xo) > w(x) for all x € Q (i.e., u attains a strict
mazximum at the boundary point xy). Then

ou
—(zg) > 0,
8n( 0)
where a% denotes the outward normal derivative.

Proof. Omitted; see any standard PDE textbook. The lemma states that at a boundary
maximum, the outward normal derivative is strictly positive (for subharmonic functions)
or strictly negative (for superharmonic functions). O

4.1.4 Application to the Dirichlet problem

Théoréme 4.4 (Uniqueness for the Dirichlet problem). Let Q C RY be a bounded open
set. For any f € C() and ¢ € C(0N), the Dirichlet problem

—Au=f m
u=¢ on 0Of)

has at most one solution u € C*(Q) N C(Q).
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Proof. Suppose u; and us are two solutions. Then w = u; — uy satisfies

—Aw =0 1in {2, w=0 on Of.
By the weak maximum principle, maxgw = maxgow = 0 and mingw = minggw = 0.
Hence w = 0, so u; = uo. ]
4.1.5 Positivity of solutions

Théoréme 4.5 (Positivity). Let  C RN be a bounded connected open set with C?
boundary. Suppose u € C*(Q) N C(Q) satisfies

—Au=f i
u=¢ on 0N

with f >0 in Q and ¢ > 0 on 2. Then u > 0 in Q. Moreover, if f >0 in Q or ¢ >0
on a nonempty open subset of OS2, then u > 0 in €.

Proof. Consider the function v = —u. Then —Av = —f < 0, so v is subharmonic. By
the weak maximum principle,
mﬁaxv max v I%%X( ®) ming <

Thus v < 0in Q, i.e., —u <0, so u > 0 in .

If in addition f > 0 in Q, then —Au = f > 0, so —Au < 0 is not satisfied; we need
a different argument. Alternatively, if v attains a nonnegative minimum at an interior
point, the strong maximum principle forces u to be constant, which would contradict
—Au = f > 0 unless f = 0. Hence the minimum must be attained on the boundary.
Since ¢ > 0, we have u > 0. If ¢ = 0 on the entire boundary and f > 0, then v > 0 in €2
by the strong maximum principle. O

4.1.6 Maximum principle for weak solutions
The maximum principle also holds for weak solutions in Sobolev spaces.

Théoréme 4.6 (Weak maximum principle for H}(2)). Let Q C RY be a bounded open
set. Suppose u € H}(Q) satisfies

/ Vu-Vodr <0, Yve HyQ), v>0 ae.
0

Then u <0 a.e. in €.
Stmilarly, if fQ Vu-Vovdr >0 for allv >0, then u > 0 a.e.

Proof. Take v = u™ = max(u,0) as a test function (one can show that u* € H} () and
Vut = Vu- 1{u>0}). Then

/ Vu - Vu' de = / |Vul*dz < 0.
Q {u>0}
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Hence Vu = 0 a.e. on {u > 0}, so u is constant on each connected component of {u > 0}.
Since u € Hj(Q), the trace of u on I is zero. If {u > 0} is nonempty, then on that
set u is a positive constant. But then the trace of that constant on the boundary would
be positive (since the set where u > 0 touches the boundary? Actually, if u is constant
and positive on an open set, its trace cannot be zero unless the set does not reach the
boundary. However, one can use a more refined argument: test with v = min(u*,¢) and
let € — 0 to conclude that ut = 0. Thus u < 0 a.e.) ]

4.2 Eigenvalue problem

4.2.1 Existence

For simplicity, we consider in this section L = —A. We are interested in the following
Eigenvalue problem

(4.1)

—Au=M M in
u=0 on 9N

The weak solution of (4.1) is called an eigenfunction of —A and A is the associated
eigenvalue.
We have the following result:

Théoréme 4.7. i) The eigenvalues of —/A are real and positive.

i) There exists an orthonormal basis {w;,}3, in L*(Q) such that wy € HY(Q) for all

k € N* and
{ wr, =0 on 00 (4.2)
where the eigenvalues Ay satisfy
O<)\1<)\2<..., )\kk;)oooo (43)

Proof. We define the operator T := (—=A)"" from L*(Q) to L*(Q) which maps f to
Tf := u, the weak solution of

