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In the beginning of neural networks there was something called
the perceptron :

The perceptron is one of the simplest
types of artificial neural networks,
designed for binary classification tasks. It
was introduced by Frank Rosenblatt in
1958 and represents an early
foundational model in machine learning.
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Perceptron for the function AND
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Perceptron for the function OR
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Perceptron for the function XOR ___XR____
X1 X2 y
0 0 0
(0ifw.x+b <0 10 1
y — 1 ’ L b O 0 1 1
1if w.x > T

The equation of the perceptron is a linear equation.

W1X1 +W2x2 +b=0

Xy, = —(Wy/wy) X1 —b/w,
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XOR is not a linearly separable function
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Neurons (Nodes)
The components of a neural network

The solution is to use the
multilayer perceptron
(MLP), or what we call

now the neural networks

Outputs

Output
Layer

Input Hidden
1. Neurons (Nodes) Laver Laver

The basic computational unit in a neural
network
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Neurons (Nodes)
The components of a neural network

The solution is to use the
multilayer perceptron
(MLP), or what we call

now the neural networks

Outputs

Output
Layer

Input Hidden
2. Layers Layer Layer
Neural networks are organized into
layers:
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Neurons (Nodes)
The components of a neural network

The solution is to use the
multilayer perceptron
(MLP), or what we call

now the neural networks

Outputs

Output
Layer

Input Hidden
3. Weights Layer Layer

Parameters that determine the

importance of each input connection to
a neuron.
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Neurons (Nodes)

The components of a neural network
The solution is to use the %\ o
i utputs
multilayer perceptron

(MLP), or what we call inputs
now the neural networks

am

Input Hidden Layer

4. Bias Layer Laver Bias
An additional parameter added to the

weighted sum to shift the activation

function's output.
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Neurons (Nodes)

The components of a neural network
The So.lutlon is to use the %\ Outputs
multilayer perceptron

(MLP), or what we call inputs
now the neural networks

am

Input Hidden Layer

5. Activation Functions Laver Layer Bias
Mathematical functions applied to the
weighted sum of inputs.
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5. Activation Functions
Mathematical functions applied to the weighted sum of inputs.

eSigmoid: Outputs values between 0 and 1. 1
fz) = 1+4+e*

*RelLU (Rectified Linear Unit): Outputs max(0,x)

L z + |z] r ifz >0,
ReLU(z) = 27 = max(0,z) = 5 =10 z<0

* SoftPlus Function f(x) =log(1+e%)
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For 0,0

h1 = ReLU(x1*1+x2*1+0) = ReLU(0) = 0
h2 = ReLU(x1*1+x2*1-1) = ReLU(-1) = 0
y = ReLU(h1*1+h2*-2+0) = ReLU(0) =0

For 1,0

h1 = ReLU(x1*1+x2*1+0) = ReLU(1) = 1
h2 = ReLU(x1*1+x2*1-1) = ReLU(0) = 0
vy = ReLU(h1*1+h2*-2+0) = ReLU(1) = 1

O Frr kP O X<
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X " hl 1 For 0,1
1
G h1 = ReLU(x1*1+x2*1+0) = ReLU(1) = 1
1 h2 = ReLU(x1*1+x2*1-1) = ReLU(0) = 0
1

X, { h2 y = ReLU(h1*1+h2*-2+0) = ReLU(1) = 1

0 For 1,1

-1

: b h1 = ReLU(x1*1+x2*1+0) = ReLU(2) = 2

YOR L 2 = RelU(L*14x2*11) = ReLU(1) =1

X1 X2y [hl y = ReLU(h1*1+h2*-2+0) = ReLU(0) = 0
0 0 0 O
1 0 1 1
0 1 1 1
1 1 0 1
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X1 X2 y hl h2

0O 0 0 0 0 O
1 0 1 1 0 1
o 1 1 1 0 1
1 1. 0 2 1 o0
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The chain rule

What is the derivation of the function y respecttox: vy = (3x? + 2)°
Y= 32+240x%+720x*+1080x°+810x3+243x19,

The chain rule is a fundamental concept in calculus used to compute the derivative of a

composite function. It allows you to calculate how a change in an input variable
propagates t The chain rule through a sequence of dependent functions.

Mathematical Definition

If a function y depends on u, and u depends on x, i.e., y = f(u) and u = g(x)
Then the derivative of y with respect to x is:

dy dydu
dx dudx

This means you take the derivative of the outer function with respect to its argument
(u) and multiply it by the derivative of the inner function (u) with respect to x.
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The chain rule Example y = (3x2 4 2)5

Let’s puty = u®, and u = (3x2 + 2)
According to the chain rule :

dy dy du
dx du dx
dy du® d(3x?+2)

azldu ) dx

Su**  6x Substitute: 5(3x2 + 2)*x 6x = 30x(3x2 + 2)*
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Neural Network Example Real
observed

Let’s consider the following dataset which represents the value of 0 0
any given function.

0.5 1
1 0
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Initializing Weights and biases

In a neural network, the initial values for the weights (w) and biases (b) are crucial for
starting the learning process. Proper initialization helps the model learn effectively and
avoids issues like vanishing gradients or slow convergence

*Uniform Distribution: Weights are randomly initialized in a uniform range (e.g., [-3,3]).