—Au=f in Q
{ u=0 on 02 (4.4)

We show that 7" : L?(Q) — L?(Q) is bounded (continuous) and compact. By the previous
section (Remark ?7?), problem (4.4) admits a unique weak solution v € H}(Q), hence

the operator T is well-defined. Multiplying the equation in (4.4) by u and integrating by
parts, we obtain using the Cauchy-Schwarz and Poincaré inequalities:

Q Q

Hence
lull gz < Cllfllz2@),
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SO

1T f g0 = llullm@) < Clf @) (4.5)
In particular, using Poincaré’s inequality, we have
1T fllz20) < Cllf 220 (4.6)

The continuity of T" follows from (4.6). Thanks to the compact embedding of the Sobolev
space H}(Q) into L*(Q) (Theorem 2.18), we deduce from estimate (4.5) that 7" is compact.
Now we show that T is symmetric (self-adjoint), i.e.,

(Tf,9) = (f,Tg), forall f,g € L*(). (4.7)
Set w=Tf and v = T'g. Then we have
—Au=f in €
{ u=0 on 0N (4.8)
—Av=g¢g in €
{ v=0 on 0N (4.9)

Multiply (4.8) by v € HJ(f2) and integrate by parts; we obtain

/QVu'Vvdx:/va:(f,v) = (f,Tyg).

Multiply (4.9) by u € H(€2) and integrate by parts; we obtain

/QVU-Vudx:/qu:(u,g) = (Tf,9).

Comparing these last two equations, we obtain (4.7).
By the theory of compact symmetric operators, the eigenvalues of T" form a sequence
{1 }32 such that

1 > U > 3 > ... anduk—>0.

Hence the eigenvalues of —A are A\, = #ik, k=1,2,..., which satisfy

/|Vwk|2da:—)\k/ |wy |2 da.
Q Q

This implies that Ay > 0 (k= 1,2,...), and A, "= o0.

Since L?(f2) is a separable Hilbert space and T is compact on L*(Q2), it admits an
orthonormal basis consisting of eigenfunctions {wy}32, of the operator —A (which are
the same eigenfunctions as the compact operator T := (—A)™1). O

Remarque 4.8. Moreover, we have
/ Vw; - Vupdr = )\k/ wywedr = 0 if j # k.
Q Q

Hence the sequence {wy}32, is orthogonal in Hj(€2). One can easily show that {wy}52,
is also an orthogonal basis of Hj () (see Exercise 77).
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4.2.2 Characterization of the first eigenvalue )\,

The first eigenvalue A\; of the Laplacian with Dirichlet boundary conditions plays a funda-
mental role. It admits several equivalent variational characterizations, which we present
below as a series of propositions.

_ 4.8.1 (Rayleigh quotient characterization). Let  C RY be a bounded open

set. Then
/\Vu\zdx
A = inf CACE—

ue HE (Q)\{0} / o2 da
Q

Proof. Let u be any eigenfunction associated with an eigenvalue A. Substituting into the
Rayleigh quotient yields
Jo IVul? B

S =\
Jou?
Hence the infimum over all nonzero functions is less than or equal to A\;. The reverse

inequality follows from the existence of a minimizer that attains the infimum (see Propo-
sition 4.9.1). O

Remarque 4.9. The Rayleigh quotient measures the ratio between the “energy” [ |Vu|?
and the “mass” [u?. The first eigenvalue corresponds to the smallest possible energy per
unit mass.

_ 4.9.1 (Normalized minimization problem).

/\lzmin{/|VU|2dI Cu € Hy(Q), /u2dx:1}.
Q Q

Moreover, a minimizer exists and is a first eigenfunction.

Proof. The Rayleigh quotient is homogeneous of degree zero: R(tu) = R(u) for all ¢ # 0.
Therefore we may restrict to functions with ||ul|z2 = 1, where R(u) = [ |Vu|?>. Thus the
two minimization problems are equivalent.

Let {u,} € S ={ue€ H}(Q):||u||zz= = 1} be a minimizing sequence, i.e.,

/|Vun|2dx—>/\1, /uidac—l.
Q Q

Then {u,} is bounded in H}(Q2). By the Rellich-Kondrachov compact embedding the-
orem, H;(Q) < L*(Q) is compact. Hence there exists a subsequence (still denoted u,,)
and a function w; € L*(Q) such that

u, — w; strongly in L*(€).

Since [u? = 1, we have [w? = 1, so w; # 0. Moreover, because {u,} is bounded
in H}(Q), we may extract a further subsequence converging weakly in H}(Q) to some
wy € HY(Q). By uniqueness of the weak limit, we have w; € H}(Q) and ||w: |2 = 1.
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Using weak lower semicontinuity of the norm,
/ |Vw, |? doe < hrninf/ |Vu,|? de = A
0 n—oo 0
Since w; € S, we have [ |Vw;[? > Ay by definition of the infimum. Hence equality holds,

and w; is a minimizer. O

Remarque 4.10. This formulation is often more convenient in practice: instead of mini-
mizing a quotient, we minimize a convex functional on a constraint set (the unit sphere
in L?).

4.10.1 (Euler-Lagrange equation for the minimizer). Any minimizer w;
from Proposition 4.9.1 satisfies the weak eigenvalue equation:

/le-Vgod:c:/\l/wlgodx, Y € Hy(Q).
Q Q

Thus wy is an eigenfunction associated with ;.

Proof. Let wy be a minimizer with ||w;||z2 = 1. For any test function ¢ € C2°(Q2), define

j(t):/|V(w1+tg0)|2dx—/\1/(w1+tg0)2dx, LER.
Q Q

Since w; minimizes [ |Vu|* under the constraint [u? = 1, we have j(¢t) > 0 for all
sufficiently small ¢, with j(0) = 0. Differentiating at ¢t = 0 yields

7'(0) :2/Vw1-Vgpdx—2/\1/w1g0dx:O.
Q Q

By density, this identity holds for all p € HJ (). ]

Remarque 4.11. This shows that eigenvalues arise naturally as critical points of an energy
functional under a constraint. This is the starting point of the wvariational approach to
partial differential equations.

4.11.1 (Minimality of A;). Let A be any eigenvalue of —A on Q with
Dirichlet condition. Then

AL < A
Proof. Let u be an eigenfunction for A, normalized so that [lul[,2 = 1. Then [, [Vu[* = A.
By the characterization of A\; as the minimum of [|Vv|? over ||v]|z2 = 1, we obtain
AL < A O

Remarque 4.12. This explains why \; is called the first eigenvalue: it is the smallest one,
and it governs many qualitative properties (stability, decay, etc.).

4.12.1 (Positivity and simplicity of A1). (i) The first eigenfunction w,
can be chosen to be strictly positive in 2.
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(ii) The eigenspace associated with Ay is one-dimensional.

Proof. Positivity. Let w; be a minimizer. Then |w;| € H}(Q) and |V]w;|| = |Vw;| almost
everywhere (by the chain rule for weak derivatives). Hence

/]V\w1]|2dac:/|Vw1|2dx:)\1/w%dx:)\1/]wl\zdx.
Q Q Q Q

Thus |w;| also achieves the minimum and satisfies the same eigenvalue equation. By the
strong maximum principle (or Hopf’s lemma), a nonnegative eigenfunction that is not
identically zero must be strictly positive in €). Therefore we can take w; > 0 and, in fact,
wy, > 0 in €.

Simplicity. Suppose u and v are two eigenfunctions associated with A;. If they were
linearly independent, one could find a nontrivial linear combination that changes sign
(for example, u — cv for some ¢). This would be a sign-changing eigenfunction for Ay,
contradicting the fact that the first eigenfunction does not change sign (by the maximum
principle). Hence the eigenspace is one-dimensional. ]

Remarque 4.13. The positivity of the first eigenfunction has important consequences: it
allows the use of the maximum principle and justifies the simplicity of A;.

4.13.1 (Poincaré inequality and optimal constant). For any u € Hi (),
we have the optimal Poincaré inequality

1
/uzdxg —/ |Vul® dz,
Q A1 Jo

where A1 is the first Dirichlet eigenvalue of —A. The constant 1/\; is optimal and is
achieved by the first eigenfunction wy.

Proof. From the characterization of A, for any u € H}(Q) with u # 0,

2
A< oVl /u2§i/|w‘2,
0 A1 Ja

fQ u?