*Biases are initialized to 0 Activation Eunctions
We use the SoftPlus Function

f(x) =log(1+e™)
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Activation Functions
We use the SoftPlus activation function defined in the previous slides. f (x) = log(1 + e”)

input xwy; +b; Y1 = f(x1) P v e w
: = + vy, % wy + Db
input * wy + by v, = f(x,) Y1 * W3 T Y2 * Wyt D3

X1
X2
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Calculation of the predicted values for
the first row

X1
X2

input *wy; +b; Y1 = f(x1)

/ P=1y,*xws+y,*w,+b
put =wz +bz y, = f(x,) it Wy W s




Calculation of the predicted values for Predic
ted
values
X, = input * wy; + by = f(x1)

the first row
X, = input *w, + b, Y2 =7f(x2) o5 1 0.85
1 0 1.19

P= 1y % w3g+y,* wy+ b3

x1=0%x2744+0=0

X, =0%(=113)4+0 =0

y1 = f(x1) =log(1+e% =0.693
Y2 = f(x2) =log(1 + e°) = 0.693
P = 0.693 * 0.36 + 0.693 * 0.63 + 0 = 0.686
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Calculation of the predicted values for
the second row

Predic
ted
values

X1 = input * wy + by = f(x1) 0.693 0.693 0.686
X, = input *w, + b, Y2 =7f(x2) o5 1 0.85
1 0 1.19

P= 1y % w3g+y,* wy+ b3

x; = 05%2.74+0=1.37
X, = 0.5 (—1.13) + 0 = —0.565

y1 = f(x1) =log(1+e!37) =1.598

Y2 = f(X2) =log(1 + e~%5%%) = 0.451
b.=

P =1.598 %« 0.36 + 0.451 * 0.63 + 0 = 0.858 ’
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Calculation of the predicted values for
the third row

Predic
ted
values

x1 = input * wy + by f(x1) 0.693 0.693 0.686
X, = input *w, + b, Y2 =7f(x2) o5 1 137 -0565 1.598 0.451 0.858
1 0 1.19

P= 1y % w3g+y,* wy+ b3

X, =1%2.74+0 = 2.74
x, =1x(-1.13) + 0 = —1.13

y1 = f(x1) =log(1l+ e?"*) = 2.804

Y2 = f(*2) =log(1 + e 113) = 0.279
b.=

P=2804%036+0.279%0.63+0=1.186 2
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Calculation of the predicted values for
the first row

Predic
ted
TS
X1 = input * wy + by = f(x1) 0.693 0.693 0.686

X, = input *w, + b, Y2 =7f(x2) o5 1 137 -0565 1.598 0.451 0.858
1 0 274 -1.13 2804 0279 1.186

P= 1y % w3g+y,* wy+ b3

X, =1%2.74+0 = 2.74
x, =1x(-1.13) + 0 = —1.13

y1 = f(x1) =log(1l+ e?"*) = 2.804

Y2 = f(*2) =log(1 + e 113) = 0.279
b.=

P=2804%036+0.279%0.63+0=1.186 2
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The backpropagation algorithm Predic

ted
The first thing that we have to de is to e
measure the error

0 0 0.693 0.693 0.686
The Residual Sum of Squares (RSS) is a 0.5 1 1.37 -0.565 1.598 0.451 0.858
measure used in regression analysis to 1 0 274 -1.13 2.804 0.279 1.186
evaluate the difference between the
observed values and the values RSS= Y1 ,(0 — P)?
predicted by a model

w,=2.74 W3=0.36

O is the actual value (the real value)

p is the predicted value for
the i-th observation

n is the total number of observations.
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The backpropagation algorithm Predic
ted
We have to update the values of valeues

weights and biases 0.693 0.693 0.686
To do that we need to compute : 0.5 1 137 -0565 1.598 0.451 0.858
dRSS dRSS dRSS 1 0 274 -113 2804 0279 1.186
db1 dbz db3
dRSS dRSS
dW1 dWZ
dRSS dRSS
dW3 dW4

RSS = Y1 (0 — P)?
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The backpropagation algorithm
dRSS dRSS dP dy, dx;
— b S

db, _ dP dy, dx; db

dRSS d¥3,(0—-P)? _ ¥7.,d(0—P)’

dP dP dP
dRSS
AP d(y s wstys s wytbs) —o-=) ~2(0-P)
dyl - d)’l dP =1 dyl eX1
- =W3 — =
dyl dx1 1+ e*1
dy, dlog(l+e*)  e™ dx,
dx, dxy C14er d_bl=1

dx,  d(input xw; +by) ,
db, db1 B
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The backpropagation algorithm

dRSS 3 e*1

dp, =l —2(0; = P) *ws 1+ex1*

dRSS 3 e*2

db, 2i=172(0;i = Py) * wy » ez

dRSS  dRSS ) dpP dP  d(y, * w3+ Yy, x wy + b)
db;  dP  dbs db; dbs

— Z?=1 —2(0; — P;) *1
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The backpropagation algorithm

dRSS dRSS dP dy1 dxq
dw;  dP dy1 dx1 dw1
3

dRSS = ) —2(0 - P)
dP £
dp d(}’1 * Wy + Yy, * wy+b3) dP W
dy, dy, dy, 7
dy1 dlog(1l+ e*1) e*1
dx1 dxq " 1ten
dx, d(input*w; +b;)
dw, = 1 = input
X
ngff =Y7 . —2(0; — P;) * ws % eezl*input



The backpropagation algorithm

dRSS erl .