For u = wy, we have equality because [, [Vw;[* = Ay [, wi. Thus the constant is optimal.
O]

Remarque 4.14. This result establishes a precise link between spectral theory and func-
tional inequalities. The constant 1/A; cannot be improved.

4.14.1 (Comparison principle for eigenvalues). Let ; C Qy C RN be
two bounded open sets. Denote by A\(Qq) and A\ (Qy) the first eigenvalues of —A with
Dirichlet boundary conditions on €2y and €y, respectively. Then

)\1(92) S )\1 (Ql)

In other words, the first eigenvalue decreases as the domain expands.
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Proof. Extend any function u € H}(y) by zero to €. This extension @ belongs to
Hg(€3). Then

Jo, IVVIPdz [o VAP de [, [Vul*dz

A(§2s) = i =
1($2) veHér?(gl)\{O} f92 vide  — fm u? dx le u?dx
for any u € H}(Q4) \ {0}. Taking the infimum over u gives () < A (). O

Remarque 4.15. This monotonicity property is very useful for estimating eigenvalues on
complicated domains by comparing them with simpler ones.

Exemple 4.16 (The first eigenvalue in 1D). Let Q = (0,1) C R. The eigenvalue problem
—u" =X, u(0)=u(l)=0

has solutions uy(x) = sin(krz) with eigenvalues A\, = k?7? for k € N*. The first eigenvalue

is N

and the corresponding eigenfunction is wy(z) = sin(mzx) > 0 for z € (0,1).
The Rayleigh quotient characterization gives:

2 . fo de

= min
ueHY(0,1)\{0} fo w2de

and the minimum is achieved by u(z) = sin(7z).

Exemple 4.17 (The first eigenvalue in 2D for a rectangle). Let Q = (0,a) x (0,b) C R
Using separation of variables, the eigenfunctions are

k 12
(T, y) = sin <%) sin <%> , k0 €N,

kK2 02
)\hg:ﬂ' <— b2)
1 1
2
>\1 =T (E + b_2> 5

and the corresponding eigenfunction is wy(x,y) = sin ( ) sin ( ) > 0 in 2.

with eigenvalues

The first eigenvalue is

- 4.1. 1. Compute A\ for Q = (0,L) C R and verify the Rayleigh quotient
characterization directly.

2. Show that the minimizer of the Rayleigh quotient is unique up to scalar multiplica-
tion.

3. Let Q= B(0,R) C RN be a ball of radius R. Using the comparison principle, show
that A\ (B(0,R)) = %, where p1 = A(B(0,1)).
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4.3 Exercises on the Maximum Principle and Eigenvalue Prob-
lems

BB 2. Let Q C RY be a bounded open set and let u € C2(2) N C(Q) satisfy
—Au+c(x)u>0 in Q,

with ¢(z) > 0 in Q. Prove that if u attains a nonpositive minimum at an interior point,
then u is constant. Deduce the strong maximum principle for such operators.

Solution:
Suppose u attains a nonpositive minimum m < 0 at an interior point xy € €. Define
v=u—m>0in Q, with v(zg) = 0. Then v satisfies

—Av + c(z)v = —Au + c(x)u — c(x)m > —c(z)m > 0,

since m < 0 and ¢(x) > 0. Thus —Av+c¢(z)v > 0in Q and v > 0 with v(xy) = 0. By the
strong maximum principle (Hopf’s lemma), v = 0 in Q. Hence u = m is constant. The
classical strong maximum principle follows by taking ¢ = 0.

BB 3. Let Q C RY be a bounded connected open set and let u € C2(2) N C(Q)
satisfy
—Au = Mu in , u =0 on 012,

where A; > 0 is the first eigenvalue. Show that u cannot change sign in {2 unless u = 0.

Solution:

Assume u changes sign. Then the positive part u™ = max(u,0) is nonnegative and
vanishes on part of (). Since u satisfies the eigenvalue equation, the maximum principle
implies that v cannot have an interior zero unless © = 0. More rigorously, suppose there
exists zg €  with u(zg) > 0 and another point with u(z1) < 0. By continuity, there
exists a nodal set where u = 0. Consider a connected component of {u > 0}. On this
component, —Au = A\u > 0, so u is superharmonic? Actually, the strong maximum
principle applied to —u shows that if w > 0 and satisfies —Au = A\ju with \; > 0, then
either u > 0 or u = 0. Therefore u cannot take both positive and negative values unless
it is identically zero. Hence any nontrivial eigenfunction for A; has constant sign.

BB 1 2. Let Q= (0,7) C R. Solve explicitly the eigenvalue problem
—u" = Xu, u(0)=u(r)=0.

Determine all eigenvalues and eigenfunctions. Verify directly that the first eigenfunction
is positive and that A\; = 1.

Solution:
The general solution of v” + Au = 0 depends on A:

o If A < 0: u(z) = AeV=>* 4+ Be~V=**_ The boundary conditions force A = B = 0.

o If A\ =0: u(x) = Az + B. Boundary conditions give u = 0.
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o If A > 0: u(z) = Acos(vAz) + Bsin(v/Az). From u(0) = 0 we get A = 0. From
u(m) = 0 we get Bsin(v/Ar) = 0, so VAr = kr for k € N*. Hence \, = k? and
u(x) = Bsin(kx).

The eigenvalues are \, = k? with eigenfunctions wu(z) = sin(kz). The first eigen-
value is A\; = 1 with eigenfunction u;(x) = sinz > 0 on (0, 7).

- 4.5. Use the Rayleigh quotient to prove the Poincaré inequality on = (0, 7):

/quxg/ () dx, Yue€ Hy(0,7),
0 0

and show that the constant 1 is optimal.

By Proposition 4.8.1, A\; = 1 is the minimum of the Rayleigh quotient. Hence for any
u € Hy(0,m)\ {0},

0 12d ™ ™
1§f0£u—3x = /quxS/ (u')? da.
fou dz 0 0

For u(x) = sinz, we have equality because [ sin’zdx = 7/2 and [ cos? zdx = 7/2.
Thus the constant 1 is optimal.
R 1 6. Let Q) C Q, € RN be bounded domains. Using the variational character-

ization, prove that
A1(Q2) < A ().

Let uy € H} () be a first eigenfunction on Qy, normalized by ||u || z2(,) = 1. Extend
uy by zero to §y; call this extension 4; € H}(€2). Then

Vol? Vi |? Vo, |?
M () = inf f92 Vo < ng | ~u1| _ le [V | — ().
verd@\o}  Jo, v Jo, @ Jo, ui

Hence A1(£22) < A1(£2y).
- 4.7. Consider the eigenvalue problem with a potential:
—Au+V(x)u=Au in Q, u =0 on 01,
where V' € L>(Q) is a nonnegative function. Show that the first eigenvalue A\, (V') satisfies
A (V) = Ai(0),

where A;(0) is the first eigenvalue of —A on 2 (with V' = 0).

The Rayleigh quotient for this problem is

_ Jo IVul?de + [, Vu? d

By (u) Jo u?dx
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Since V' > 0, we have Ry (u) > Ro(u) for all u € H}(Q2) \ {0}. Taking the infimum,
M(V) = inf Ry () 2 inf Rofu) = M(0).

Thus adding a nonnegative potential increases the first eigenvalue.

R 1 3. Lct O = B(0,R) C RN be a ball of radius R. Using the comparison
principle and scaling, show that

M(Q) = %,

where p; = A (B(0,1)).
Solution:

Consider the scaling transformation x = Ry with y € B(0,1). If u(x) is an eigenfunc-
tion on B(0, R) with eigenvalue A, define v(y) = u(Ry). Then

—Ay(y) = —R*Au(Ry) = R*Au(Ry) = (R*\)v(y).

Thus v is an eigenfunction on B(0,1) with eigenvalue R*)\. Conversely, if v is an eigen-
function on B(0, 1) with eigenvalue p, then u(z) = v(z/R) is an eigenfunction on B(0, R)
with eigenvalue p1/ R?. Therefore

MBO,D) _ m
R RY
- 4.9. Let © C RY be a bounded domain. Prove that the first eigenfunction of

—A with Dirichlet condition is unique up to scalar multiplication. (Hint: use the fact
that it has constant sign and apply the maximum principle.)