AR5 = 33, —~2(0; — P) * w3 * ~—*input

dRSS er2 .

U5 = $3,—2(0; — P) * wy * ———*input,

dRSS _ dRSS dP dP  d(y;* wz+y,* wy+b3)
dw, dP  dws dws dws 0
dRSS 3

aw, = 2i=1 —2(0i = P) *y;

dRSS <
. = Z —2(0; — P) x y,
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The backpropagation algorithm

X1

dRSS e i
S = 32, —2(0; — P) * ws * ——*input,
dRSS eX2 .
== = 3, —2(0; — P) * wy * ——=*input
dRSS

awn Yi—1—2(0; — P)) *y,

dRSS > a0 p
E — *
dW4_ = ( ) YZ

=
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Predic
Obser
ted
ved
values

The backpropagation algorlthm

dRSS
Do = i1 —2(0i = P) x wy kT
0 0693 0.693 0.686
L0 0.5 1 137 -0.565 1.598 0.451 0.858
= —2(0—0.686) * 0.36 * — 1 0 274 -113 2804 0279 1.186
81 37
—2(1 —0.858) * 0.36 = T o137
82'74
—2(0 —1.186) = 0.36 = 1T o274

= 0.965
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Predic
Obser
ted
ved
values

The backpropagation algorlthm

dRSS
—— = 371 =2(0; — P;) * wy * 1_|_ex2
0 0.693 0.693 0.686
L0 0.5 1 1.37 -0.565 1.598 0.451 0.858
= —2(0 — 0.686) * 0.63 * o0 1 0 2.74 -1.13 2.804 0.279 1.186
e—O 565
—2(1-0.858) ¥ 0.63  ————5=z
6_1'13
—2(0—1.186) * 0.63 * R

= 0.740
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The backpropagation algorithm Obser P:ejic
e
dRSS . 3 2(0 Pi) «1 ved values

dbs 0 0.693 0.693 0.686
(0 — 0.686) — 9(1 — 0.858 0.5 1 137 -0.565 1.598 0.451 0.858
= —2(0 - 0.686) — 2(1 — 0.858) 1 0 2.74 -1.13 2.804 0.279 1.186

—2(0 — 1.186)

= 3.460
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The backpropagation algorlthm Obser P:ejic
e
dRSS ved values
——Z 1—2(0; — P;) xwg * ~*input,

0.693 0.693 0.686
1.37 -0.565 1598 0.451 0.858

0

= —2(0 — 0.686) * 0.36 * 1;0 0 1 0 274 -1.13 2.804 0279 1.186
81'37
—2(1 — 0.858) * 0.36 * ———*0.5
2.74
~2(0 — 1.186) * 03.6 * ——-*1

= 0.760
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o maon sl M.... P:e:ic
e
ved
In the same way values

0.693 0.693 0.686

dRSS dRSS
= 0.965 = 0.760 0.5 1 1.37 -0.565 1.598 0.451 0.858
db, dw,
1 0 274 -1.13 2.804 0.279 1.186
dj;S = 0.740 dRSS
2 dWZ
dRSS
= 3.460 drsS _ .,
db3 dW3 '
dRSS

dW4
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New Values
Step = Derivation * Learning rate

New value = Old value - Step

Learning rate = 0.1

For b,
Step = 0.965 0.1 = 0.0965
New b; = 0 — 0.0965 = —0.0965 drSs _ dw,
or b, db, = 0.33
Step = 0.740 * 0.1 = 0.074 dRSS dw,
New b, = 0 — 0.074 = —0.074 db, 0.740 dRSS _ 714
For b, dRSS aw
= 3.460
Step = 3.460 0.1 = 0.346 dbs dRSS _
dw,

New b3 = 0 — 0.346 = —0.346
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New Values Learning rate = 0.1

Step = Derivation * Learning rate
New value = Old value - Step
For w,

Step = 0.760 * 0.1 = 0.076

New w, = 2.74 — 0.076 = 2.664

w,=2.74

For w,
Step = 0.33 % 0.1 = 0.033 b,=0 dRSS
= 0.760
Neww, = —1.13 — 0.033 = —1.163 IRSS dw,
For w = 0.965 dRSS
3 db, = 0.33
Step = 7.14 * 0.1 = 0.714 dRSS dw,
New w, = 0.36 — 0.0714 = 0.2886 ap, 7 drSS _ 4
Forw, IRSS dws
= 3.460
Step = 1.49 0.1 = 0.149 dbs dRSS _ 1 49
dw,

New w, = 0.63 — 0.149 = 0.481
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New Values
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