)\I(B(Ov R)) -

Solution:

Let u and v be two eigenfunctions for A, both normalized in L?. By Proposition 4.12.1,
we may assume u > 0 and v > 0 in € (or replace them by their absolute values). Consider
the function w = u/v on Q. Both u and v satisfy —Au = A\ju and —Av = \jv. A direct
computation shows that

v2’Vw = vVu — uVo.

Taking the divergence and using the eigenvalue equations yields div(v?*Vw) = 0 in Q.
Since w is constant on 92 (both v and v vanish), by the maximum principle w is constant.
Hence v = cv for some constant c¢. Therefore the eigenspace is one-dimensional.

BB 1.10. Let © = (0,1) x (0,1) be the unit square. Compute the first eigenvalue

and eigenfunction explicitly. Verify that the eigenfunction is positive.

Solution:
Using separation of variables, look for solutions of the form u(x,y) = X ()Y (y). The
equation —Au = \u becomes

Hence there exist constants a, 5 such that — X" = aX, =YY" = Y, with a+ 3 = \. The
Dirichlet conditions give X (0) = X(1) =0 and Y (0) = Y (1) = 0. Thus

Xi(x) = sin(krz), o = k*n?, Y,(y) = sin(¢ny), By = *7°,
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for k,¢ € N*. The eigenvalues are Ay, = 72(k? 4+ ¢*). The smallest eigenvalue is for
k=¢=1:
A\ = 272, uy (7, y) = sin(mz) sin(ry) > 0 on (0, 1)

BB 2.11. Use the maximum principle to prove that if u € C2(Q) N C(Q) satisfies
—Au=f in(, u =0 on 0f),

with f > 0in Q and f # 0, then u > 0 in €.

Solution:

Since f > 0, we have —Awu > 0 in 2. By the weak maximum principle, v attains its
maximum on 0Jf2, where u = 0. Hence u < 0 in €. Actually, this gives u < 0. Wait,
we need to be careful: —Awu > 0 means Au < 0, so u is superharmonic. The maximum
principle for superharmonic functions says that the minimum is attained on the boundary.
Since u = 0 on 0f2, we have v > 0 in 2. Moreover, if u(xy) = 0 at some interior point,
by the strong maximum principle, u = 0, which would imply f = 0, contradiction. Hence
u > 0 in €.

References

[1] R. A. Adams and J. J. F. Fournier, Sobolev Spaces, 2nd ed., Academic Press, 2003.

[2] H. Brézis, Functional Analysis, Sobolev Spaces and Partial Differential Equations,
Springer, 2011.

[3] E. DiBenedetto, Real Analysis, 2nd ed., Birkh&user, 2016.

[4] L. C. Evans, Partial Differential Equations, 2nd ed., American Mathematical Society,
2010.

[5] D. Gilbarg and N. S. Trudinger, Elliptic Partial Differential Equations of Second
Order, 2nd ed., Springer, 1983.

[6] P. D. Lax, Functional Analysis, Wiley-Interscience, 2002.

[7] G. Leoni, A First Course in Sobolev Spaces, 2nd ed., American Mathematical Society,
2017.

[8] V. Maz’ya, Sobolev Spaces with Applications to Elliptic Partial Differential Equations,
Springer, 2011.

[9] J. Necas, Direct Methods in the Theory of Elliptic Equations, Springer, 2012.

[10] M. E. Taylor, Partial Differential Equations I: Basic Theory, 2nd ed., Springer, 2011.

79



	Preface
	Review of Lebesgue Spaces and Distribution Theory
	blue Exercises with Solutions

	Sobolev Spaces
	Notion of weak derivative and Sobolev spaces
	Density on RN
	Density on an open set 
	Existence of the extension operator
	Trace and Green's formula
	Some useful properties in Sobolev spaces
	Sobolev embedding
	Spaces W1,p0() and W-1,p'()
	blue Exercises with Solutions
	blue Additional Exercises on Sobolev Spaces

	Second-order linear boundary value problems
	Some definitions
	Lax-Milgram theorem
	Existence for the Dirichlet problem
	Homogeneous Neumann problem
	Mixed boundary value problems
	blue Exercises with Solutions
	blue Additional Exercises on Boundary Value Problems

	Maximum principle and eigenvalue problem
	Maximum principle
	Eigenvalue problem
	Exercises on the Maximum Principle and Eigenvalue Problems


